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THE LEFT CONFORMABLE FRACTIONAL HERMITE-HADAMARD TYPE
INEQUALITIES FOR CONVEX FUNCTIONS

SERCAN TURHAN, IMDAT ISCAN, MEHMET KUNT

ABSTRACT. In this paper, a new fractional Hermite-Hadamard type inequality for convex functions is obtained
by using only the left conformable fractional integral. Also, to have new fractional trapezoid and midpoint type
inequalities for the differentiable convex functions, two new equalities are proved. Our results generalise the
studies [2, 5, 6, 8].

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers and a,b € I with a < b.
The inequality

(L1) f<“+b>< ! /abf(x)dx<f(a)+f<b)

2 b—a 2

is well known in the literature as Hermite-Hadamard’s inequality [3, 4].
In [2, 8], the authors used the following equality to obtain trapezoid type inequalities and some applications:

Lemma 1. Let a,b € I with a < b and f : I° — R is a differentiable mapping (I° is the interior of I1). If
f' € Lla,b], then we have

a b —a 1
(1.2) f();f(b)—bia/f(u)du:b2 /0(1—2t)f’(ta+(1—t)b)dt.

In [5], Kirmaci used the following equality to obtain midpoint type inequalities and some applications:

Lemma 2. Let a,b € T with a < b and f : I° — R is a differentiable mapping (I° the interior of I). If
f' € Lla,b|, then we have

1 b at+b 1/2 1
(1.3) 7/ f(u)du—f( ) :(b—a)/ tf’(ta+(1—t)b)dt+/ (t— 1) f (ta+ (1 — ) b) dt.
b—aJ, 2 0 1/2
Definition 1. [9, page 12]. A function f defined on I has a support at xo € I if there exists an affine functions
A(z) = f(xo) + m(z — x0) such that A(x) < f(z) for all x € I. The graph of the support function A is called
a line of support for f at xg.

Theorem 1. [9, page 12] f: (a,b) — R is a convex function if and only if there is at least one line of support
for f at each xqg € (a,b).

Following definitions of the left and right side Riemann-Liouville fractional integrals are well known in the
literature.

Definition 2. Let a,b € R witha < b and f € L[a,b]. The left and right Riemann-Liouville fractional integrals
J& f and J§f of order o > 0 are defined by

Je f(x) = ﬁ /w (@— ) f(B)dt, 7> a
and
b
T f(z) = ﬁ/ (t—2)*" L F()dt, = < b

respectively, where I'(c) is the Gamma function defined by T'(a) = [ et~ 'dt (see [7, page 69] and [11, page
0
4]).
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The beta function and incomplete beta function defined as follows:

I'(w)T (v

_ )_/1 u—1 v—1
B (u,v) = Tuto) (1 —1t)" T dt,  wu,v >0,

Bw(u,v)z/ 1= dt ww>0and 0<w < 1.
0

In [6], Kunt et al. proved the folloving fractional Hermite-Hadamard type inequality via the left Riemann-
Liouville fractional integral and next equalities:

Theorem 2. Let a,b € R with a <b and f : [a,b] — R be a convex function. If f € L[a,b], then the following
inequality for the left Riemann-Liouville fractional integral holds:

(14 f @“:f) < 1;;‘1:)9 T8 f(b) < %jf(b)
with a > 0.

Lemma 3. Let a,b € R witha <b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the left Riemann-Liouville fractional integrals holds:

(s LSO T g - 254

with o > 0.

Lemma 4. Let a,b € R with a <b and f : [a,b] — R be a differentiable function on (a,b). If f’' € Lia,b], then
the following equality for the left Riemann-Liouville fractional integrals holds:

F'a+1) , aa+b
T IUR E

/1 - (a+ 1)t f (ta+ (1 —¢)b)dt
0

1

=(b—a) l/oailt“f’(ta+(lt)b)dt+/a(to‘1)f’(ta+(1t)b)dt

with a > 0.
Following definitions of the left and right side conformable fractional integrals given in [1] (see also [10]):

Definition 3. Let « € (n,n+1], n =0,1,2,..., 8 =a—mn, a,b € R with a < b and f € L]a,b]. The left and
right conformable fractional integrals I2f and °Iof of order a > 0 are defined by

10 = o [ (=) @0’ S, > a

and

ol

b
’ILf(t) = ! / (z—t)" (b—2)" " f(z)dz, t <b
t
respectively.

