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THE RIGHT CONFORMABLE FRACTIONAL HERMITE-HADAMARD TYPE
INEQUALITIES FOR CONVEX FUNCTIONS

SERCAN TURHAN, IMDAT ISCAN, MEHMET KUNT

ABSTRACT. In this paper, a new fractional Hermite-Hadamard type inequality for convex functions is obtained
by using only the right conformable fractional integral. Also, to have new fractional trapezoid and midpoint
type inequalities for the differentiable convex functions, two new equalities are proved. Our results generalise
the studies [2, 5, 6, 8].

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers and a,b € I with a < b.
The inequality

(L1) f<“+b>< ! /abf(x)dx<f(a)+f<b)

2 b—a 2

is well known in the literature as Hermite-Hadamard’s inequality [3, 4].
In [2, 8], the authors used the following equality to obtain trapezoid type inequalities and some applications:

Lemma 1. Let a,b € I with a < b and f : I° — R is a differentiable mapping (I° is the interior of I1). If
f' € Lla,b], then we have

a b —a 1
(1.2) f();f(b)—bia/f(u)du:b2 /0(1—2t)f’(ta+(1—t)b)dt.

In [5], Kirmaci used the following equality to obtain midpoint type inequalities and some applications:

Lemma 2. Let a,b € T with a < b and f : I° — R is a differentiable mapping (I° the interior of I). If
f' € Lla,b|, then we have

1 b at+b 1/2 1
(1.3) 7/ f(u)du—f( ) :(b—a)/ tf’(ta+(1—t)b)dt+/ (t— 1) f (ta+ (1 — ) b) dt.
b—aJ, 2 0 1/2
Definition 1. [9, page 12]. A function f defined on I has a support at xo € I if there exists an affine functions
A(z) = f(xo) + m(z — x0) such that A(x) < f(z) for all x € I. The graph of the support function A is called
a line of support for f at xg.

Theorem 1. [9, page 12] f: (a,b) — R is a convex function if and only if there is at least one line of support
for f at each xqg € (a,b).

Following definitions of the left and right side Riemann-Liouville fractional integrals are well known in the
literature.

Definition 2. Let a,b € R witha < b and f € L[a,b]. The left and right Riemann-Liouville fractional integrals
J& f and J§f of order o > 0 are defined by

Je f(x) = ﬁ /w (@— ) f(B)dt, 7> a
and
b
T f(z) = ﬁ/ (t—2)*" L F()dt, = < b

respectively, where I'(c) is the Gamma function defined by T'(a) = [ et~ 'dt (see [7, page 69] and [11, page
0
4]).
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The beta function and incomplete beta function defined as follows:

I'(w)T (v

_ )_/1 u—1 v—1
B (u,v) = Tuto) (1 —1t)" T dt,  wu,v >0,

Bw(u,v)z/ 1= dt ww>0and 0<w < 1.
0

In [6], Kunt et al. proved the folloving fractional Hermite-Hadamard type inequality via the left Riemann-
Liouville fractional integral and next equalities:

Theorem 2. Let a,b € R with a <b and f : [a,b] — R be a convex function. If f € L[a,b], then the following
inequality for the right Riemann-Liouville fractional integral holds:

L f(4E0) < Gt s <[00
with a > 0.

Lemma 3. Let a,b € R witha <b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the right Riemann-Liouville fractional integrals holds:

(6% (6% —a 1
(1.5) f(“)atr 1f(b) - F(b(_z)? T fla) = Z+ 1/0 (a+1) (=0 —1]F (ta+ (1 —£)b)dt

with o > 0.

Lemma 4. Let a,b € R with a <b and f : [a,b] — R be a differentiable function on (a,b). If f’' € Lia,b], then
the following equality for the right Riemann-Liouville fractional integrals holds:

F'a+1) , a+ab
(1.6) ijff(a)—f ( a+1)

1

=(b—a) Voail ft"‘f'(thr(lft)a)dtJr/L (1=t f'(tb+ (1 —t)a)dt

with a > 0.
Following definitions of the left and right side conformable fractional integrals given in [1] (see also [10]):

Definition 3. Let « € (n,n+1], n =0,1,2,..., 8 =a—mn, a,b € R with a < b and f € LJa,b].The left and
right conformable fractional integrals I2f and °Iof of order a > 0 are defined by

10 = o [ -0 @0’ Sz, > a

and

ol

b
’ILf(t) = ! / (z—t)" (b—2)" " f(z)dz, t <b
t
respectively.

