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THE RIGHT RIEAMAN-LIOUVILLE FRACTIONAL HERMITE-HADAMARD TYPE
INEQUALITIES FOR CONVEX FUNCTIONS

MEHMET KUNT, DUNYA KARAPINAR, SERCAN TURHAN, IMDAT ISCAN

ABSTRACT. In this paper, with a new approach, a new fractional Hermite-Hadamard type inequality for convex
functions is obtained by using only the right Riemann-Liouville fractional integral. Also, to have new fractional
trapezoid and midpoint type inequalities for the differentiable convex functions, two new equalities are proved.
Our results generalise the studies [1, 4, 6]. We expect that this study will be lead to the new fractional integration
studies for Hermite-Hadamard type inequalities.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers and a,b € I with a < b.
The inequality

(1.1) f(“;Lb> < bia/abf(x)d:cgf(a);f(b)

is well known in the literature as Hermite-Hadamard’s inequality [2, 3].
In [1, 6], the authors used the following equality to obtain trapezoid type inequalities and some applications:

Lemma 1. Let a,b € I with a < b and f : I° — R is a differentiable mapping (I° is the interior of I1). If
f' € Lla,b], then we have

b -
(1.2) f(a)+f(b)—bia/f(u)du:b /O(I—Qt)f’(ta+(1—t)b)dt.

2 2
In [4], Kirmaci used the following equality to obtain midpoint type inequalities and some applications:

Lemma 2. Let a,b € T with a < b and f : I° — R is a differentiable mapping (I° the interior of I). If
f' € Lla,b|, then we have

1 b a+b 1/2 1
(1.3) 7/ f(u)duf< )(ba)/ tf’(ta+(1ft)b)dt+/ (t—1)f (ta+ (1 —t)b)dt.
b—al, 2 0 1/2
Definition 1. [7, page 12]. A function f defined on I has a support at xg € I if there exists an affine functions
A(x) = f(xo) +m(z — x0) such that A(z) < f(x) for allx € I. The graph of the support function A is called
a line of support for f at x.

Theorem 1. [7, page 12] f : (a,b) — R is a convex function if and only if there is at least one line of support
for f at each zg € (a,b).

Following definitions of the left and right side Riemann-Liouville fractional integrals are well known in the
literature.

Definition 2. Let a,b € R witha < b and f € L{a,b]. The left and right Riemann-Liouville fractional integrals
J& f and Jg f of order o > 0 are defined by

I 5@ = g [ =0 10t 2> a
and
b
Jp () = ﬁ / (t—2)*! f()dt, = <b

respectively, where I'(a) is the Gamma function defined by I'(a) = [ e 't*~1dt (see [5, page 69] and [9, page
0

4]).

In [8], Sarikaya et al. proved the following Hermite-Hadamard type fractional integral inequality:
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Theorem 2. Let f : [a,b] — R be a positive function with 0 < a < b and f € L[a,b]. If f is a convex function
on [a,b], then the following inequality for fractional integrals hold:

a+b [(a+1) fla) + f(b)
(1.4) f( 2 >§2(b—a)a 2

2
with o > 0.

(T2 £(0) + T3 f(a)] <

Remark 1. In Theorem 2, it is not necessary supposing that f be a positive function and a,b are positive real
numbers. From the Definition 2, it is clear that a,b are any real numbers such as a < b.

In literature, there are hundreds studies for Hermite-Hadamard type inequality by using the left and right
fractional integrals (such as Riemann-Liouville fractional integrals, Hadamard fractional integrals, Conformable
fractional integrals etc.). In all of them, the left and right fractional integrals are used together. As much as we
know, there is not any study for Hermite-Hadamard type inequality by using only the right fractional integrals
or the left fractional integrals.

In this paper, our aim is obtaining new fractional Hermite-Hadamard type inequality by using only the right
Riemann-Liouville fractional integral for convex functions. Also we desire proving new equalities to have new
fractional trapezoid and midpoint type inequalities for the differentiable convex functions. This study will be
fundamental to the new fractional integration studies for Hermite-Hadamard type inequalities.

2. THE RIGHT FRACTIONAL HERMITE HADAMARD INEQUALITY

Theorem 3. Let a,b € R with a <b and [ : [a,b] — R be a convex function. If f € L[a,b], then the following
inequality for the right Riemann-Liouville fractional integral holds:
@1) f a+ ab < F(aJrla) f(a) + af(b)
a+1 (b—a) a+1
with o > 0.

