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IMPROVEMENT OF FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITY AND
SOME NEW FRACTIONAL MIDPOINT TYPE INEQUALITIES FOR CONVEX
FUNCTIONS

MEHMET KUNT, ,IMDAT ISCAN, SERCAN TURHAN, DUNYA KARAPINAR

ABSTRACT. In this paper, it is proved that fractional Hermite-Hadamard inequality and fractional Hermite-
Hadamard-Fejér inequality are just results of Hermite-Hadamard-Fejér inequality. After this, a new fractional
Hermite-Hadamard inequality which is not a result of Hermite-Hadamard-Fejér inequality and better than given
in [9] by Sarikaya et al. is obtained. Also, a new equality is proved and some new fractional midpoint type
inequalities are given. Our results have some relations with the results given in [5] by Kirmaci.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers and a,b € I with a < b.
The inequality
fla) + f(b)

(L1) f(“;b) < !

is well known in the literature as Hermite-Hadamard’s inequality [2, 3].

The most well-known inequalities related to the integral mean of a convex function f are the Hermite
Hadamard inequality or its weighted versions, the so-called Hermite-Hadamard-Fejér inequality.

In [1], Fejér established the following Fejér inequality which is the weighted generalization of Hermite-
Hadamard inequality (1.1):

Theorem 1. Let f : [a,b] — R be convex function. Then, the inequality

(1.2) f(““’)/ dm</ fla S );rf()/a g(x)de

holds, where g : [a,b] — R is nonnegative, integrable and symmetric to “TH’ (i.e. g(z) =g(a+b—2z) for all

x € [a,b]).

In [5], Kirmac: used the following equality to obtain midpoint type inequalities and some applications:

Lemma 1. Let a,b € I with a < b and f : I° — R is a differentiable mapping (I° tne interior of I).
f' € L|a,b], then we have

b a 1/2 1
%a/ f(U)du—f< ;b)=(b—a)/0 tf'(ta+(1—t)b)dt+/1/2(t—1)f’(m+(1_t)b)dt,

Following definitions of the left and right side Riemann-Liouville fractional integrals are well known in the
literature.

Definition 1. Let a,b € R witha < b and f € L[a,b]. The left and right Riemann-Liouville fractional integrals
J& f and J§ f of order o > 0 are defined by

T @) = s [ @0 o v > a

[(c)
and
1 b .
T pw) = g [ =) pedn v <
respectively, where T'(a) is the Gamma function defined by T'(« f e~ Ldt (see [8, page 69] and [10, page

4]).
In [9], Sarikaya et al. proved the following fractional Hermite-Hadamard type inequality:
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Theorem 2. Let f : [a,b] — R be a positive function with 0 < a < b and f € L[a,b]. If f is a convex function
on [a,b], then the following inequalities for fractional integrals holds:

(14)  f (a;b> < 2F ((bo‘fa;i 7% £ (8) + I f(a)] < LSO

2
with « > 0.

Remark 1. In Theorem 2, it is not necessary supposing that f be a positive function and a,b are positive real
numbers. From the Definition 1, it is clear that a,b are any real numbers such as a < b.

In [4], Iscan proved the following fractional Hermite-Hadamard-Fejér type inequality:

Theorem 3. Let f : [a,b] — R be a convex function with a < b and f € Lla,b]. If g : [a,b] — R is nonnegative,
integrable and symmetric to %H’, then the following inequality for fractional integrals holds:
a+b fla) + f(b)

13) (50 Veea®)+ 5 gla)] < 2 (o) @)+ 5 (o) @) < T e g0y + gt

with o > 0.

In [6], Kunt et al. proved the following left Riemann-Liouville fractional Hermite-Hadamard type inequality
and next equality:

Theorem 4. Let a,b € R with a <b and f : [a,b] — R be a convez function. If f € L[a,b], then the following
inequality for the left Riemann-Liouville fractional integral holds:

aa+b P(a+1) af(a) + f(b)
(16) f(oz—l—l)S (b—a)” a+1
with o > 0.

o f(b) <

Lemma 2. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the left Riemann-Liouville fractional integrals holds:

wry TetUge gy (“‘L“’)

(b—a) a+1

1

—(b—a) [/O&to‘f’(ta—i—(l—t)b)dt—&-/a(to‘—l)f’(ta+(1—t)b)dt

with « > 0.