It is easily seen that if one takes & = n+ 1 in the Definition 3 (for the left and right conformable foractional
integrals), one has the Definition 2 (the left and right Riemann-Liouville fractional integrals) for o € N.
n [10], Set et al. proved following Hermite-Hadamrd type inequality via conformable fractional integrals:

Theorem 3. Let [ : [a,b] — R be a function with 0 < a < b and f € Lla,b]. If f is a convez function on [a,b],
then the following inequalities for conformable fractional integrals hold:

L7 f <a;b> <30 _Fa()?i;(li_n) [ 19f(b) + "Inf(a) ] < M

with a € (n,n + 1].

In literature, there are hundreds studies for Hermite-Hadamard type inequality by using the left and right
fractional integrals (such as Riemann-Liouville fractional integrals, Hadamard fractional integrals, Conformable
fractional integrals etc.). In all of them, the left and right fractional integrals are used together. As much as we
know, the first study for Hermite-Hadamard type inequality by using only the left Riemann-Liouville fractional
integral is given in [6] by Kunt et al.

In this paper, our aim is obtaining new fractional Hermite-Hadamard type inequality by using only the
left conformable fractional integral for convex functions. Also we desire proving new equalities to have new
conformable fractional trapezoid and midpoint type inequalities for the differentiable convex functions. This
study generalise the studies [2, 5, 6, §].



2. THE LEFT CONFORMABLE FRACTIONAL HERMITE HADAMARD INEQUALITY

Theorem 4. Let a,b € R with a <b and f : [a,b] — R be a convex function. If f € L[a,b], then the following
inequality for the left conformable fractional integral holds:

(n+1la+(a—n)b T'(a+1) "
) g(rDatlomnl) o TR e <
withn =0,1,2... and @ € (n,n + 1].

(n+1) f(a) + (o —n) f(b)
a+1

Proof. Let n = 0,1,2... and o € (n,n + 1]. Since f is convex on [a,b], using Theorem 1, there is at least one

line of support
(2.2) A(x):f(("“)zi(la_”)b> +m<x— (”“)Zi(la_”)b) < f ()

for all z € [a,b]. From (2.2), we have
(2.3) A(ta+(1-t)b)=f <(n+1)a+(a—n)b

a+1
< f(a+(1-1)b)
for all ¢ € [0,1]. Multiplying both sides of (2.3) with L#" (1 —#)*™"" and integrating over [0, 1] respect to t,
we have
1

(n—f—l)a—i—(a—n)b)
a+1

>+m<ta+(1—t)b—

— [ A=) Ata+ (1—t)b)dt
n! Jo
Tt oa—n—1 m+1)a+(ax—n)b (n+1)a+(a—n)d
=)= [f( o ) >+m<ta—|—(1—t)b— T )}dt
_ f((n—i—1)2:‘&—_(104—n)b>S!/0 (1= )" g
+T' [/1t"(1—t)"‘”1[ta+(1—t)b]dt— (n+1)ai(1a_n)b/1t"(1—t)“”1dt]
n! [ Jo a 0
(n+la+(a—n)b\ B(n+1,a —n)
f( a+1 > n!
A [P R 1 gy - DA 1)
n a+(a—n n a—n ! —n—1
f<( +1)Oé:(1 )b>B( +i!, )Si!/o £ (1= 0" f (ta+ (1— 1) b) di
1 1 b n a—n—1 _ 1 a
G | O = T S0 = G 121
It means that
(n+1)a+(a—n)b n! 1 " B F(a+1) "
(24) f( a+1 >< B(n+1l,a—n)(b—a) Laf®) = (b—a)*T (a—n) L27 ()