Jo-fla) <

Proof. Let a > 0. Since f is convex on [a, b], using Theorem 1, there is at least one line of support

(22) A@w)=f (‘jﬁf’) - ( ‘;j“f) < @)

for all z € [a,b]. From (2.2), we have

a+ ab
a+1

)+m(tb+(1—t)a—z+o‘1b> < f(th+(1—1t)a)

(2.3) A(tb—l—(l—t)a)zf(

for all t € [0,1]. Multiplying both sides of (2.3) with at®~! and integrating over [0, 1] respect to t, we have

1 1
(24) a/o A (th+ (1 — t) a) dt = a/o ot {f <‘;era1b> +m (tb+ (1—t)a— aa“;o‘m dt

a+ ab ! o1 ! o ol .o a+ab ! o1
—af<a+1)/0t dt+m[/0 a[tb+ (17 —t*) a] dt — a+la/0t dt
_f a+ ab m a+ab_a+ab _f a+ ab
T \a+l a+l a+l1] " \a+l

1 o b
ga/ t“‘lf(tb+(1—t)a)dt:7a/ (t—a)* " f(t)dt =

0 (b_a) a
On the other hand, using the convexity of f on [a, ], we have

(25) flb+(1—t)a) <tf(b)+(1—1)f(a)
for all ¢ € [0,1]. Multiplying both sides of (2.5) with a#®~! and integrating over [0, 1] respect to ¢, we have

I'a+1)

ijif(a)

1047 o (e b a—1 _F(OZ+1) (o4
(2.6) a/o 7 f (th+ (1 —t)a)dt = O _ar /a (t—a)* " f(t)dt = b _ar J f(a)
1 1
b
<af®) [ earaf@ [ (et - e)a = 10200
By using (2.4) and (2.6), we have (2.1). This completes the proof. O

Remark 2. In Theorem 3, if one takes o =1, one has (1.1) (Hermite-Hadamard inequality).



3. LEMMAS
In this section we will prove the main equalities related to Lemma 1 and Lemma 2.

Lemma 3. Let a,b € R witha <b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the right Riemann-Liouville fractional integrals holds:
fl@)+af(d) T(a+1) _b—-a

(3.1) a+1 - (b—a)® Ji-f(a) = a+1

/1[(a—f—l)(l—t)a—1]f’(ta+(1—t)b)dt
0
with « > 0.

Proof. If we apply the partial integration to the right hand side of the equation (3.1), we have

b—a
a+1

/1[(a+1)(1—t)0‘—1]f’(ta+(1—t)b)dt
0
rrl 1
=(b—a) /0 (1—t)af/(ta+(1—t)b)dt—%+1/0 f’(ta+(1t)b)dt}

r prl 1
— (b—a) /0 taf’(tb%—(l—t)a)dt—%_'_l/o f’(tb+(1—t)a)dt]

B ST+ (1 =t)a) " Lo f@b+(1—1t)a) 1 fb+(1—tya)l
=({b-a) _t B S — Oa/ot ! b —a dtia—&—l . 0]
- {f(b)—a/olto‘_lf(tb+(1—t)a)dt—W}
_fla)+af) T(a+1)
- a+1 - (bia)a Jb—f(a)'
This completes the proof. (Il

Remark 3. In Lemma 3, if one takes o = 1, one has the Lemma 1.

Lemma 4. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the right Riemann-Liouville fractional integrals holds:

'a+1) a+ ab
(3.2) ij_f(a)*f ( a+1)

=(b-a) l/o —t“f (tb—i—(l—t)a)dt—i—/a?rl (1=t f (tb—&-(l—t)a)dt]
with o« > 0.

Proof. Tf we apply the partial integration to the right hand side of the equation (3.2), we have

1

(b a) [/ail—taf’(tb+(1—t)a)dt+/

0

(1—t*)f (tb+ (1 —t)a) dt]

o

a+1

=(b—a) l/ol—taf’(tb+(1—t)a)dt+/i f’(tb+(1—t)a)dt]

+a/1ta_1f(ﬁb+(1—t)a)> . <f(tb+(1—t)a) )]

=(b—a)

b—a b—a b—a

(_taf(tb—i—(l—t)a)

— {_f(b)+oz/01ta_1f(tb+(1—t)a)dt+ (f(b)_f<<2:ralb>)}
= [a/olta_lf(tb—l—(l—t)a)dt_f<a—|—ab>}

a+1
_T(a+1) 2 — a+ ab
o w1 (S5).