In [7], Kunt et al. proved the following right Riemann-Liouville fractional Hermite-Hadamard type inequality
and next equality:

Theorem 5. Let a,b € R with a <b and f : [a,b] — R be a convex function. If f € L]a,b], then the following
inequality for the right Riemann-Liouville fractional integral holds:

a+ab I'(a+1) fa) + af(d)
(18) f<oz+1)S (b—a)” a+1
with o > 0.

Jpfla) <

Lemma 3. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If f' € L[a,b], then
the following equality for the right Riemann-Liouville fractional integrals holds:

F'a+1) ., a+ ab
(1.9) (b—a)anf(a)_f<a+1)

:(b—a)l/o —t"‘f(tb—l—(l—t)a)dt—l—/ail(l—ta)f(tb+(1—t)a)dt
with o > 0.

In our studies we noticed that fractional Hermite-Hadamard type inequality given in Theorem 2 and frac-
tional Hermite-Hadamard-Fejér type inequality given in Theorem 3 are just result of Hermite-Hadamard-Fejér
inequality (given in Theorem 1), with a special selection of the weighted function. This show how strong the
Hermite-Hadamard-Fejér inequality is. However, we will prove new fractional Hermite-Hadamard type inequal-
ity which is not a result of Theorem 1. Also, we will have new fractional midpoint type inequalities.



2. RESULTS OF HERMITE-HADAMARD-FEJER INEQUALITY

Proposition 1. Theorem 2 is a result of Theorem 1.

Proof. In Theorem 1, let we choose g (z) = (z —a)*™ "+ (b—2)* " for a >0, a,b € R and g : [a,b] — R (It is

clear g (z) nonnegative, integrable and symmetric to ‘LT'H’) Computing the following integrals, we have

(2.1) /bg(w)d:c = /b (- 4 (- )= 20—

(%

(2.2) /ab (2)g(z)dz = /ab [(m —a)* T (b z)a—l] F(x)dz
b

b

:/a (@ — a)“*f(x)dﬂ/ (b—2)°"" f(z)de

a

T () [J2, S (0) + T f(@)]
Combining (1.2), (2.1) and (2.2) we have (1.4). This completes the proof. O

Proposition 2. Theorem 3 is a result of Theorem 1.

Proof. In Theorem 1, let we choose w (z) = [(x —a)* (b — x)ail] g(z) for >0, a,b€eR, g:[a,b] >R
and g (z) nonnegative, integrable and symmetric to %52 (It is clear w (z) nonnegative, integrable and symmetric
M)
2

to . Computing the following integrals, we have

(2.3) /abw (z)dz = /: [(x —a)* ' (b- x)ail} g (z)dx

b b
— [(@-ar T g@det [ -0 g@)ds
=T (a) [J2,.g(b) + T g(a)],

(2.4) / " fla ) = / b (=)™ + 0 - 2" f(2)g () da

a

b

b
~ [(@-a T s@g @)zt [ (-2 oy (o) do

a

=T () [J54 (f9) (0) + T3 (f9) (a)].
Combining (1.2), (2.3) and (2.4) we have (1.5). This completes the proof. |

Remark 2. Theorem 4 and Theorem 5 are not results of Theorem 1.

3. IMPROVEMENT OF FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITY

We will use Theorem 4 and Theorem 5 to have new fractional Hermite-Hadamard type inequality better than
(1.4).

Theorem 6. Let a,b € R with a <b and f : [a,b] — R be a convez function. If f € L[a,b], then the following
inequality for fractional integral holds:

o) f (o;%b) -2Ff (‘Lﬁb) . ;((baja;i

fla) + 1 (b)
2

[Je F(b) + 5 f(a)] <
with o > 0.

Proof. If (1.6) and (1.8) gather side by side and dividing into 2, it is hold the desired result. |
, , : L atb) o F(EER)H(EET)
Remark 3. Since, f is a convex function on [a,b], it is clear f (?) < === for a > 0. It means
that
(1) Theorem 6 is better than Theorem 2,

(2) In Theorem 6 if one takes « = 1, one has (1.1),
(3) Theorem 6 is not a result of Theorem 1.
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4. NEW FRACTIONAL MIDPOINT TYPE INEQUALITIES

We will now prove an equality to have new fractional midpoint type inequalities.

