
SOME INEQUALITIES FOR AN OPERATOR ASSOCIATED TO
HERMITE-HADAMARD INEQUALITY FOR FUNCTIONS OF

BOUNDED VARIATION

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we establish some inequalities for the operator

Da+;b�f (x) :=
1

2

�
1

x� a

Z x

a
f (t) dt+

1

b� x

Z b

x
f (t) dt

�
; x 2 (a; b)

in the case of functions f : [a; b] ! C of bounded variation. Several weighted
and unweighted Hermite-Hadamard type inequalities are also provided.

1. Introduction

The following integral inequality

(1.1) f

�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt � f (a) + f (b)

2
;

which holds for any convex function f : [a; b] ! R; is well known in the literature
as the Hermite-Hadamard inequality.
There is an extensive amount of literature devoted to this simple and nice result

which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [9], the recent survey paper [5], the research papers [1]-[2], [10]-[18]
and the references therein.
Assume that the function f : (a; b) ! C is Lebesgue integrable on (a; b) : We

introduce the following operator

(1.2) Da+;b�f (x) :=
1

2

"
1

x� a

Z x

a

f (t) dt+
1

b� x

Z b

x

f (t) dt

#
; x 2 (a; b) :

We observe that if we take x = a+b
2 ; then we have

Da+;b�f

�
a+ b

2

�
=

1

b� a

Z b

a

f (t) dt:

Moreover, if f (a+) := limx!a+ f (x) exists and is �nite, then we have

lim
x!a+

Da+;b�f (x) =
1

2

"
f (a+) +

1

b� a

Z b

a

f (t) dt

#

1991 Mathematics Subject Classi�cation. 26D15, 26D10, 26D07, 26A33.
Key words and phrases. Convex functions, Hermite-Hadamard inequalities.

1

e5011831
Typewritten Text
Received 04/07/17

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 20 (2017), Art. 103, 19 pp



2 S. S. DRAGOMIR

and if f (b�) := limx!b� f (x) exists and is �nite, then we have

lim
x!b�

Da+;b�f (x) =
1

2

"
f (b�) + 1

b� a

Z b

a

f (t) dt

#
:

So, if f : [a; b]! C is Lebesgue integrable on [a; b] and continuous at right in a and
at left in b, then we can extend the operator on the whole interval by putting

Da+;b�f (a) :=
1

2

"
f (a) +

1

b� a

Z b

a

f (t) dt

#
and

Da+;b�f (b) :=
1

2

"
f (b) +

1

b� a

Z b

a

f (t) dt

#
:

If we change the variable t = (1� s) a+ sx for x 2 (a; b) then we have
1

x� a

Z x

a

f (t) dt =

Z 1

0

f ((1� s) a+ sx) ds

and if we change the variable t = (1� s)x+ sb for x 2 (a; b) ; then we also have
1

b� x

Z b

x

f (t) dt =

Z 1

0

f ((1� s)x+ sb) ds;

which gives the representation

(1.3) Da+;b�f (x) =
1

2

Z 1

0

[f ((1� s) a+ sx) + f ((1� s)x+ sb)] ds; x 2 (a; b) :

Using the representation (1.3), we observe that the operator Da+;b� is linear,
nonnegative and preserves the constant functions, namely

Da+;b� (�f + �g) = �Da+;b� (f) + �Da+;b� (g)

for any complex numbers �; � and integrable functions f; g: If f � 0 almost
everywhere on [a; b] and f is integrable, then Da+;b�f (x) � 0 for any x 2 (a; b) :
Also, if f = k; a constant, then Da+;b�k (x) = k for any x 2 (a; b) : If we de�ne the
function 1 (t) = 1; t 2 [a; b] ; then, obviously, Da+;b�1 = 1:
We say that the function f : [a; b]! C is of H-r-Hölder type if

jf (t)� f (s)j � H jt� sjr

for any t; s 2 [a; b] ; where H > 0 and r 2 (0; 1] : If r = 1 and we put H = L; then
we call the function of L-Lipschitz type.
In the recent paper [7] we obtained the following results:

Theorem 1. If f is of H-r-Hölder type on [a; b] with H > 0 and r 2 (0; 1] ; then
for any x 2 (a; b) we have

(1.4) jDa+;b�f (x)� f (x)j �
1

2 (r + 1)
H [(x� a)r + (b� x)r]

and

(1.5)

����Da+;b�f (x)� f (a) + f (b)2

���� � 1

2 (r + 1)
H [(x� a)r + (b� x)r] :