It is easily seen that if one takes & = n+ 1 in the Definition 3 (for the left and right conformable foractional
integrals), one has the Definition 2 (the left and right Riemann-Liouville fractional integrals) for o € N.
n [10], Set et al. proved following Hermite-Hadamrd type inequality via conformable fractional integrals:

Theorem 3. Let [ : [a,b] — R be a function with 0 < a < b and f € Lla,b]. If f is a convez function on [a,b],
then the following inequalities for conformable fractional integrals hold:

L7 f <a;b> <30 _Fa()?i;(li_n) [ 19f(b) + "Inf(a) ] < M

with a € (n,n + 1].

In literature, there are hundreds studies for Hermite-Hadamard type inequality by using the left and right
fractional integrals (such as Riemann-Liouville fractional integrals, Hadamard fractional integrals, Conformable
fractional integrals etc.). In all of them, the left and right fractional integrals are used together. As much
as we know, the first study for Hermite-Hadamard type inequality by using only the right Riemann-Liouville
fractional integral is given in [6] by Kunt et al.

In this paper, our aim is obtaining new fractional Hermite-Hadamard type inequality by using only the
righ conformable fractional integral for convex functions. Also we desire proving new equalities to have new
conformable fractional trapezoid and midpoint type inequalities for the differentiable convex functions. This
study generalise the studies [2, 5, 6, §].



2. THE RIGHT FRACTIONAL HERMITE HADAMARD INEQUALITY

Theorem 4. Let a,b € R with a <b and [ : [a,b] — R be a convez function. If f € L[a,b], then the following
inequality for the right conformable fractional integral holds:

(a—n)a+(n+1)b T'(a+1) b
2.1 < I, <
2.1) f< a+1 ~ (b-a)"T (a—n) fa) =
withn =0,1,2... and @ € (n,n + 1].
Proof. Let n = 0,1,2... and o € (n,n + 1]. Since f is convex on [a,b], using Theorem 1, there is at least one
line of support

(a—=n)a+(n+1)b (a—n)a+(n+1)b

22) A(z) = _ <
2 G-y (le=ed m( ot </ @)

for all z € [a,b]. From (2.2), we have

(a—n)zi—in—i—l)b) +m<tb+(1—t)a— (a—n)ziin—i—l)b)

(@ —n) f(a) + (n+1) f(b)
a+1

(2.3) A(tb+(1—t)a):f<

<f@b+(1-t)a)
for all ¢ € [0,1]. Multiplying both sides of (2.3) with 4#" (1 —)*™" " and integrating over [0, 1] respect to t,
we have

l' 1tn(1_t)a—n—1A(tb+(1_t)a)dt
n! Jo
1ot a—n—1 (a—n)a+(n+1)b (a—n)a+(n+1)b
= - [f( P ) >+m<tb—|—(l—t)a— — )}dt
_ f<(a—n);zi—§n+1)b>$!/0 (1 — 1) gy
+% [/Olt" 1= tb+ (1 —t)a] dt — (O‘_”)Siiwrl)b/ol " (1 —t)“”ldt]

B (a—n)a+(n+1)b\ B(n+1,a —n)
B f( a+1 > n!
m [(a—n)a+(n+1)b3(n+17a_n)_ (a—m)a+(n+1)b

Bn+1an)]

n! a—+1 a+1

L (la=n)a+n+1)b\ Br+la-n) 1 [' N
f( a+1 > ol Sg/{)t (1-1) fb+(1—t)a)dt
b
= ﬁ%/ (t—a)" (b—t)* """ f(t)dt = G _la)a ’I.f(a) .
It means that

(a—n)a+(n+1)b n! 1 B I'(a+1)
(24) f( at1 ><B(n+1,an) b—a) Mlafla) = ®—a)°T (a—n) "af(a)