This completes the proof. (Il

Remark 4. In Lemma 4, if one takes o = 1, one has the Lemma 2.
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4. THE RIGHT FRACTIONAL TRAPEZOID AND MIDPOINT TYPE INEQUALITIES

In this section we will obtain some new right Riemann-Liouville fractional trapezoid and midpoint type
inequalities by using Lemma 3 and Lemma 4.

Theorem 4. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'| is convex
on [a,b], then the following right Riemann-Liouville fractional integral inequality holds:

fla +af() T(a+1) b—a [ Ri(a)|f ()] + Rz(a)|f (a)|
o |1 TR LT S IO N i e
where
‘%/;T o - «
Ri(a) = /0 (1—(a+1)t )tdt_Q(a+2)(a+1)§’
R oTT ) . . p a(2(a+2)(a+1)%71—1>
s () = — (« te —t)dt = 5 ,
() /0 ( (1)) ( ) 2(a+2)(a+1)=
1 (1+ (o +1) g)
Ry(0) = /%Tl((a—kl)t Dt =
. /1 1 R a(z(a+2)(a+1)i*1—1—(a+1)%)
o) = «o t& — —t)dt = 5 ,
4 (@) ﬁ(( +1) ) (1—1) et @i ?
with o > 0.

Proof. Using Lemma 3 and the convexity of |f’|, we have

fla) +af(d) T(a+1)

a+t1 b—a -1

< —_H* = _

*QH/ o+ 1) (1= )% = 1||f (ta+ (1 — 1) b)] dt

— / —

_a+1/ (1)t — 1 1f" (th+ (1 — t) o)) dt

cbmal o m(1—(a+1)t“)[t|f’(b)|+(1—t)|f’(a)l]dt

Tadl |+ (et =D O+ A=) f (@) dt
L Tatl
[ , a(z(a+2)(a+1)é*h1) ,

< b—a 2(a+2)(%+1; | (b)] + 2(a+2)(9+1)3 |f2(a)\

Ta+1l a(l+(at1 , 2(a+2)(atl)a " —1—(atl)@

o)y 2 ) o)
L (a+2)(a+1) 2(a+2)(a+1)a
This completes the proof. (I

Remark 5. In Theorem 4, if one takes a = 1, one has the inequality proved in [1, Theorem 2.2].

Theorem 5. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|? is convex
on [a,b] for ¢ > 1, then the following right Riemann-Liouville fractional integral inequality holds:

fla)+af(d) T(a+1)
L0 T g g

cbzaf 2 bq<.&«mv%mw+Rxamfmw )’
Soril\mroE)  Lem@lr @+ m@lr @r

where Ry (o)-Ry (o) are the same as in Theorem 4 and o > 0.

Proof. Using Lemma 3, power mean inequality and the convexity of |f’|?, we have

fla)+af(d) T(a+1)
' a+1l  (b—a) Ji-1(@)
b—a

<

a+1/ [(a+1) (1= =1||f (ta+ (1 —t)b)|dt

:Ml/ (o 1)1 — 1| (tb+ (1 — £) a)] dt




IN

Z;ﬁ_(éﬂm+4ua_uﬁ>l;(Aﬂm+1wa—uv%w+«1—wmwﬁ)l

1—1
(1)t — 1)dt)

Q
| S

(fo (1—(a+1)t)dt+ [,

b—a o 1
<
Catl R —(a+1)t) [t]f )"+ (1 - )| f (a)|"] dt
_ +f L (a0 D O 0017 @i

1

cboaf 2 ““( Ry (0) | ()" + Ba (@) )" )3
Sorilor ) sm@iror+nwiror) -

This completes the proof. O

Remark 6. In Theorem 5, if one takes o = 1, one has the inequality proved in [6, Theorem 1].

Theorem 6. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|? is convex
on [a,b] for ¢ > 1, then the following right Riemann-Liouville fractional integral inequality holds:

fla)+af(b) Tla+1)

R e )
< 2% (Rafap) + fo ot (O ILOL Y
where
Rs(a,p) = /Om(l—(a—kl)ta) dt
Ro(ap) = [ (@+Der -1

201, 1
wzth5+aflanda>0.