In particular, if f is of L-Lipschitz type, then

(1.6) jDa+;b�f (x)� f (x)j �
1

4
L (b� a)
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and

(1.7)

����Da+;b�f (x)� f (a) + f (b)2

���� � 1

4
L (b� a)

for any x 2 (a; b) :
If we take in Theorem 1 x = a+b

2 ; then we get

(1.8)

����� 1

b� a

Z b

a

f (t) dt� f
�
a+ b

2

������ � 1

2r (r + 1)
H (b� a)r

and

(1.9)

����� 1

b� a

Z b

a

f (t) dt� f (a) + f (b)
2

����� � 1

2r (r + 1)
H (b� a)r :

In particular, if f is of L-Lipschitz type, then

(1.10)

����� 1

b� a

Z b

a

f (t) dt� f
�
a+ b

2

������ � 1

4
L (b� a)

and

(1.11)

����� 1

b� a

Z b

a

f (t) dt� f (a) + f (b)
2

����� � 1

4
L (b� a) :

We also have:

Theorem 2. If f is of H-r-Hölder type on [a; b] with H > 0 and r 2 (0; 1] ; then
for any x 2 (a; b) we have����Da+;b�f (x)� 12

�
f

�
x+ a

2

�
+ f

�
x+ b

2

������(1.12)

� 1

2r+1 (r + 1)
H [(x� a)r + (b� x)r] :

In particular, if f is of L-Lipschitz type, then

(1.13)

����Da+;b�f (x)� 12
�
f

�
x+ a

2

�
+ f

�
x+ b

2

������ � 1

8
L (b� a)

for any x 2 (a; b) :
If we take in Theorem 2 x = a+b

2 ; then we get

0 �
����� 1

b� a

Z b

a

f (t) dt� 1
2

�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

�������(1.14)

� 1

4r (r + 1)
H (b� a)r

and

(1.15) 0 �
����� 1

b� a

Z b

a

f (t) dt� 1
2

�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

������� � 1

8
L (b� a) :

Motivated by the above results, in this paper we establish some inequalities
for the operator Da+;b�f (x) ; x 2 (a; b) in the case of functions f : [a; b] ! C
of bounded variation. Several weighted and unweighted Hermite-Hadamard type
inequalities are also provided.
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2. Some Inequalities for Da+;b�f

We have:

Theorem 3. Let f : [a; b] ! C be a function of bounded variation on [a; b] : Then
for any x 2 (a; b) we have

jDa+;b�f (x)� f (x)j(2.1)

� 1

2

"
1

x� a

Z x

a

 
x_
t

(f)

!
dt+

1

b� x

Z b

x

 
t_
x

(f)

!
dt

#
� 1

2

b_
a

(f)

and

����Da+;b�f (x)� f (a) + f (b)2

����(2.2)

� 1

2

"
1

x� a

Z x

a

 
t_
a

(f)

!
dt+

1

b� x

Z b

x

 
b_
t

(f)

!
dt

#
� 1

2

b_
a

(f) :

Proof. If f : [a; b] ! C is Lebesgue integrable on [a; b] and �; � 2 [a; b] ; then we
have the following simple equality

Da+;b�f (x)�
�+ �

2
(2.3)

=
1

2

"
1

x� a

Z x

a

[f (t)� �] dt+ 1

b� x

Z b

x

[f (t)� �] dt
#
:

If we take � = � = f (x) ; then we get the equality

Da+;b�f (x)� f (x) =
1

2

"
1

x� a

Z x

a

[f (t)� f (x)] dt+ 1

b� x

Z b

x

[f (t)� f (x)] dt
#
:

while for � = f (a) and � = f (b) we get

Da+;b�f (x)�
f (a) + f (b)

2

=
1

2

"
1

x� a

Z x

a

[f (t)� f (a)] dt+ 1

b� x

Z b

x

[f (t)� f (b)] dt
#
:
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Now, if f : [a; b] ! C is a function of bounded variation on [a; b] ; then by the
properties of the modulus we have

jDa+;b�f (x)� f (x)j

� 1

2

"
1

x� a

����Z x

a

[f (t)� f (x)] dt
����+ 1

b� x

�����
Z b

x

[f (t)� f (x)] dt
�����
#

� 1

2

"
1

x� a

Z x

a

jf (t)� f (x)j dt+ 1

b� x

Z b

x

jf (t)� f (x)j dt
#

� 1

2

"
1

x� a

Z x

a

 
x_
t

(f)

!
dt+

1

b� x

Z b

x

 
t_
x

(f)

!
dt

#

� 1

2

"
1

x� a

x_
a

(f)