On the other hand, using the convexity of f on [a, ], we have
(25) ftb+(1—t)a)<tf(b)+(1—1)f(a)
for all ¢ € [0,1]. Multiplying both sides of (2.5) with L#" (1 —)*™""" and integrating over [0, 1] respect to t,
we have

]. 1 n a—n— 1 1 b " S

Al fy Y 1f(tb+(1‘t)“)dt:(b_a>am/a (t—a)" (b— 0" f(t)dt
1 1

B (bfla)o‘ *Iof(a) Sf(b)%/o s (1—t)a_"_1dt+f(a)%/0 (1 — )" dt

:i(afn)f(a)+(n+1)f(b)B(n+1 a—n).

n! a+1
It means that
I'(a+1) n! 1 (a=n) f(a)+(n+1)f(b)
2. b1, = b1, < )
(26) (b—a)*T (o —n) J(@) B(n+1,a—n)(b—a)” fla) = a+1
By using (2.4) and (2.6), we have (2.1). This completes the proof. O

Remark 1. In Theorem 4,
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(1) If one takes « =n+ 1, one has (1.4),
(2) If one takes « = n+ 1, after that if one takes a = 1, one has (1.1) (Hermite-Hadamard inequality).

3. LEMMAS

In this section we will prove the main equalities related to Lemma 1, Lemma 2, Lemma 3 and Lemma 4.

Lemma 5. Let a,b € R witha <b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the right conformable fractional integrals holds:

(@—n) f(a)+(n+1)f(b) I'(a+1)
(3.1) S - )
B b—a "T(@+1)Bi_s(n+1l,a—n) ], “ 7
B (a+1)B(n+1,a—n)/0 [ —(a—n)B(n+1,a—n) }f (ta+ (1—1)b)dt

withn =0,1,2... and o € (n,n+ 1].

Proof. If we apply the partial integration to the right hand side of the equation (3.1), we have

b—a 1 (a+1)Bi_¢(n+1,a—n) , B
(a+1)B(n+1,a—n)/0 [ —(a=n)B(n+1,a—n) }f (ta + (1 —t)b)dt

_b-a [ Bii(n+la—n) ) -
_(Oz+1)/0 [(a—l—l) B(n+1,a—n) (a n):|f(ta—|—(1 t)b)dt

1 ! , a—n
= (b—a) [B(nﬂ,a—n)/o Bi_i(n+1l,a—n)f (ta+ (1 —1t)b)dt — w1

/Olf’(ta+(1—t)b)dt}

— (b—a) _a—n fGara-np)|"

a—+1 a—b

[ s o (o Ten (=) ) 7 (b (1 - ) b) e
_ e,

[ 1 1-t o, a—n—1 f(ta+(1 t)b) a—n—1 f(tat+(1-t)b)
— G- BoiaTn < (fo ™ (1 —x) dx ) ’ + f "t 1bdt>
a—n f( )—f(b)
L tart a+1 b—a

| st (Bt a=n) f o) = [y (=0 f b+ (- t)a) ) ]
+o71 (f(a) = f ()

a—n 1 ! n a—n—1
— B @ F O+ 10 - ey [ a0 a0 a
[lo=m) @)+ mt) ) I Ly e
L a+l _B(n+1,a—n)/0t (1-1) f(tb-i-(l—t)a)dt]
_la=n)fl@+n+1)f®)  T(a+1) .
a a+1 (b—a)°T (a—n) *Iof(a) .
This completes the proof. 0

Remark 2. In Lemma 5,
(1) If one takes « = n+ 1, one has the Lemma 3,
(2) If one takes « = n + 1, after that if one takes o =1, one has the Lemma 1.

Lemma 6. Let a,b € R with a <b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lia,b], then
the following equality for the right conformable fractional integrals holds:

I'(aw+1) (a=n)a+(n+1)b
B (s s YA _f( atl )

B b—a fo r(n+1l,a—n)f (th+ (1 —t)a)dt
 B(n+1,a—n) —l—f%( n—i—l,a—n) Bi(n+1,a—n)) f (tb+ (1 —t)a)dt

withn =0,1,2... and o € (n,n + 1].