On the other hand, using the convexity of f on [a, ], we have
(25)  f(ta+(L—=t)b) <tf(a)+(1—1)f(b)

for all ¢ € [0,1]. Multiplying both sides of (2.5) with L#" (1 —)*™""" and integrating over [0, 1] respect to t,
we have

1 ! n a—n—1 _ 1 1 b n a—n—1
s t" (1 —1t) f(ta+(1—t)b)dt—(b_a)an!/a b-t)"({t—a) ft)de
1 1
— ﬁ I°f(b) < f(a)%/o "t —t)a_"_ldt+f(b)%/o t" (1 —)* " dt
LD @ SO
n! a+1
It means that
F'(a+1) " B n! 1 " (n+1)f(a)+ (a—mn) f(b)
(2:6) (b—a)*T (o —n) Lafb) = Bn+1,a—n)(b—a)” Lafb) = a+1
By using (2.4) and (2.6), we have (2.1). This completes the proof. O

Remark 1. In Theorem 4,
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(1) If one takes « =n+ 1, one has (1.4),
(2) If one takes « = n+ 1, after that if one takes a = 1, one has (1.1) (Hermite-Hadamard inequality).

3. LEMMAS

In this section we will prove the main equalities related to Lemma 1, Lemma 2, Lemma 3 and Lemma 4.

Lemma 5. Let a,b € R witha <b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the left conformable fractional integrals holds:

(n+1) f(a) + (@ —n) f(b) F(a+1) "
(3.1) o “ =@ T(a_n) I5f(b)
b—a

_ (a—s—l)B(n—Fl,a—n)A (a—n)B(n+La—n)—(a+1) B (n+1a—n)f (tat (1—1t)b)dt

withn =0,1,2... and o € (n,n + 1].
Proof. If we apply the partial integration to the right hand side of the equation (3.1), we have

b—a
(a+1)B(n+1l,a—n

/1[(a—n)B(n—|—l,a—n)—(a—!—l)Bt(n—&—l,a—n)}f'(ta—k(l—t)b)dt
) Jo

_b-a ! Bi(n+1l,a—n)]
_m/o [(a—n)—(a—i-l) B(n+1’a_n)}f (ta+ (1 —t)b)dt

1
n+l,a—n

n [t 1 /
/0 f (taJr(l—t)b)dt—B( )/0 B (n+1l,a—n)f (ta+(1t)b)dt]

ﬂwlb—t)wl

:(b—a) \ a+1 a— 0

~ger o (Joen =) o) £ (ta+ (L= ) ) at

B a—n f(b)=f(a)
a+1 b—a

=(b—a) - 7B("+117a_n) <(f0t o (1 — )" "y ) f(ta+(1 t)b ‘ f (1 — gy f(tan(_lbt)b)dt>
| SHU®) (@)
| —m(—(mnﬂ a—n))fla)+ fit (1—t)“*"*f(tﬁ(l—t)b)dt)
-Oé —n 1 ! n a—n—
SO - @ @ g | 00T f e -0
_ -(n—i—l)f(a)—i—(a—n)f(b) 1 ! n a—n—1
= P _B(n—l—l,a—n)/ot (1—1) f(ta—i—(l—t)b)dt]
_(n+1)fla) +(a—n)f(b) I'la+1) “
- a+1 (b_a)ar(a_n) Iaf(b)
This completes the proof. O

Remark 2. In Lemma 5,

(1) If one takes « = n + 1, one has the Lemma 3,
(2) If one takes o = n+ 1, after that if one takes a = 1, one has the Lemma 1.

Lemma 6. Let a,b € R witha <b and f : [a,b] — R be a differentiable function on (a,b). If f' € Lla,b], then
the following equality for the left conformable fractional integrals holds:

I'(a+1) (n+1)a+(a—n)b>

B2 o T@-n 0 _f< at1

n41

B b—a Jot Bi(n+1La—n) f (ta+ (1 —t)b)dt
 B(n+1l,aa—n) —|—f}%} (Bi(n+1l,a—n)—B(n+1l,a—n)) f (ta+ (1 —t)b)dt

withn =0,1,2... and o € (n,n + 1].