Z x

a

dt+
1

b� x

b_
x

(f)

Z b

x

dt

#

=
1

2

 
x_
a

(f) +

b_
x

(f)

!
=
1

2

b_
a

(f) ;

which proves the inequality (2.1).
Similarly, we have

����Da+;b�f (x)� f (a) + f (b)2

����
� 1

2

"
1

x� a

����Z x

a

[f (t)� f (a)] dt
����+ 1

b� x

�����
Z b

x

[f (t)� f (b)] dt
�����
#

� 1

2

"
1

x� a

Z x

a

jf (t)� f (a)j dt+ 1

b� x

Z b

x

jf (t)� f (b)j dt
#

� 1

2

"
1

x� a

Z x

a

 
t_
a

(f)

!
dt+

1

b� x

Z b

x

 
b_
t

(f)

!
dt

#

� 1

2

"
1

x� a

x_
a

(f)

Z x

a

dt+
1

b� x

b_
x

(f)

Z b

x

dt

#

=
1

2

 
x_
a

(f) +
b_
x

(f)

!
=
1

2

b_
a

(f) ;

which proves the inequality (2.2). �
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Remark 1. Observe that

1

2

"
1

x� a

Z x

a

 
x_
t

(f)

!
dt+

1

b� x

Z b

x

 
t_
x

(f)

!
dt

#

=
1

2

"
1

x� a

Z x

a

 
x_
a

(f)�
t_
a

(f)

!
dt+

1

b� x

Z b

x

 
b_
x

(f)�
b_
t

(f)

!
dt

#

=
1

2

"
x_
a

(f)� 1

x� a

Z x

a

 
t_
a

(f)

!
dt+

b_
x

(f)� 1

b� x

Z b

x

 
b_
t

(f)

!
dt

#

=
1

2

"
b_
a

(f)� 1

x� a

Z x

a

 
t_
a

(f)

!
dt� 1

b� x

Z b

x

 
b_
t

(f)

!
dt

#
and then the inequality (2.1) can be written as

jDa+;b�f (x)� f (x)j(2.4)

� 1

2

"
b_
a

(f)� 1

x� a

Z x

a

 
t_
a

(f)

!
dt� 1

b� x

Z b

x

 
b_
t

(f)

!
dt

#
� 1

2

b_
a

(f)

for any x 2 (a; b) :
If we take in (2.1) and (2.2) x = a+b

2 ; then we get, see also [5]����� 1

b� a

Z b

a

f (t) dt� f
�
a+ b

2

������(2.5)

� 1

b� a

Z a+b
2

a

0@ a+b
2_
t

(f)

1A dt+ 1

b� a

Z b

a+b
2

0@ t_
a+b
2

(f)

1A dt � 1

2

b_
a

(f)

and ����� 1

b� a

Z b

a

f (t) dt� f (a) + f (b)
2

�����(2.6)

� 1

b� a

Z a+b
2

a

 
t_
a

(f)

!
dt+

1

b� a

Z b

a+b
2

 
b_
t

(f)

!
dt � 1

2

b_
a

(f) :

Theorem 4. Let f : [a; b] ! C be a function of bounded variation on [a; b] : Then
for any x 2 (a; b) we have

(2.7)

����Da+;b�f (x)� 12
�
f (x) +

f (a) + f (b)

2

����� � 1

4

b_
a

(f) :

Proof. If we take in (2.3) � = 1
2 [f (a) + f (x)] and � =

1
2 [f (x) + f (b)] then we get

Da+;b�f (x)�
1

2

�
f (x) +

f (a) + f (b)

2

�
(2.8)

=
1

2

�
1

x� a

Z x

a

�
f (t)� 1

2
[f (a) + f (x)]

�
dt

+
1

b� x

Z b

x

�
f (t)� 1

2
[f (x) + f (b)]

�
dt

#
;
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for any x 2 (a; b) :
Since f : [a; b]! C is a function of bounded variation on [a; b] ; then����f (t)� 12 [f (a) + f (x)]

���� =
jf (t)� f (a) + f (t)� f (x)j

2

� 1

2
[jf (t)� f (a)j+ jf (x)� f (t)j] � 1

2

x_
a

(f)

for any t 2 [a; x], and, similarly����f (t)� 12 [f (x) + f (b)]
���� � 1

2

b_
x

(f)

for any t 2 [x; b] :
By taking the modulus in (2.8) we get����Da+;b�f (x)� 12

�
f (x) +

f (a) + f (b)

2

�����
� 1

2

�
1

x� a

����Z x

a

�
f (t)� 1

2
[f (a) + f (x)]

