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A GENERALIZED FEJER-HADAMARD INEQUALITY FOR
HARMONICALLY CONVEX FUNCTIONS VIA GENERALIZED
FRACTIONAL INTEGRAL OPERATOR AND RELATED
RESULTS

GHULAM FARID! AND GHULAM ABBAS?3

ABSTRACT. In this paper we obtain a version of the Fejér-Hadamard inequality for
harmonically convex functions via generalized fractional integral operator. Also
we establish an integral identity and some Fejér-Hadamard type integral inequali-
ties for harmonically convex functions via generalized fractional integral operator.
Being generalizations, our results reproduce some known results.

1. Introduction and Preliminary results

Inequalities for convex functions, for example the celebrated one is the Hadamard
inequality provide a new horizon in the field of mathematical analysis. Many authors
are continuously working on it and several Hadamard like integral inequalities have
been established for many kinds of functions related to convex functions. Recently
a lot of integral inequalities of the Hadamard type for harmonically convex func-
tions via fractional integrals have been published (see, [3, 6, 7, 8, 9] and references
there in). The Hadamard inequality for convex functions is stated in the following
theorem.

Theorem 1.1. Let I be an interval of real numbers and f : I — R be a convex
function on I. Then for all a,b € I the following inequality holds

(55 <ot [ < 1OHS0,

Fejér gave a weighted version of the Hadamard inequality stated as follows.

Theorem 1.2. Let f : [a,b] — R be a convez function and g : [a,b] — R is non-
negative, integrable and symmetric to “+b. Then the following inequality holds

f(a+b>/ d:v</ flz < fla >+f<>/a g(z)dz.
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2 GHULAM FARID! AND GHULAM ABBAS?3

It is well known as the Fejér-Hadamard inequality. In the following we give the
definition of harmonically convex functions.

Definition 1. [7] Let I be an interval of non-zero real numbers. Then a function
f I — R is said to be harmonically convex function if the inequality

) (i) v+ 0-0s@

holds for a,b € I and t € [0,1]. If inequality in (1) is reversed, then f is said to be
harmonically concave.

Definition 2. [6] A function h : [a,b] C R\ {0} — R is said to be harmonically

: 2ab
symmetric about 23 if
1
h €Tr) = _—
0 =n(rr7=7)

In the following we give the Hadamard inequality for harmonically convex func-
tions.

holds, for = € [a, b].

Theorem 1.3. [7] Let f : I C R\ {0} — R be harmonically convezr function and
a,b € I with a <b. If f € Lla,b], then the following z'nequalz’ty holds

o) f(aQibb>_b—a/f S (GES 0]

A Fejér-Hadamard inequality for harmonically convex functions is stated as fol-
lows.

Theorem 1.4. [3] Let f: I C R\ {0} — R be a harmonically convex function and
a,b€ I witha <b. If f € Lla,b] and g : [a,b] C R\ {0} — R is a non negative inte-

grable and harmonically symmetric with respect to Qjﬁ, then the following inequality
holds

B 1 (2) [ [ 100 g,  HOLIO [Tol)

The following definition of the Riemann-Liouville fractional integral is the asset
of fractional calculus.

Definition 3. [16] Let f € L[a,b]. Then two sided Riemann-Liouville fractional
integral of f of order v > 0 is defined as

1Y fla) = % / -0 f@)dt, ¢ > a
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and
I f(z) = ﬁ / (t— 2 f(t)dt, z < b

A version of the Fejér-Hadamard inequality for harmonically convex functions via
Riemann-Liouville fractional integrals is stated as follows.

Theorem 1.5. [9] Let f : I C (0,00) — R be a function such that a,b € I with
a <b If f € Lla,b] and f is harmonically convex function, then the following
mequality for Riemann-Liouville fractional integral holds

(4)

f(aQibb) < F(u;l) (bciba)”{ C(fo ) )+Iu_(foh)(%) SM'

In the following we give the definition of a generalized fractional integral operator
which will help us to give a generalized Fejér-Hadamard inequality for harmonically
convex functions and related results.

Definition 4. [14] Let p,v, k,l,y be positive real numbers and w € R. Then
the generalized fractional integral operators containing generalized Mittag-Leffler
function for a real valued continuous function f are defined as follows:

(G d) @ = [ @t Bl - 1) p0)a

and
b
ihe} vV— 6

(G8hen £) @ = [t =0y BN wlt - 2 p(0)a

where the function Elff is a generalized Mittag-Leffler function defined as
t?’b

5 E’y,& k kn
( ) /,L,l/l Z F /Ln + V )

7,6,k
/’1’7V7l7w7a+

For 6 =1 =1 in (4), the integral operator € reduces to an integral oper-

ator ewljlfmﬁ containing generalized Mittag-LefHer function E% 1 introduced by
Srivastava and Tomovski in [15]. Along with § =/ =1 in addltlon if k =1 then
(4) reduces to an integral operator defined by Prabhaker in [12] containing Mittag-
Leffler function E),. For w = 0 in (4), integral operator 6Z:i’f;wa+ reduces to the
Riemann-Liouville fractional integral operator [14].