—_ 1



Proof. If we apply the partial integration to the right hand side of the equation (3.2), we have

n+1

b—a JoT Bi(n+1L,a—n) f' (ta+ (1 —t)b)dt
B(n+1,a—n) +f£%(Bt(n+1,a—n)—B(n+1,a—n))f/(m+<1—t)b)dt
1 1 1 ]
=b—ua m/o Bi(n+1,a—n)f (ta+ (1 —1t)b)dt — %f/(ta—k(l—t)b)dt
1 1 1 i
=b—a B(n+1,a—n)/o Bi(n+1,a—n) f (ta+ (1 —1t)b)dt — %f’(taJr(l—t)b)dt

L .
a —t)b 1,, a—n-+1 a —t)b
b—a) (B(n+11an) By (n+1,a — n) {000 Z(fbt))‘o—fot (1— ot [at o0l mdt)
== —a

a—b
1
N (f(ta+(1—t)b) )
n+41
a+1

a—b
(= @+ gt Jo " (=0 f(ta+ (L= )b at)
(1 @) (ttastemmt))
1

- - 1n _ a—n+1 a - _
— soia a0 e - ona - f
(n+1)a+(a—n)b>'

(n+1)a+(a—n)d
a+1
I'(a+1)
= 7o £(h) —
(b—a)*T (a—n) af(®) f( a+1
This completes the proof. O

Remark 3. In Lemma 6,

(1) If one takes « = n+ 1, one has the Lemma 4,
(2) If one takes o = n+ 1, after that if one takes @ = 1, one has the Lemma 2.

4. THE LEFT CONFORMABLE FRACTIONAL TRAPEZOID AND MIDPOINT TYPE INEQUALITIES

In this section we will obtain some new left conformable fractional trapezoid and midpoint type inequalities
by using Lemma 5 and Lemma 6.

Theorem 5. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'| is convex
on [a,b], then the following left conformable fractional integral inequality holds:

P [CEVIO RSO (E N
< T e I @K ) + 1 Bl K )
where
Ki(an) = /|(a—n)B(n+l,a—n)—(a+1)Bt(n+1,a—n)|tdt,
0
Ky (a,n) = /O|(04—n)B(n—|—1,04—n)—(oz—i—l)Bt(n—&—1,cu—n)|(l—t)dt7

withn = 0,1,2... and @ € (n,n +1].

Proof. Using Lemma 5 and the convexity of |f’|, we have

(n+1) fla) + (a=n) f(b) I'(a+1) a
a+1 C(b—a)T(a—n) La®) ‘

(a—n)B(n+1l,a—n)
—(a+1)Bi(n+1l,aa—n

DB o) \ 1 @)+ (1= 1)1 @) dt

Ry el | >‘|f’(ta+(1t)b)ldt

- b—a /1
“(a+1)B(n+1l,a—n) J,

b—a |f’(a)|f01|(a—n)B(n+1,a—n)—(a+1)Bt(n—|—1,a—n)|tdt
“(a+1)B(n+1l,a—mn) —I—\f/(b)\fol|(a—n)B(n+1,a—n)—(a+1)Bt(n+1,a—n)|(1—t)dt ‘
This completes the proof. O

Remark 4. In Theorem 5,
(1) If one takes « = n+ 1, one has the inequality proved in [6, Theorem 4],
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(2) If one takes a = n+ 1, after that if one takes o =1, one has the inequality proved in [2, Theorem 2.2].

Theorem 6. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|? is convex
on [a,b] for ¢ > 1, then the following left conformable fractional integral inequality holds:

(n+1) f(a) + (= n) f(b) L(a+1) “
(42) Oé+1 - (b_a)ar(a_n) Iaf(b)
< b-a K% (m) (If (@) K (cym) + [ ()1 K (aym)) ¥

(a+1)B(n+1l,a—n)

where K (a,n) and K3 (a,n) are same as in Theorem 5 and
1
Ks (a,n) :/ [(a—n)B(n+1l,a—n)—(a+1)B;(n+1,a—n)|dt,
0
withn =0,1,2... and « € (n,n + 1].