Proof. If we apply the partial integration to the right hand side of the equation (3.2), we have

n+1

b—a Jott =Bi(n+1l,a—n)f (tb+ (1 —t)a)dt
B(n+1l,a—n) | + o (B(n+1,a—n)— By (n+1,a—n)) f (tb+ (1 —t)a)dt
a+1

[ 27“ Btn+1ozn

:(b*a) O+1 Béb-g-l(,zl rL)f;(tb_F(l_t) )dt
+

|+ fan (1—%)f’(tb+(l—t)a)dt

- , ) ]
=(b— "tb+(1—-t)a)dt — ———— | B 1,0 — "(th+ (1 —t)a)dt
b-a)| [, £ @+a-00 FrrTaT ) B le—n £ B+ 1-0a)

[ (f(tb+(1—t)a)1 ) |

b—a ntl
=(b—a) 1”“1
fb+(1—t)a n a—n+1 f(tb+(1—t)a
*37(7:,-5-11,@—71,) <Bt(n+1,a n) ( h(a ))O,fot (1—1) ( b(_a ))dt)

(f () — f ((a—”);lign'f'l)b))
—(r @) - m]‘ (A=) b+ (1 —t)a)dt
(n+ y Jo

_ 1 ! n a—n+1 (Oz—n)a—i—(n—l—l)b
_m/o (1 1) f(tb—i—(l—t)a)dt—f( ot )
B I'(a+1) (a—n)a+(n+1)b
~ (b—a)*T (a—n) "laf(a) _f< a+1 )
This completes the proof. (Il

Remark 3. In Lemma 6,

(1) If one takes « =n+ 1, one has the Lemma 4,
(2) If one takes o = n + 1, after that if one takes a = 1, one has the Lemma 2.

4. THE RIGHT CONFORMABLE FRACTIONAL TRAPEZOID AND MIDPOINT TYPE INEQUALITIES

In this section we will obtain some new right conformable fractional trapezoid and midpoint type inequalities
by using Lemma 5 and Lemma 6.

Theorem 5. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'| is convex
on [a,b], then the following right conformable fractional integral inequality holds:

(a—n)f(a)+ (n+1)f(b) F'(a+1)

(4.1) o - = T e *Iof(a)
b—a , ,
S GBS Ta s I @R ) + 1 O B2 o)
where
Ri(an) = /\(a+1)Bl_t(n+1,a—n)—(a—n)B(n+1,a—n)|td,
Ry (a,n) = /\ )Bit(n+1l,a—n)—(a—n)B((n+1,a—n) (1-1t)dt,
withn =0,1,2... and o € (n,n + 1].

Proof. Using Lemma 5 and the convexity of |f'|, we have

(a—mn)fla)+(n+1)f(b) I'a+1)
a+1 (b—a)*T (a—mn)

(a+1)Bi_t(n+1,a—n)
—(a=n)B(n+1,a—n)
(a+1)By_t(n+1,a—n)
—(a=n)B(n+1,a—n)
|f" (a |f0 (a4+1)Bi—t(n+1l,a—n)—(a—n)B((n+1,a—n)|tdt
+|f" (b ‘fo (a+1)Bi_¢(n+1l,a—n)—(a—n)Bn+1,a—n)|(1—t)dt
This completes the proof. (Il

Remark 4. In Theorem 5,

*I.f(a)

<

b—a ! ,
(a+1)B(n+1,a—n)/O ‘|f (ta+ (L —t)b)|dt

S Y. Irea Wl ) 7 @1+ o1 e

< b—a
“(a+1)B(n+1,aa—n)
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(1) If one takes o = n+ 1, one has the inequality proved in [6, Theorem 4],
(2) If one takes « = n+ 1, after that if one takes « = 1, one has the inequality proved in [2, Theorem 2.2].