7,6,k
wvslw,at

the generalized Mittag-Leffler function E;’if(t) are studied in brief. In [14] it is

In [14, 15] properties of the generalized fractional integral operator € and
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proved that Elif( ) is absolutely convergent for £ <[+ p and ¢t € R.
Since
(4
B ()] < Z

nt |:S7

| T( unJrV)(é)

)

If we say that >,
Then
Bk
B )] < S.
We use this property of generalized Mittag-Leffler function in sequal in our results.

Also we use in sequal the following definitions of special functions known as beta
and hypergeometric functions, (see, [10])

1
Bp,v) = % = /0 1=t dt, x,y >0
oF1(a, b; c;w) = 5(b+—b) /01 71— )N (1 — wt) %t

where 0 < b < ¢, |2| < 1.

In this paper, we give a generalized version of the Fejér-Hadamard inequality
for harmonically convex functions via generalized fractional integral operator. We
also obtain bounds of the absolute differences of this generalized Fejér-Hadamard
inequality for harmonically convex functions. Being generalizations, we reproduce
the results proved in [§].

2. Main Results
To obtain our main results we need the following lemmas.
Lemma 2.1. [13] For 0 < a <b and 0 < u <1, we have
@ — ] < (b— a)".

Lemma 2.2. Let g : [a,b] C R\ {0} — R,a < b, be integrable and harmonically
symmetric function with respect to 2112 Then for generalized fractional integrals we
have

1 1
(o) (0) = (2hsen) ()

(af;j;w,yg 0) @)+ (0 aen) ()

2
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1
+1-x )"

a+b’
By definition of generalized fractional integral operator

Proof. Since f is harmonically symmetric about 2% we have f (%) =f (

Q|-

© (g re0) =[G -0 B - 0nrG

a

replace t by 1 4+ 7 — 2 in equation (6) we have

1
5,k 1 B Lot prok 1 1
(gt eto0) @)= [(a=prEdiet -3 (1= ) &
1
_ [ Loyt sk 4
= [ B e e
This implies
Sk 1 Sk 1
7 (g5t oroa) D= (qih, To0) G
By adding (el’i”fw +fo g) (£) in both sides of (7), we have
9 v,0,k 1 o v,0,k 1 v,0,k 1
(8) euul 1+f g (CL)_ Euulw1+f g (CL)+ euulwf f g (b)
(7) and (8) give the required result. O

Theorem 2.3. Let f: 1 C (0,00) — R be a harmonically convex function. Let for
a,b € I,a <b, f € Lla,b] and also let g : [a,b] — R be a non-negative, integrable
and harmonically symmetric function about %. Then the following inequalities for
generalized fractional integrals hold

2ab 1 1
7,0,k - v,0,k -
o (25| (g% aen) G+ (g2 a0n) )

1 1
7.8k - o b
S (6 l/l /1+ngh> (a)+ (Eﬂyuvlvw/7if‘90h) <b)

1 1
< f(a) ‘Qi‘f( ) {(ii?w,’”g o h) (a) + (%ifimig o h) (g)} )

)* and h(t) = ¢ for all t € [},

where w' = w(;%

Proof. Since f is harmonically convex function, therefore for ¢ € [0, 1], we have

(10 2 (755) < (=) (=)
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Multiplying both sides of (10) by t”_lEfo(wt“)g (ﬁ) and then integrating

with respect to ¢ over [0, 1], we have

2ab ! ab
2 tV—lEF%(S?k t# B — dt
Hass) [ v mtems (=)
1 b ab
(11) _/0 (@ )f(ta+(1—t)b I\t + T~ 1a
1 b ab
tuflE’Yﬁ,k tu a— _ dt
+/0 pt (W) f (tb+(1—t)a I\t (1 1)a

. th+(1—t .
By choosing x = % that is m-«-(alb—t)b = %Jrl%_

— in (11), we have

(12)
2 (25) () e b (e ) o

« ab \" ab
= / (b = a) (- ) B (w( (- %)ﬂ) f <T

i /b (bibay (@) (w(ba_ba)“(x - %)“) / (i) o)