Proof. Using Lemma 5, power mean inequality and the convexity of |f’|?, we have

(n+1) fla) + (. =n) f(b) I'(a+1) a
a+1 C (b—a)T(a—n) La®) ‘

(a—n)B(n+1,aa—mn)
—(a+1)B;(n+1lL,a—n

S(()z—%-l)Bb(vz—ilcu—n)/o ) ‘|f’(ta+(1—t)b)|dt

1—

Q=

(a—n)B(n+1,a—n)) ’dt>

b—a !
(a+1)B(n+1,a—mn) (/0 —(a+1)B,(n+1l,aa—n

(f

(a+1)Bb(1:jl,a—n) (/01

(f

b—a 1
(a+1)B(n+1l,a—n) (/0
( 17 @ [ [(@=n) B(n+1,a—n) — (a+1) By (n+1,a —n)| tdt )

1
q

—<?a_+n1>)%irén++1 foz_—n?)z) ’ |f (tat+ (1 =) B)* dt)

(a—n)B(n+1,a—n) T
—(a+1)B;(n+1,a—n) ‘dt>

1
q

A ‘ 15 @[+ (1= 01 0 )

(a—n)B(n+1l,a—n) '
—(a+1)Bi(n+1,aa—n) ’dt>

+|f’(b)|qf01|(a—n)B(n+1,a—n)—(a+1)Bt(n+1,a—n)|(1—t)dt
This completes the proof. O

Remark 5. In Theorem 6,

(1) If one takes « = n+ 1, one has the inequality proved in [6, Theorem 5],
(2) If one takes o = n + 1, after that if one takes a = 1, one has the inequality proved in [8, Theorem 1].

Theorem 7. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|* is convex
on [a,b] for ¢ > 1, then the following left conformable fractional integral inequality holds:

(n+1) f(a)+ (a—n) f(b) F'(a+1) "
(43) a+1 - (b_a)ar(a_n) Iaf(b) ‘
b—a 1 1 (@) + | B\ *
ST DBt La—n) (0"”)< 5 )
where

K4(04,n):/0 (@ —=n)B(n+1l,a—n)—(a+1)B;(n+1,a—n)’dt,

wz’th%—l—%: 1,n=0,1,2... and « € (n,n +1].



Proof. Using Lemma 5, Holder inequality and the convexity of |f’|?, we have
(n+1) f(a) + (a—n) f(b) I'(a+1) a
a+1 (b—a)"T(a—mn)

(a—n)B(n+1,a—mn)
—(a+1)Bi(n+1l,aa—n

) ‘|f’(ta+(1t)b)|dt

P o\
dt)

- b—a /1
“(a+1)B(n+1l,a—n) J,

(a—=m)B(n+1l,a—n)
—(a+1)Bi(n+1,a—mn)

(oz+1)Bb(7;i1,a—n) (/01

(/01|f’(ta+(1t)b)|th>é

< (a—i—l)Bb(;il,a_n) (/01
(/0 [E1f ()] + (1= 8) | (0)]] dt)q

(a—n)B(n+1,aa—n)
—(a+1)B;(n+1,a—mn)

PN’
dt)

1 1
< e [| fommBlnstem )" (O
“(a+1)Bn+l,a—n)\J, | —(@a+1)B;(n+1,a—n) 2 :
This completes the proof. (Il

Remark 6. In Theorem 7,

(1) If one takes « = n+ 1, one has the inequality proved in [6, Theorem 6],
(2) If one takes o« = n+ 1, after that if one takes a =1, one has the inequality proved in [2, Theorem 2.3].

Theorem 8. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'| is convex
on [a,b], then the following left conformable fractional integral inequality holds:

[(a+1) a L ((n+Dat(a—n)b
1) |Gt e - (et nly)
b—a , ,
< Bt La_w M @K (@n) +1f 0] Ko ()]
where
_ f%|Bt(n+1,a—n)|tdt
folan) = (+f§¢;IBt(On+1,oz—n)—B(n+1,a—n)|tdt)’
Ko (ayn) = ST By (n+ Loa—n)| (1— 1) di
o +f£7ﬁ|Bt(7l+1,0z—n)—B(n+1,a—n)|(1—t)dt ’

withn =0,1,2... and o € (n,n + 1].