�
dt

����
+

1

b� x

�����
Z b

x

�
f (t)� 1

2
[f (x) + f (b)]

�
dt

�����
#

� 1

2

�
1

x� a

Z x

a

����f (t)� 12 [f (a) + f (x)]
���� dt

+
1

b� x

Z b

x

�����f (t)� 12 [f (x) + f (b)]
����� dt

#

� 1

2

"
1

2

1

x� a

Z x

a

 
x_
a

(f)

!
dt+

1

2

1

b� x

Z b

x

 
b_
x

(f)

!
dt

#

=
1

4

 
x_
a

(f) +
b_
x

(f)

!
=
1

4

b_
a

(f) ;

which proves the inequality (2.7). �

Remark 2. If we add the inequalities (2.2) and (2.4) we get����Da+;b�f (x)� f (a) + f (b)2

����+ jDa+;b�f (x)� f (x)j(2.9)

� 1

2

"
1

x� a

Z x

a

 
t_
a

(f)

!
dt+

1

b� x

Z b

x

 
b_
t

(f)

!
dt

#

+
1

2

"
b_
a

(f)� 1

x� a

Z x

a

 
t_
a

(f)

!
dt� 1

b� x

Z b

x

 
b_
t

(f)

!
dt

#

=
1

2

b_
a

(f)

for any x 2 (a; b) :
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By the triangle inequality we also have����2Da+;b�f (x)� f (a) + f (b)2
� f (x)

����
�
����Da+;b�f (x)� f (a) + f (b)2

����+ jDa+;b�f (x)� f (x)j
namely ����Da+;b�f (x)� 12

�
f (a) + f (b)

2
+ f (x)

�����(2.10)

� 1

2

�����Da+;b�f (x)� f (a) + f (b)2

����+ jDa+;b�f (x)� f (x)j�
for any x 2 (a; b) :
Therefore by (2.9) and (2.10) we also get (2.7).

If we take x = a+b
2 in (2.7), then we get

(2.11)

����� 1

b� a

Z b

a

f (t) dt� 1
2

�
f

�
a+ b

2

�
+
f (a) + f (b)

2

������ � 1

4

b_
a

(f) :

3. Some Integral Inequalities

The following lemma is of interest in itself, see also [6]:

Lemma 1. Assume that the function f : (a; b)! C is Lebesgue integrable on (a; b)
and f (a+) ; f (b�) exists and are �nite. Then we have

(3.1)
Z b

a

Da+;b�f (x) dx =

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx:

Proof. We haveZ b

a

Da+;b�f (x) dx :=
1

2

"Z b

a

�
1

x� a

Z x

a

f (t) dt

�
dx+

Z b

a

 
1

b� x

Z b

x

f (t) dt

!
dx

#
:

Observe that, integrating by parts, we haveZ b

a

�
1

x� a

Z x

a

f (t) dt

�
dx =

Z b

a

�Z x

a

f (t) dt

�
d (ln (x� a))

= ln (x� a)
�Z x

a

f (t) dt

�����b
a+

�
Z b

a

ln (x� a) f (x) dx

= ln (b� a)
 Z b

a

f (t) dt

!
� lim
x!a+

�
ln (x� a)

�Z x

a

f (t) dt

��
�
Z b

a

ln (x� a) f (x) dx:

Since

lim
x!a+

�
ln (x� a)

�Z x

a

f (t) dt

��
= lim

x!a+

�
(x� a) ln (x� a)

�
1

x� a

Z x

a

f (t) dt

��
= lim

x!a+
[(x� a) ln (x� a)] lim

x!a+

�
1

x� a

Z x

a

f (t) dt

�
= 0f (a+) = 0;
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henceZ b

a

�
1

x� a

Z x

a

f (t) dt

�
dx = ln (b� a)

 Z b

a

f (t) dt

!
�
Z b

a

ln (x� a) f (x) dx

=

Z b

a

[ln (b� a)� ln (x� a)] f (x) dx =
Z b

a

ln

�
b� a
x� a

�
f (x) dx

Also, integrating by parts, we have

Z b

a

 
1

b� x

Z b

x

f (t) dt

!
dx = �

Z b

a

 Z b

x

f (t) dt

!
d (ln (b� x))

= � ln (b� x)
 Z b

x

f (t) dt

!�����
b�

a

+

Z b

a

ln (b� x) d
 Z b

x

f (t) dt

!