Since f is harmonically symmetric about %, therefore after simplification, (12)
becomes

ab ‘
o (225 [C = it (o= ) o ie
13 < ['G-ar el (VG -or) £(3) e

e (e ) o (2) o

This implies

2ab 7,6,k 1
o (225 ) (a4 aen) )

1 1
< (67’76”]&1 1+fgo h) () + (6%’6”9’ ’f90h> ()

IS
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Using Lemma 2.2 in above inequality, we have

2ab 1 1
14 761@ '7769]/”‘ J—
(14) f(a—i—b) |:(€/U/lw/ L-go h) (b)—l— (€u7u,l,w’7i+goh (a)
1 1
v,0,k v,0,k
< (e tron) Gy (G2, 190n) ()

To prove the second half of inequality, again from harmonically convexity of f on
la,b] and for ¢ € [0, 1] we have

ab ab
1 -7 7
(15) f(tb+(1—t)a>+f(ta+(1—t)b> J(a) + 7).
Multiplying both sides of (15) by ¥~ IEZif(wt )g (ﬁ), then integrating with

respect to t over [0, 1], we have

[t (i) o (o —ae)
(16) +/0 B W) f (ta+(a1b—t)b>g (tb+(cib— m) at
< (7o) +70) [ ¢ By (e Y e

tb+ (1 —1t)a
Setting x = W and by using harmonically symmetry of f with respect to Qi%
n (16), after simplification we have
1 1
7,0,k ~,0,k
(ot otaon) e (e, faon) )
a7) 1
v,0,k -
<@+ 101 (97 000n) G
Using Lemma 2.2 in (17), we have
7,0,k 1 76k 1
€t 90 ) ()€ -fgoh)(7)
(18) Vst 'h a ,LL
[f(@) + FO] [ von 1 vk 1
= 2 6uylw’ 1-goh (b) * E;A,u,l,w/,{rgo h <5) '
By joining (14) and (18) we get (9). O

Remark 2.4. In Theorem 2.3 .

(i) If we put " = 0 along with g(x) = 1 and v = 1, then we get inequality 2 of
Theorem 1.3.

(#1) If we put ' = 0 along with g(x) = 1, then we get inequality 4 of Theorem 1.5.
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(iii) If we put ' = 0 along with v =1, then we get inequality 3 of Theorem 1.4.

Lemma 2.5. Let f : I C (0,00) — R be a differentiable function on the interior
of I and f" € Lla,b] where a,b € I and a < b. Also let g : I C (0,00) — R be
an integrable and harmonically symmetric function about 3%% Then the following
equality holds for generalized fractional integrals

b 1 1
(M) (GZ:i:]liwaf(g oh) (5) + EZ’i];w%_(g oh) (g>>
__(iizmy<f90h)(é)4-%izmi(fgoh)(%))

% t 1 v—1 ok 1 u /
-\ (a - ) ) (w (5 - ) ) (goh)(s)ds | (f o) (t)dt

b

- / </ () ms e (-1) ) h><s>ds) (te h)’(t)dt]

where h(t) = 1 fort € [, 1].

1
Proof. To prove this lemma, we have

/b </ (o 3) gt (w(2-) ) h)(s)ds> (o h) (t)dt
([ (o)t (o (o) ot o]

- / (i) s («(3-1))

0 S)H Bl (w G - s)u) (90 h)(s)ds) f(a)

Ok o l
—¢ 1+(fg h) (&)

I-L’Vvl:“)’g

Q=

-
-

o

(g0 h)@)(f o h)(t)dt

I
\
SAE N
N
Q| =

This implies

(G (o) o)

1 1
— 7767’{“ 'Y,(S,k?
— gty won (3) =i, aen (3).

(19)

o
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And similarly

a (/t % <3 N %)H B (w (S - %)#) (go h)(s)ds) (f o h)'(t)dt

I O.‘,_.\
[ I
—
I
N
w
|
SN
~_
]
L
S
X
~
N
&
VR
V)
|
S| =
~_
=
N~
o
(e)
>
S~—
—~
w
S~—
Q.
N~
-
e)
=
S~—

. ( / o) m (e (1) e h)(s)ds) (o)

This implies

1

(20) / ' ( / % (s-3) Ez:if( (s-3)) (goh)(s)ds) (f o by (t)dr

= —f(0)* | _(goh) (%) 6= (f900) (%)

wvslw, wyvslw,
on substracting (20) from (19) and using lemma 2.2, we get the result. O

Remark 2.6. In Lemma 2.5 if we take g(x) = 1 with w = 0, then it gives [9, Lemma
3.