Lemma 4. Let a,b € R witha <b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the fractional integrals holds:

f (o;aj»lb) +f (aa++alb>

@) gy U f6)+ 5 f@)] - ;
Cb-a ST o f (t + (1 — £) b) Y+ [l (1= 1) ' (tla+ (1= 1) b)dt
2 | 4 [T ef (b + (1-t)a dt+fi% (1—t*) f/ (tb+ (1 —t)a)dt
Proof. If (1.7) and (1.9) gather side by side and dividing into 2, it is hold the desired result. |

Corollary 1. In Lemma 4, if one takes a = 1, one has Lemma 1.

Theorem 7. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'| is convex
on [a,b], then the following fractional midpoint type inequality holds:

aa+b a+ab
a+1 ) + f ( a+1 )

a f
4 |Gk U0+ I fa)] - ( -
aott / ’
<(b—a) m [1f" (@) + [ (b)]]
with o > 0.

Proof. Using Lemma 4 and the convexity of |f'|, we have

b b
asib) + f (4522)
2

I'(a+1)
2(b—a)”

f
[Jay f(b) + Ty f(a)] - (

boa | ST et (D) de [N (=) (- (- 1) )] de
2| T @ (=Dl de+ [l (1) |f @+ (1= 1) a)] de

b—a foﬁ“t“[t\f’(a)l+(1—t)lf’(b)l]dHfi%(1—t“)[tlf’(a)lJr(l—t)lf’(b)l]dt
2 _Jrfor“75”‘[15|f’(b)|+(1—75)If’(a)l]d%‘+f(;+1 (A=t [ (O + (A=) [f ()] dt

IN

=S [T i@ onas [ a—enr @)+ e

L a+1

b— att !
_2-a / o t“dt+/ (1—t*)dt
2 0 Je T

(1" (@) + [ ®)]]

L a+1
-0 = 1 @I+ 17 O
(Ck + 1)a+2 :
This completes the proof. O

Corollary 2. In Theorem 7, if one takes a =1, one has [5, Theorem 2.2].

Theorem 8. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If | f'|* is convex
on [a,b] for ¢ > 1, then the following fractional midpoint type inequality holds:

aa+b a+ab
a+1 ) + f ( a+1 )
2

I'a+1)

2b—a) (& f(0) + 5 f(a)] —

(4.3)

1
(%5 17 @I+ 2% 17 B))"
o a®tt a®—(a «
b—a oot | +(SEEEST S @+ %wn)
2 a+2
(at1) + (1P OI+ 1 @)

« a®t a®—(«
|+ (ST O + e 1 (@)

Q=

Q=

with « > 0.



Proof. Using Lemma 4, power mean inequality and the convexity of | f’

aa+b at+ab
a+1 ) + f ( a+1 )
2

|7, we have

I'(a+1)
2(b—a)”

f
[Jay f(b) + Ty f(a)] — (

boa | ST et (D) de [ ()1 (e (- 1) b)) de
+f0%“to‘|f’(tb+(1ft)a)|dt+fi%l (1—t2) |f (tb+ (1 —t)a)| dt

(fo%“t“dt> q(foﬁ“ta|f’(ta+(1—t)b)|th)%
b | (=) (e )If’(ta+(1*t)b)ld>
+(f0‘%“t“dt)17% (e @+ (1=t a) at
_+(f%(1—ta)dt)17% (Sl (=t 17 W+ (1= ) 0)) " d)
(J e o1 @)1 + (1 = 1)1 ()] )
ba< et ) (L =) 17 @1+ (= 1)1 )] )
 (JF e [ @+ -0 (@] dt)*
| (Sl =) [ )+ =) 1F (@))7) dt)

IN

[\)

Q=

IN

Q=

Q=

Q=
I

IN

Q=

(55 17 @I+ 2% 17 B))" 1
Jbma_aent | (SR 1 @+ R L O)
R (22217 OF + 22517 @)
.
|+ (ST O + e 1 @)
This completes the proof. O

Corollary 3. In Theorem 8, if one takes a = 1, one has the following midpoint type inequality,
1
1 b b 14 q_ 2|4 q\ g
: /f(u)duf<a; > Gl @l + 511 <b>|3].
—4Ja + G @+ 51 ®)7)
Theorem 9. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|? is convex
on [a,b] for ¢ > 1, then the following fractional midpoint type inequality holds:

aa+b at+ab
a+1 ) + f ( a+1 )
2

b—a
< —
- 8

-

(4.4)

I'la+1)
2(b—a)”

A
(45) [T ) + T3 f(@)] -

(5 )" (g 17 @I + 5535 17 017) "
ba | ([l (=) (R | @1+ e O
(T eran)” (e 17 O + 55835 15 @)
(Sl ) (G 1 0+ e | @)7)°

Q=

o

. 1 1 _
wzth};+af1anda>0.