Theorem 6. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|* is convex
on [a,b] for ¢ > 1, then the following right conformable fractional integral inequality holds:

(a—n)fla)+(n+1)f() [(a+1) b
(4.2) atl "o T /@
b—a

Q=

<

(Oé+ 1)B(n—|— l,a _n)RS_E (a’n) (‘fl (a)lq Rl (a,n) + ‘f/ (b)‘qR2 (avn))

where Ry (a,n) and Ry (o,n) are same as in Theorem 5 and
1
Rs (a,n) :/ [(a+1)Bi—+(n+1,a—n)— (a—n)B((n+1,a—n)|dt,
0

withn =0,1,2... and @ € (n,n + 1].

Proof. Using Lemma 5, power mean inequality and the convexity of |f’|?, we have

(a—n) f(a)+ (n+1)f(b) I'a+1)
a+1 S (b—a)T(a—n) "laf(@)

b—a Y+ )B i (n+1,a—mn) |,
= (04+1)B(n+1,a7n)/0 —(a=n)B(n+1,a—n) "f (tat (1 —)b)]dt

(a+1)Bi_+(n+1,a—n) T
—(a@=n)B(n+1,aa—n) ’dt>

(a+1)Bb(;—il,a—n) (/01

()

(oz-l—l)Bb(n—il,a—n) </01

()

(oz—i—l)Bb?;—il,a—n) (/01

(
( @I fy @+ D Biy (Lo —n) — (@ —n) B(n+ Lo —n)| tdt )
1 O fy o+ 1) By (n+ 1a—n) — (a—n) B(n+1,a—n)|(1-t)dt

a

e e - nvar)

(a+1)Bi—+(n+1,a—n) o
—(a—n)B(n+1,a—n) ‘dt>

e T e @i+ - ol o) )

(a+1)Bi—¢(n+1,a—n) '
—(a—=n)B(n+1l,a—n) ’dt>

This completes the proof. (I

Remark 5. In Theorem 6,

(1) If one takes « = n+ 1, one has the inequality proved in [6, Theorem 5],
(2) If one takes o = n+ 1, after that if one takes o = 1, one has the inequality proved in [8, Theorem 1].

Theorem 7. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If | f'|* is convex
on [a,b] for ¢ > 1, then the following right conformable fractional integral inequality holds:

(a—mn)f(a)+ (n+1)f () IF'a+1)

(4.3) P “ @ T (o n) *Io f(a)
b—a 3 @+ 1 B\
SGiDBmiLa—n)d (O"”)< 5 >
where

R4(a7n):/o [(a+1)Bi4(n+1,a—n)— (a—n)B(n+1,a—n)dt,

with%—l—%: 1,n=0,1,2... and « € (n,n +1].



Proof. Using Lemma 5, Holder inequality and the convexity of |f’|?, we have

(a—mn)fla)+(n+1)f(b) I'a+1)
a+1 (b—a)*T (a—mn)

*I.f(a)

(a+1)Bit(n+1,a—n)
—(a@=n)B(n+1,a—n)

‘|f’(ta+(1t)b)|dt

p
dt)

- b—a /1
“(a+1)B(n+1l,a—n) J,

=

(a+1)Bi_¢(n+1,aa—n)
—(a—n)B(n+1,a—mn)

(oH—l)Bb(;zl,a—n) (/01

</01|f’(ta+(1t)b)|th);

(0‘+1)Bb(v:j1,a_n) (/01
(/01 [t1f (@)]"+ (1 —t)|f ()] dt)q

(a4+1)Bi—¢(n+1,a—n)
—(a—n)B((n+1l,a—n)

PN
dt)

1 1

< b—a /1 (@+1)Bi¢(n+1,a—n) pdt T @+ )T
“(a+1)Bn+l,a-n)\J, | —(a=n)B(n+1,a—n) 2 '

This completes the proof. (Il

Remark 6. In Theorem 7,

(1) If one takes « = n+ 1, one has the inequality proved in [6, Theorem 6],
(2) If one takes o« = n+ 1, after that if one takes a =1, one has the inequality proved in [2, Theorem 2.3].