= � lim
x!b�

"
ln (b� x)

 Z b

x

f (t) dt

!#
+ln (b� a)

 Z b

a

f (t) dt

!
�
Z b

a

ln (b� x) f (x) dx

= ln (b� a)
 Z b

a

f (t) dt

!
�
Z b

a

ln (b� x) f (x) dx =
Z b

a

ln

�
b� a
b� x

�
f (x) dx:

ThereforeZ b

a

Da+;b�f (x) dx =
1

2

"Z b

a

ln

�
b� a
x� a

�
f (x) dx+

Z b

a

ln

�
b� a
b� x

�
f (x) dx

#

=
1

2

Z b

a

ln

"
(b� a)2

(x� a) (b� x)

#
f (x) dx =

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx

and the equality (3.1) is obtained. �

The following result holds:
By the use of Theorem 1 we have:

Theorem 5. If f is of H-r-Hölder type on [a; b] with H > 0 and r 2 (0; 1] ; then
we have ����� 1

b� a

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx� 1

b� a

Z b

a

f (x) dx

�����(3.2)

� 1

(r + 1)
2H (b� a)

r

and ����� 1

b� a

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx� f (a) + f (b)

2

�����(3.3)

� 1

(r + 1)
2H (b� a)

r
:
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Proof. If we integrate the inequality the inequality (1.4), we get����� 1

b� a

Z b

a

Da+;b�f (x) dx�
1

b� a

Z b

a

f (x) dx

�����
� 1

b� a

Z b

a

jDa+;b�f (x)� f (x)j dx

� 1

2 (r + 1)
H

1

b� a

Z b

a

[(x� a)r + (b� x)r] dx

=
1

2 (r + 1)
H

1

b� a

"
(b� a)r+1

r + 1
+
(b� a)r+1

r + 1

#
=

1

(r + 1)
2H (b� a)

r

and by (3.1) we get (3.2).
The inequality (3.3) follows in a similar way from (1.5). �

The inequality (3.2) can be actually improved as follows:

Theorem 6. If f is of H-r-Hölder type on [a; b] with H > 0 and r 2 (0; 1] ; then
we have ����� 1

b� a

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx� 1

b� a

Z b

a

f (x) dx

�����(3.4)

� 1

2r (r + 1)
2H (b� a)

r
:

Proof. If we take the integral mean in (1.12) we get����� 1

b� a

Z b

a

Da+;b�f (x) dx�
1

2

1

b� a

Z b

a

�
f

�
x+ a

2

�
+ f

�
x+ b

2

��
dx

�����(3.5)

� 1

b� a

Z b

a

����Da+;b�f (x) dx� 12
�
f

�
x+ a

2

�
+ f

�
x+ b

2

������ dx
� 1

2r+1 (r + 1)
H

1

b� a

Z b

a

[(x� a)r + (b� x)r]

=
1

2r+1 (r + 1)
H

1

b� a
2 (b� a)r+1

r + 1
=

1

2r (r + 1)
2H (b� a)

r
:

Using the change of variable we haveZ b

a

f

�
a+ x

2

�
dx = 2

Z a+b
2

a

f (y) dy and
Z b

a

f

�
x+ b

2

�
dx = 2

Z b

a+b
2

f (y) dy

and then

1

2

Z b

a

�
f

�
a+ x

2

�
+ f

�
x+ b

2

��
dx =

Z a+b
2

a

f (y) dy +

Z b

a+b
2

f (y) dy =

Z b

a

f (y) dy:

By utilising (3.5) we then get (3.4) �

The case of Lipschitzian functions is as follows:
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Corollary 1. If f is of L-Lipschitz type with L > 0; then

(3.6)

����� 1

b� a

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx� f (a) + f (b)

2

����� � 1

4
L (b� a)

and ����� 1

b� a

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx� 1

b� a

Z b

a

f (x) dx

�����(3.7)

� 1

8
L (b� a)r :

In the case of functions of bounded variation, we have:

Theorem 7. Let f : [a; b] ! C be a function of bounded variation on [a; b] and
continuous at the extremities. Then

(3.8)

����� 1

b� a

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx� 1

b� a

Z b

a

f (x) dx

�����
� 1

2

"
b_
a

(f)� 1

b� a

 Z b

a

ln

�
b� a
x� a

� x_
a

(f) dx+

Z b

a

ln

�
b� a
b� x

� b_
x

(f) dx

!#

� 1

2

b_
a

(f)

and

(3.9)

����� 1

b� a

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx� f (a) + f (b)

2

�����
� 1

2

1

b� a

 Z b

a

ln

�
b� a
x� a

� x_
a

(f) dx+

Z b

a

ln

�
b� a
b� x

� b_
x

(f) dx

!
� 1

2

b_
a

(f) :