Proof. Using Lemma 4, Holder inequality and the convexity of |f'|?, we have

DlatD) o oo oo 4 (850) + 7 ()
2b—a)7 [T f(b) + T f(a)] — 5
_b-a foﬁrlta|f'(ta+(1*t)b)\dt+f% (I =t |f" (ta+ (1 —1)b)|dt

2 +f0“%1t°‘|f’(tb+(1—t)a)|dt+f% (1=t [f (tb+ (1 —t)a)|dt
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(5 to‘pdt)% (fe¥ 1 ta+ (1~ 1) b)|th)% ]
vea| ([ Gy @) (P 1 a0 on) i)
- +(f0ﬁtapdt)5(lfoﬁﬂ\f/(tb+(1—t)a)|th)51
I +(fi% (1—ta)pdt)5 (f1T |f/(tb+(1—t)a)|qczzs)E |
(™ eovar)” (7 [0 @I+ -0l 0 )
_b—a| (S ) 1)5( [t 15 (@) + (1~ ) | b)\‘f]dlt)a
o (S eerat) " (S5 RS O+ (=) 1f (@) dt)”
(S ey t)%( L tlf’()lq Fa-nIr@F) ) |
() (s o)
_b—a| ([0 dlt);(%m(awmu'(bnf
SO (T ) (g 1 O+ s @))
| ([l (- P de)’ (2217 O + g I @)

This completes the proof.

Corollary 4. In Theorem 9, if one takes a =1, one has [5, Theorem 2.3].

5. COMPETING INTERESTS

The authors declare that they have no competing interests.

REFERENCES

[1] L. Fejér, Uber die Fourierreihen, IT, Math. Naturwise. Anz Ungar. Akad., Wiss, 24 (1906), 369-390, (in Hungarian).
[2] J. Hadamard, Etude sur les propriétés des fonctions entiéres et en particulier d’une fonction considérée par Riemann, J. Math.

3
4

5
6
[7
8

9

]

]
]
]
]
]

Pures Appl., 58 (1893), 171-215.

Ch. Hermite, Sur deux limites d’une intégrale définie, Mathesis, 3 (1883), 82-83.

I. Iscan, Hermite-Hadamard-Fej er type inequalities for convex functions via fractional integrals, Stud. Univ. Babes-Bolyai
Math. 60(3) (2015), 355-366

U. S. Kirmaci, Inequalities for differentiable mappings and applications to special means of real numbers and to midpoint
formula, Appl. Math. Comp. 147 (2004) 137-146.

M. Kunt, D. Karapmar, S. Turhan, I. Iscan, The left Ricaman-Liouville fractional Hermite-Hadamard type inequalities for
convex functions, RGMIA Research Report Collection, 20 (2017), Article 101, 8 pp.

M. Kunt, D. Karapmnar, S. Turhan, I. Iscan, The right Rieaman-Liouville fractional Hermite-Hadamard type inequalities for
convex functions, RGMIA Research Report Collection, 20 (2017), Article 102, 8 pp.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential equations. Elsevier, Amsterdam
(2006).

M.Z. Sarikaya, E. Set, H. Yaldiz and N. Bagsak, Hermite-Hadamard’s inequalities for fractional integrals and related fractional
inequalities, Mathematical and Computer Modelling, 57(9) (2013), 2403-2407.

[10] Y. Zhou, Basic theory of fractional differential equations, World Scientific, New Jersey (2014).

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, KARADENIZ TECHNICAL UNIVERSITY, 61080, TRABZON, TURKEY

E-mail address: mkunt@ktu.edu.tr; dunyakarapinar@ktu.edu.tr

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES AND ARTS, GIRESUN UNIVERSITY, 28200, GIRESUN, TURKEY

E-mail address: imdat.iscan@giresun.edu.tr; sercan.turhan@giresun.edu.tr