Theorem 8. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'| is convex
on [a,b], then the following right conformable fractional integral inequality holds:

I'(a+1) (a—n)a+(n+1)b
1) |Gt g - g (e D)
b—a , ,
< Bt Lo M O Bs (@) + 11 (@)] R (o)
where
_ f%|Bt(n+1,a—n)|tdt
Bs (eun) = (+f(%ﬂ|B(f1—|—1,oz—n)—Bt(n+1,a—n)|tdt)’

n+1
at1 o _
Rg (a,n) = . Jo Be(n+1,a0—n)| (1 —t)dt ,
+ [an |[B(n+1l,a—n)— B (n+1,a—n)| (1 —t)dt
a+1

withn =0,1,2... and o € (n,n + 1].

Proof. Using Lemma 6 and the convexity of |f’|, we have

F'(a+1) b 2 (a—n)a+(n+1)b
(b—a)*T (o —n) Laf(a) f( a+1 >'
b—a | ST 1By (n+ Loa—n)| | (th+ (1 —t)a)| dt
“B(m+1l,a—n) +f§% B(n+1,a—n)— B, (n+1,a—n)||f (th+ (1 —t)a)|dt

b—a ) foziii |Bi (n+ L= n)[[t[f" (0)| + (1 =) [/ (a)[] dt
T B(n+la—n) I +[un [B(nt La—n)=Bi(n+1La—n)|[E|f 0]+ (1-0)|f ()]l di

- n41 n+1
L O Jo " [Be (n+ 1, a —n)|tdt + [ (a)| [ [Be (n+ 1,00 —m)[ (1 —t) dt
+|f,(b)|f}% |IB(n+1,0—n) — By (n+ 1, — n)| tdt

11 (@) fas |B(n+ 1,0 —n) = By (n+ 1o —n)| (1 - t)dt

b—a
B(n+1,a—n)

IN
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ntl
1 (b)) ) Jo T By (n+ 1,0 — )| tdt
b—a +f%|B(n+1,a—n)—Bt(n+1,a—n)|tdt

<—
< ntl
B(n+1.a—n) 1By (n+ Lo —n)| (1 —t) dt

+1f (a
17 (@) +f:1i%\B(nJrl,ozfn)—Bt(n+1va*”)|(1*t)dt

This completes the proof. O

Remark 7. In Theorem 8,

(1) If one takes a« = n+ 1, one has the inequality proved in [6, Theorem 7],
(2) If one takes a = n+ 1, after that if one takes o =1, one has the inequality proved in [5, Theorem 2.2].

Theorem 9. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|* is convex
on [a,b] for ¢ > 1, then the following right conformable fractional integral inequality holds:

I'(a+1) b (a—=m)a+(n+1)b
4.5 1, —
49) | o sty - p (02
7 ()" Rs (am) )3
R, (e,
< b—a 7 (a n)( +|f’(a)\qR9(a,n)
TBtLa-n | i O Rur (,m)
#a? e (R )
where
Lﬁ
Ri(am) = [T B+ e,
0
L:H
Rg (a,m) = / |Bt (n+ 1, — n)| tdt,
0
Ziﬂ
Ro (a,n) :/ Bi(n+ 1,0 —n)| (1 t)dt,
0
1
Ruolen) = [ B+ La=n) - Bi(n+1a—n)d
n+41
al+
Ry (o,n) = / |B(n+1,a0—n)— By (n+ 1, — n)| tdt,
n4l
)
Ris(a,n) = / [B(n+1l,aa—n)—Bi(n+1,a—n)| (1 —1)dt,
nt1
a+1

withn =0,1,2... and o € (n,n + 1].

Proof. Using Lemma 6, power mean inequality and the convexity of | f’|?, we have
T(a+1) b (a—n)a+(n+1)b
I _
6—a T(a—n) /@ f( atl
r n+1
b—a Jo " [Be(n+ L= n)| [f (b + (1 — t) a)| dt

“B(n+1l,a—n) —|—f@ IB(n+1l,aa—n)—Bi(n+1L,a—n)||f (tb+ (1 —1t)a)|dt
a+1

ntl 17%
<f0”+1 |IB; (n+ 1, — n)| dt)

1

ntl a

_bea < (1B + Lol @+ - olar)
B(n+1,a—n)

IN

1—1
+(f; |B(n+1,afn)th(nJrl,afn)\dt) !