Proof. Taking the integral in (2.4) we get����� 1

b� a

Z b

a

Da+;b�f (x) dx�
1

b� a

Z b

a

f (x) dx

�����(3.10)

� 1

b� a

Z b

a

jDa+;b�f (x)� f (x)j dx

� 1

2

b_
a

(f)

� 1
2

1

b� a

Z b

a

"
1

x� a

Z x

a

 
t_
a

(f)

!
dt� 1

b� x

Z b

x

 
b_
t

(f)

!
dt

#
dx

� 1

2

b_
a

(f) :
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Observe thatZ b

a

1

x� a

 Z x

a

 
t_
a

(f)

!
dt

!
dx

=

Z b

a

 Z x

a

 
t_
a

(f)

!
dt

!
d (ln (x� a))

= ln (x� a)
Z x

a

 
t_
a

(f)

!
dt

�����
b

a+

�
Z b

a

ln (x� a)
x_
a

(f) dx

= ln (b� a)
Z b

a

 
t_
a

(f)

!
dt�

Z b

a

ln (x� a)
x_
a

(f) dx

since

lim
x!a+

"
ln (x� a)

Z x

a

 
t_
a

(f)

!
dt

#

= lim
x!a+

"
(x� a) ln (x� a) 1

x� a

Z x

a

 
t_
a

(f)

!
dt

#

= lim
x!a+

[(x� a) ln (x� a)] lim
x!a+

"
1

x� a

Z x

a

 
t_
a

(f)

!
dt

#

= 0 lim
x!a+

t_
a

(f) = 0:

Also, in a similar way

Z b

a

1

b� x

 Z b

x

 
b_
t

(f)

!
dt

!
dx

= �
Z b

a

 Z b

x

 
b_
t

(f)

!
dt

!
d (ln (b� x))

= �

24 ln (b� x)Z b

x

 
b_
t

(f)

!
dt

�����
b�

a

�
Z b

a

ln (b� x) d
 Z b

x

 
b_
t

(f)

!
dt

!35
= �

24 ln (b� x)Z b

x

 
b_
t

(f)

!
dt

�����
b�

a

+

Z b

a

ln (b� x)
b_
x

(f) dx

35
= �

"
0� ln (b� a)

Z b

a

 
b_
t

(f)

!
dt+

Z b

a

ln (b� x)
b_
x

(f) dx

#

= ln (b� a)
Z b

a

 
b_
t

(f)

!
dt�

Z b

a

ln (b� x)
b_
x

(f) dx:
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If we add these equalities we getZ b

a

1

x� a

 Z x

a

 
t_
a

(f)

!
dt

!
dx+

Z b

a

1

b� x

 Z b

x

 
b_
t

(f)

!
dt

!
dx

= ln (b� a)
Z b

a

 
t_
a

(f)

!
dt�

Z b

a

ln (x� a)
x_
a

(f) dx

+ ln (b� a)
Z b

a

 
b_
t

(f)

!
dt�

Z b

a

ln (b� x)
b_
x

(f) dx

= (b� a)
b_
a

(f) ln (b� a)�
Z b

a

ln (x� a)
x_
a

(f) dx�
Z b

a

ln (b� x)
b_
x

(f) dx

= (b� a)
x_
a

(f) ln (b� a) + (b� a)
b_
x

(f) ln (b� a)

�
Z b

a

ln (x� a)
x_
a

(f) dx�
Z b

a

ln (b� x)
b_
x

(f) dx

=

Z b

a

ln

�
b� a
x� a

� x_
a

(f) dx+

Z b

a

ln

�
b� a
b� x

� b_
x

(f) dx

and by (3.10) we get (3.1).
The inequality (3.9) follows by( 2.2). �

If we add the inequalities (3.8) with (3.9), use the triangle inequality and divide
by 2 we get

Corollary 2. With the assumptions of Theorem 7 we have

(3.11)

����� 1

b� a

Z b

a

ln

 
b� ap

(x� a) (b� x)

!
f (x) dx

�1
2

 
1

b� a

Z b

a

f (x) dx+
f (a) + f (b)

2

!����� � 1

4

b_
a

(f) :

4. Some Weighted Integral Inequalities

We need the following equality as well, see also [6]:

Lemma 2. Assume that the function f : (a; b)! C is Lebesgue integrable on (a; b).
Then we have

(4.1)
Z b

a

(x� a) (b� x)Da+;b�f (x) dx =
1

4

Z b

a

h
(x� a)2 + (b� x)2

i
f (x) dx:

Proof. We haveZ b

a

(x� a) (b� x)Da+;b�f (x) dx(4.2)

=
1

2

"Z b

a

(b� x)
�Z x

a

f (t) dt

�
dx+

Z b

a

(x� a)
 Z b

x

f (t) dt

!
dx

#
:
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Using the integration by parts formula, we haveZ b

a

(b� x)
�Z x

a

f (t) dt

�
dx

= �
Z b

a

�Z x

a

f (t) dt

�
d

 
(b� x)2

2

!