Proof. Using Lemma 6 and the convexity of |f’|, we have

F'(a+1) " m+1a+(a—n)b
T 0 (U )'
b—a | B, (4 1o —n)| | (ta+ (1—t)b)| dt
“B(m+1l,a—n) _+f§% By (n+1,a—n)—Bn+1,a—n)|f (ta+ (1—1t)b)|dt
b-a - X S By (n 4 La— )| [E1f ()] + (1= 8) [ (B)]) dt
"Bt La=n) | 4 fan Be(nt La—n) =B+ La-n)ltlf (@)l + 1= t)[f 0)]dt

- n41 nt1
[f" (@)l Jo " B (n+ Lo —n)|tdt + | £/ (B)] [ [Be (n+ 1,00 = m)[ (1 —t) dt
+|f,(a)|f}% |Bi(n+1,a0—n) — B(n+1,a —n)|tdt
+\f’(b)\fi% Bi(n+1l,a—n)=B(n+1la—n)|(1-t)dt

b—a
B(n+1,a—n)

IN
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ntl
' (a) ) Jo 1B (n+ 1, — n)| tdt
b—a +f%|Bt(n+17a—n)—B(n+1,a—n)|tdt
- B lLa— T
Crbemm e[ WTIBG La—m)l - pa
+f% |Bi(n+1,a—n)—B(n+1l,a—n)|(1l—t)dt

This completes the proof. O

Remark 7. In Theorem 8,

(1) If one takes a« = n+ 1, one has the inequality proved in [6, Theorem 7],
(2) If one takes o = n+ 1, after that if one takes o = 1, one has the inequality proved in [5, Theorem 2.2].

Theorem 9. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If |f'|* is convex
on [a,b] for ¢ > 1, then the following left conformable fractional integral inequality holds:

I'(a+1) m+1l)a+(a—n)d
. I —
45 oo T@omn 0 f( at1
I (@) Ks (am) )
b—a K7 (a n)<—|—|f/()|qK9(a,n)
T Bn+lLa-n) 1-1 [f" (@)|" K1 (o,m) 7
e o (A )
where
nii
Kofam) = [7 B+ 1a -l
OLE
K (a,n) :/ By (n+ 1,0 — n)|tdt,
OZE
Ko (a,n) :/ Bi(n+1,a—n)| (1 t)dt,
0
1
Kol = [ 1B+ La=n-Bo+La-n)d,
ntl
N
K1 (aym) = / |B:(n+1,a —n) — B(n+1,a — n)|tdt,
nt1
N
Ky (a,n) = / |B;(n+1,aa—n)— B(n+1,a—n)|(1—1)dt,
n+1
a-+1

withn =0,1,2... and o € (n,n + 1].

Proof. Using Lemma 6, power mean inequality and the convexity of | f’|?, we have
T'(a+1 n+1)a+(a—n)b
0t gy g (et omn)
(b—a)*T(ax—n) a+1
r n+1
b—a Jo T [Be(n+ L= n)|[f (ta+ (1L —t)b)| dt

SBntLa-n) | +[h [B/(n+1a-n)—B(n+1a-n)|f (ta+(1—1)b)dt
a+1

ntl 17%
<f0”+1 |IB; (n+ 1, — n)| dt)

n+41
b—a x(fo‘“|Bt(n+1a—n)||f’(ta+ (I1-1%)b |th>
B(n+1,a—n)

IN

-Q\H

+(Jos 1Ben+La—m) = Bln+ 1, a—n)\dt)

Q=

x(f?;ﬁ |Bt(n+1,a—n)—B(n+1,oz—n)||f’(ta+(1—t)b)|th>



1-1 7
q

ntl
(fo‘*“ |B; (n+ 1,00 — )| dt)

Q=

b < (Bt Lol [l @+ (=)L @] at)
“B(n+1l,a—n)

1—-1
+(fLﬂ |Bt(n—|—1,a—n)—B(n+1,a—n)|dt> !