+1

Q=

x (fiﬂ |B(n+1,o¢—n)—Bt(n+1,a—n)||f’(tb+(1—t)a)|th>

a+1



1-1 7
q

ntl
(fo‘*“ |B; (n+ 1,00 — )| dt)

Q=

b—a x (f By (n+ La—m)| [t1F O + (1 -0 @] dt)
“B(n+1l,a—n) 1
+(f§%|B(n—|—l,a—n)—Bt(n+1,a—n)|dt) !

x (fams B+ La=n) = By(n+1a=n)| L1 O+ (1= 1) |1 (@)]"] dt)

Q=

1-1 7
q

ntl
<f0“+1 |B: (n+ 1,0 — )| dt>

A ror B e e )

b—ua +1f (a |f0"+1|Bt(n+1a—n (1—t)dt
“B(n+l,a—mn)

Q=

+(f@|B(n+1,oz—n) Bi(n+1l,aa—n |dt
a+1

Q=

1f' (0)) [ass [B(n+1,a—n) — B, (n+1,a —n)| tdt
a+1
+|f'(a)|qf’1—¢} IB(n+1l,aa—n)—Bi(n+1,a—n)|(1—1t)dt

This completes the proof. (]

Remark 8. In Theorem 9,

(1) If one takes o = n+ 1, one has the inequality proved in [6, Theorem 8],
(2) If one takes « = n+ 1, after that if one takes a = 1, one has the inequality proved in [6, Remark 9].

Theorem 10. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If | f'|? is convex
on [a,b] for ¢ > 1, then the following right Riemann-Liowville fractional integral inequality holds:

(4.6) I'(a+1) oI, f(a) _f((a—n)a+(n+1)b>‘

(b—a)*T (o —n) a+1
L n « n —(n 2 %
b—a R, (ayn) (28 |7 (6)]7 4 Aottt U2 | o W)
- B n—i—l,a—n % (e} 2_(n [e] 22(a n (n %
( V| R (0m) (SO | pr ()7 TR D) pr g0
where
nii
Riz(a,n) = / |B: (n+ 1, — n)|P dt,
0
1
Ris(a,m) = / IB(n+1,a—n)— By (n+1,a —n)|" dt,
n+4+1
a+1

wz’th%—l—%: 1,n=0,1,2... and @ € (n,n +1].

Proof. Using Lemma 6, Holder inequality and the convexity of |f’|?, we have
T'(a+1 a—n)a+(n+1)b

(b—a)*T (o —n) a+1
i ntl
< b—a Jo T Be(n+ 1o = n)| | (tb+ (1 — t) a)| dt
“B(n+la—n)| + [ [Bn+1,a—n)—By(n+1,a—n)||f (tb+ (1 —t)a)|dt
L a+1
_ — L -
(fo““ | B (n+1,a—n)|pdt)
< b—a ><<f0 f b+ (1—1) )|th>
“B(n+1l,a—n) 1
(fn+1 [B(n+1,aa—n)— Bt(n+1,afn)|pdt>p
x( 1 \f/(tb+(1—t)a)|q<zt)5
L a+1
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n41
(foa“ | B (n+1,a—n)|pdt)
b—a
“B(n+1l,a—n)

a+1

< ( FE PO+ - 01 @) dt)

+(Jin B+ La=n) = Bi(n+1,a—-n)d)

q

=

1
| x (L OO0l @1 d)"
(fo‘““ |B; (n+1,a —n)|? dt)
1
n 2 (e} n —(n 2 Z
__b-a x (Rt (o) 4 At 007 1 )0
~“ B(n+1l,aa—n) 1 1
—|—(f# |IB(n+1,a—n) —Bt(n+1,a—n)|pdt>
a+
1
2— n 2 2— (e} n n 2 E
x (T 1 O + EHERGERE R (o))"

This completes the proof.

Remark 9. In Theorem 10,

(1) If one takes «
(2) If one takes o

=n+ 1, one has the inequality proved in [6, Theorem 9],
n+ 1, after that if one takes « = 1, one has the inequality proved in [5, Theorem 2.3].
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