Proof. Using Lemma 3, Holder incquality and the convexity of |f'|*, we have
LOE ISR P
§a+1/ [(a+1)(1 =) =1||f (ta+ (1 —t)b)|dt
:a+1/ (a+ 1) — 1| |f (b + (1 — ) a)| dt
:oz+1/ 1= (at 1) 42| | (th+ (1 — ) a)| dt
SZ;? :(/01|1(a+1)t“|pdt);</01|f’(tb+(1t)a)|th);]
b | (0 rveran sy o sne-ra)
| (k[ﬂf A a)’
<ot (R (007) + Bo () ('f/ O (a”q);] -

This completes the proof. 0

Remark 7. In Theorem 6, if one takes o = 1, one has the inequality proved in [1, Theorem 2.3].
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Theorem 7. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'| is convex
on [a,b], then the following right Riemann-Liouville fractional integral inequality holds:

Platl) o ooy p(atab _a | Br@If ()] + Rs () [f (a)
(44) (b—a)” Ji-f(a) f(a+1> < )[ +Rg () |f" (b)| + Rio () | f' (a)]
where
a+1
%H a+1 _ a(%ﬂ)
B = [T =
o 2(L)o¢+1
at1 o o . a+1
Rs(a) = /0 = N e )
o) = ! ol a(2a® + (a+1)%)
Ro (@) ailt ¢+t e D a2
B ! e 40Tt —a (a+ 1)
Bule) = /+ A=A —tdi= 2(a+ 1) (a+2)
with « > 0.

Proof. Using Lemma 4 and the convexity of |f’|, we have

'ij_f(a) -/ (Cﬁﬂb)‘

1

< (b—a) /Oﬁlto‘f'(tb+(1t)a)|dt+/a

L 0 a+1

(1—t*)|f (tb+ (1 —1) a)|dt]

fmt“ 1 O+ A=) |f (a)l] dt
< (b_a) a / ’
+f (A=) [ @) + A =1)[f (a)]] dt
o \atl at
oo, 0 B
a(2a Ot / —ala ’
i +m\f (b)\‘f'm\f (a)l
This completes the proof. (I

Remark 8. In Theorem 7, if one takes o = 1, one has the inequality proved in [4, Theorem 2.2].
Theorem 8. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|? is convex
on [a,b] for ¢ > 1, then the following right Riemann-Liouville fractional integral inequality holds:

s [T - £ (L1

a+1
a (a+1)**? + (R (a)lf’( )|q+Rlo( )If’( )Iq)a

where Ry (a)-Rio («) are the same as in Theorem 7 and « > 0.

Proof. Using Lemma 4, power mean inequality and the convexity of |f’|?, we have

'Wjﬁ_f(a) -/ (aatralb)

<(b—a) /ailt“f’(tlwr(lt)a)|dt+/1 1=t tb+(1—-t)a |dt]
0 22
1 17% QL-H a ! q l %
§w®< MT%J (f [t O+ (1= 0)1f (@
(a+1) -%g%u—mhme+u—nfwu t)

.a\»—-

(f(;*% t%lt)l_% (f[;%“ £ (th+ (1 —t) )\th
1 e\ / —t)a)
+(fa%(1 t)dt) (fa%( Y £ (tb+ (1 —t)a)| dt

mH

Q=



Q=

Q=

171 1 2 a+1
<(b_a><a““> N (e er+ @)
= 2

(a+1)a+ + MU/()P $|f/()|
2(at 1) (at2) 2(a+1)" 2 (a+2)
This completes the proof. O

Remark 9. In Theorem 8, if one takes a = 1, one has the following midpoint type inequality

b_la/abf(u)duf (a;b> cboe l(w O + 217 <a>|Q)é ) <2|f’ O +1f <a>|‘1>3]

Theorem 9. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|? is convex
on [a,b] for ¢ > 1, then the following right Riemann-Liouville fractional integral inequality holds:

(4.6)

o [t ()
| e (o aa2e | ()

Q=

+RYy (e p) (52255 11 )17 + s 7 (@)1

where
atT
Rll (Ol7p) = / tapdt7
0

1
R12 (Oz,p) = / (1 - toz);D dta

@

a+1
1, 1
wzth;+§—1anda>0.
|

Proof. Using Lemma 4, Holder inequality and the convexity of |f’|?, we have

oo s (357)

[ et 1
<(b-a) / to“f/(tb+(17t)a)|dt+/ (1ta)|f,(tb+(1t)a)|dt]
/0 .
coa | UTTEa)” (F r =ata)t
_ ([, @) (Sl 1 e+ =t a) )"
_ (b_ a) ( a+1 1Pt » ( 0a+1 t‘f’( )‘q + (1 . t) |f/ (a)|q] dt)a
(e d)” (L B + (=01 @) )
| 0D (s O+ g )
| TR (@p) (2(25++11)2 1 O + s | (a)|q);
This completes the proof. .

Remark 10. In Theorem 9, if one takes o = 1, one has the inequality proved in [4, Theorem 2.3].
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