% (Jasg |Bi(n+ 1,0 =m) = Bn+ La—n)| [t1f @] +1f ) (1 - 1)] dt)

Q=

1 -
q

nt1 1=
<f0“+1 |B: (n+ 1, — )| dt>

Q=

X |f" (@) foa+1 Bt (n+ 1,0 —n)| tdt

_ b-a O T B+ La—n)| (1 t)dt
“B(n+1l,a—n)

1

—l—(f% |Bt(n—|—l,a—n)—B(n—i—l,a—n)\dt) !

£/ (@)|* fass By (n+ 1,0 = n) = B(n+ 1,0 — n)|tdt
a+1
+|f'(b)|qfi+;} |IBi(n+1,aa—n)—B(n+1l,a—n)|(1—1t)dt

Q=

This completes the proof.

Remark 8. In Theorem 9,

(1) If one takes « = n+ 1, one has the inequality proved in [6, Theorem 8],
(2) If one takes « = n+ 1, after that if one takes a = 1, one has the inequality proved in [6, Remark 9].

Theorem 10. Let a,b € R with a < b and f : [a,b] — R be a differentiable function on (a,b). If | f'|? is convex
on [a,b] for ¢ > 1, then the following left Riemann-Liouville fractional integral inequality holds:

(4.6) I'(a+1) 19 £(b) _f<(n+1)a+(oz—n)b>’

(b—a)*T (o —n) a+1
: :
ba K7y (o) (S8 | ()| + Het@e Dol 7))
- B n—i—l,a—n % [e] 2_(n (o 22(a n n %
( V| KT () ({2 pr g0 4 b2 D ) ) 1)
where
n+1
a+1
Kz (a,n) = / |B: (n+ 1, — n)|P dt,
0
1
Kis(aymn) = / |Bi(n+1,aa—n)— B(n+1,a—n)/dt,
ntl
a-+1

wz’th%—l—%: 1,n=0,1,2... and @ € (n,n +1].

Proof. Using Lemma 6, Holder inequality and the convexity of |f’|?, we have

T(a+1) " 3 (n+1a+(a—n)b
T 0 (U )‘

ntl
b—a Jo T By (n+ 1,a—n)||f' (ta+ (1 —t)b)| dt
B(n+1,a—mn) —|—f7l,i |IBi(n+1,a—n)—B(n+1,a—n)||f (ta+ (1 —1t)b)|dt
a+1

IA

i1 b
( B (n+1,a—n)| dt)
n+1

b—a <foa+1 1/ (ta+ (1—t)b )|th>;

B(n+1,a—n)

IN

=

+(f;ﬂ |Bt(n+1,afn)fB(n+1,afn)|pdt>

X (ﬁ% If (ta + (1 —t)b)|th)

Q=
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(foZii |B; (n+1,a —n)|? dt)
x ( L @I+ 1 O (- D) dt)

—|—(f; |Bt(n+l,a—n)—B(n—l—l,a—n)V’dt)

a+1

q
b—a
“B(n+1l,a—n)

=

1
1 q
(e B @I IO -] de)

(fo‘““ |B; (n+1,a —n)|? dt)

1

n 2 a n —(n 2 q

b-a x (e 17 (@) + 2Rt p ))
~“ B(n+1l,aa—n) 1

—|—(f; \Bt(n—f—l,a—n)—B(n+1,a—n)|pdt>

+1
1
1)2—(n+1)>2 1)2—2(a+1 1 1)? q
« ((Ot+2()a+(1);' ) |f/ (a)lq + (at1) (Z?‘al(l";j )+(n+1) |f/ (b)lq) |

This completes the proof.

Remark 9. In Theorem 10,

(1) If one takes «
(2) If one takes o

n+ 1, one has the inequality proved in [6, Theorem 9],
n+ 1, after that if one takes « = 1, one has the inequality proved in [5, Theorem 2.3].
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