= �
�Z x

a

f (t) dt

�
(b� x)2

2

�����
b

a+

+

Z b

a

(b� x)2

2
d

�Z x

a

f (t) dt

�

=
1

2

Z b

a

(b� x)2 f (x) dx

and Z b

a

(x� a)
 Z b

x

f (t) dt

!
dx

=

Z b

a

 Z b

x

f (t) dt

!
d

 
(x� a)2

2

!

=
(x� a)2

2

Z b

x

f (t) dt

�����
b�

a

�
Z b

a

(x� a)2

2
d

 Z b

x

f (t) dt

!

=
1

2

Z b

a

(x� a)2 f (x) dx;

which, by (4.2) produces the desired result (4.1). �

Theorem 8. If f is of H-r-Hölder type on [a; b] with H > 0 and r 2 (0; 1] ; then
we have

(4.3)

����� 1

b� a

Z b

a

"
(x� a)2 + (b� x)2

2

#
f (x) dx

� 2

b� a

Z b

a

(x� a) (b� x) f (x) dx
�����

� 2H

(r + 1) (r + 2) (r + 3)
(b� a)r+3

and ����� 1

b� a

Z b

a

"
(x� a)2 + (b� x)2

2

#
f (x) dx� (b� a)2 f (a) + f (b)

6

�����(4.4)

� 2H

(r + 1) (r + 2) (r + 3)
(b� a)r+3 :

Proof. From (1.4) and (1.5) we have

jDa+;b�f (x) (x� a) (b� x)� f (x) (x� a) (b� x)j(4.5)

� 1

2 (r + 1)
H
h
(x� a)r+1 (b� x) + (x� a) (b� x)r+1

i
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and ����Da+;b�f (x) (x� a) (b� x)� f (a) + f (b)2
(x� a) (b� x)

����(4.6)

� 1

2 (r + 1)
H
h
(x� a)r+1 (b� x) + (x� a) (b� x)r+1

i
for any x 2 [a; b] :
Taking the integral mean in (4.5), we have����� 1

b� a

Z b

a

Da+;b�f (x) (x� a) (b� x) dx(4.7)

� 1

b� a

Z b

a

f (x) (x� a) (b� x) dx
�����

� 1

b� a

Z b

a

jDa+;b�f (x) (x� a) (b� x)� f (x) (x� a) (b� x)j dx

� 1

2 (r + 1)

�H
"

1

b� a

Z b

a

(x� a)r+1 (b� x) dx+ 1

b� a

Z b

a

(x� a) (b� x)r+1 dx
#
:

Since Z b

a

(x� a)r+1 (b� x) dx = 1

(r + 2) (r + 3)
(b� a)r+3

and Z b

a

(x� a) (b� x)r+1 dx = 1

(r + 2) (r + 3)
(b� a)r+3 ;

then by (4.7) we have�����14 1

b� a

Z b

a

h
(x� a)2 + (b� x)2

i
f (x) dx� 1

b� a

Z b

a

(x� a) (b� x) f (x) dx
�����

� H

(r + 1) (r + 2) (r + 3)
(b� a)r+3 ;

which, by multiplying by 2 proves the inequality (4.3).
Taking the integral mean in (4.6), we have

(4.8)

����� 1

b� a

Z b

a

Da+;b�f (x) (x� a) (b� x) dx

�f (a) + f (b)
2

1

b� a

Z b

a

(x� a) (b� x) dx
�����

� 1

b� a

Z b

a

����Da+;b�f (x) (x� a) (b� x)� f (a) + f (b)2
(x� a) (b� x)

���� dx
� 1

2 (r + 1)
H

"
1

b� a

Z b

a

(x� a)r+1 (b� x) dx+ 1

b� a

Z b

a

(x� a) (b� x)r+1 dx
#
:
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Since
1

b� a

Z b

a

(x� a) (b� x) dx = 1

6
(b� a)2 ;

then by (4.8) we get�����14 1

b� a

Z b

a

h
(x� a)2 + (b� x)2

i
f (x) dx� 1

6
(b� a)2 f (a) + f (b)

2

�����
� H

(r + 1) (r + 2) (r + 3)
(b� a)r+3

and by multiplying with 2 we get (4.4). �

Corollary 3. If f is of L-Lipschitz type with L > 0; then

(4.9)

����� 1

b� a

Z b

a

"
(x� a)2 + (b� x)2

2

#
f (x) dx

� 2

b� a

Z b

a

(x� a) (b� x) f (x) dx
�����

� 1

12
L (b� a)r+3

and ����� 1

b� a

Z b

a

"
(x� a)2 + (b� x)2

2

#
f (x) dx� (b� a)2 f (a) + f (b)

6

�����(4.10)

� 1

12
L (b� a)r+3 :

Theorem 9. Let f : [a; b]! C be a function of bounded variation on [a; b] : Then

(4.11)

����� 1

b� a

Z b

a

"
(x� a)2 + (b� x)2

2

#
f (x) dx

� 2

b� a

Z b

a

(x� a) (b� x) f (x) dx
�����

� 1

2

 
1

3

b_
a

(f) (b� a)2 �
Z b

a

(b� x)2
x_
a

(f) dx�
Z b

a

(x� a)2
b_
x

(f) dx

!

� 1

6

b_
a

(f) (b� a)2

and

(4.12)

����� 1

b� a

Z b

a

"
(x� a)2 + (b� x)2

2

#
f (x) dx� (b� a)2 f (a) + f (b)

6

�����
� 1

2

 Z b

a

(b� x)2
x_
a

(f) dx+

Z b

a

(x� a)2
b_
x

(f) dx

!
� 1

6

b_
a

(f) (b� a)2 :
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Proof. From (2.4) we have

jDa+;b�f (x) (x� a) (b� x)� f (x) (x� a) (b� x)j

� 1

2

"
b_
a

(f) (x� a) (b� x)� (b� x)
Z x

a

 
t_
a

(f)

!
dt� (x� a)

Z b

x

 
b_
t

(f)

!
dt

#

while from (2.2) we have

����Da+;b�f (x) (x� a) (b� x)� f (a) + f (b)2
(x� a) (b� x)

����
� 1

2

"
(b� x)

Z x

a

 
t_
a

(f)

!
dt+ (x� a)

Z b

x

 
b_
t

(f)

!
dt

#

for any x 2 (a; b) :
Taking the integral mean we get

(4.13)

����� 1

b� a

Z b

a

Da+;b�f (x) (x� a) (b� x) dx

� 1

b� a

Z b

a

f (x) (x� a) (b� x) dx
�����

� 1

2

"
b_
a

(f)
1

b� a

Z b

a

(x� a) (b� x) dx

� 1

b� a

Z b

a

(b� x)
 Z x

a

 
t_
a

(f)

!
dt

!
dx

� 1

b� a

Z b

a

(x� a)
 Z b

x

 
b_
t

(f)

!
dt

!
dx

#

and

(4.14)

����� 1

b� a

Z b

a

Da+;b�f (x) (x� a) (b� x) dx

�f (a) + f (b)
2

1

b� a

Z b

a

(x� a) (b� x) dx
�����

� 1

2

"
1

b� a

Z b

a

(b� x)
 Z x

a

 
t_
a

(f)

!
dt

!
dx

+
1

b� a

Z b

a

(x� a)
 Z b

x

 
b_
t

(f)

!
dt

!
dx

#
:
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Using the integration by parts, we haveZ b

a

(b� x)
 Z x

a

 
t_
a

(f)

!
dt

!
dx

= �1
2

Z b

a

 Z x

a

 
t_
a

(f)

!
dt

!
d
�
(b� x)2

�

= �1
2

24 (b� x)2 Z x

a

 
t_
a

(f)

!
dt

�����
b

a

�
Z b

a

(b� x)2
x_
a

(f) dx

35
=
1

2

Z b

a

(b� x)2
x_
a

(f) dx

and Z b

a

(x� a)
 Z b

x

 
b_
t

(f)

!
dt

!
dx

=
1

2

Z b

a

 Z b

x

 
b_
t

(f)

!
dt

!
d
�
(x� a)2

�

=
1

2

24 (x� a)2 Z b

x

 
b_
t

(f)

!
dt

�����
b

a

+

Z b

a

(x� a)2
b_
x

(f) dx

35
=
1

2

Z b

a

(x� a)2
b_
x

(f) dx

and by (4.13) and (4.14) we get the desired results (4.11) and (4.120. �
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