Theorem 2.7. Let f : I C (0,00) — R be a differentiable function on the interior of
I and ' € Lla,b] wherea,b € I anda < b. If|f’| is harmonically convex function on
la,b], g : [a,b] C (0,00) = R is a continuous and harmonically symmetric function
with Tespect to 294 then the following inequality for generalized fractional integrals

holds +b7
(L IO (o gom (3) vt o (3))
(g traon (3) v s, taon (5))
<ol 50 s+ vl

where

Ci(v) = g Fi(2, L v+3;1-8)— 2P (2, v T 43, 1= )4 2t (0 oy

(1/+1) (v+2) (v+1)(v+2)
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1,v+3; Ig;—g)
and » . 2
Co(v) = i FL (2 2043, 1= 4) = L0 Fy (2, 42, v+3; 1— )+ 4=, By (2, v+
1 9. b—a 2(a+b) 2 F 1 3. b=a
,l/+ ’H_a)_m2 1(V,V+ ,V+ ’b+_a)

with 0 <v <1, h(t) = § for all t € [{, 1].

1t

Proof. By Lemma 2.5, we have

o T ) e ()
(g eaon (3) +am, toon () ‘
1 ( [(2-) T (o (2-9) ) 6 h)(s)ds>
- ( [0 mt (o (-3) o h)(s)ds>

Since g is Harmonically symmetric with respect to a%bb therefore g(%) =g <;+1;, t)
b

a

<

-

@\H\
2|

|(f o h)'(t)|dt.

for all ¢ € [3,1], we have

</ (é B S) G (“ G - s)) (g0 h)(S)d.g)
- (/tl (S N %)H B (w (8 -~ %>u> (go h)(s)ds> ‘

1
a

i ‘ </ (1) mst(w(s-3) ) o h)(s)ds>
g ( J( D m (e (s) e h><s>ds) ‘
- ‘ ( o (e 0w (e (s-1) ) e h><s>ds>

N v .k
L s =9 B (wis — $)M)g(s)lds, te (L 4]

-

(22) <

t v— 10,k a
S (s = D Bk wls — DMg(s)lds, ¢ e [4,1)
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Using (22) in (21), we have

(23)

fla)+ f(b 1 s, 1
‘ (% eZ’iIZw%Jr(g oh) - + GZ,‘;’Z%%_ (goh) -
— (% (fgoh) 1 Lt (fgoh) 1
#ul/,l,w,%Jr g a ,u,u,l,w,%i 9 b
(%rb %-‘rl—t v—1 #
gﬁ | (/ b (S‘ %) i (w (8— %) ) (g0 h)(s)

- / ( /+ (5 - %) B (w (s - %)) (goh)(s) ds> I(f o hY(1)]dt.

ds) |(f o h)'(t)|dt

using || ¢ |lo= sup |g(t)| and absolute convergence of Mittag-Leffer function, above
tela,b]
inequality becomes

e (P (e won (3) vty won (3))
— (eli];w?(fg oh) (%) + EZL:i”]ZW%_(fg oh) <%)) ‘
% %—l—%—t v—1
hello [/ (/ ( - %) ds) (F o Y (8)]dt

+/ </+ (% - S) - ds) |(f o h>’<t)|dt]
I e L{OL

+/; ((t—%)”;(i—t)vt%) Vi (%) Idt].
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Setting t = mb_u)a in (24), we have

fa)+ T ( N 1
(25) ‘ (T) (%,i,iw}fw o h) (a) + Euiﬁw,éf (g o h) (5))
_ (eli?wi+(f9 o h) (é> + 67113?%57 (fgoh) (%)) ‘

w)’ —u

I gl SO —a)™ | 3 (1—w) —w ab .,
N ) [A w1

wr — (1 —w) ( ab ) "
+/§ wri—wo \wra-wa |d]'
Since |f’| is harmonically convex on [a, b], it can be written as
! ab / !/
Mt )| £ @l =l o

Using ( ) we have

(26
‘ (f ) ( Zi’;’w’%+(9 °h) G) + eli‘i’,’?,%(g o h) (%))

. (a‘”@ L (fgoh) (i) € (fgoh)(b)’

wylw, g

|
—
—

(26)

)a)
w o (lou) —u)|f’ U
+/% (b (1 —wa W @l+{ )|f(b)|)d]

that is
(27)

‘ (—f( @) _2'_ /( )) <€Z,i,];,w,i+(g oh) (é) + EZiiIZw,é,(g oh) (%))
(gt ptoon (3) vty voen (5))]

19l S(b—a)™ -
= v(ab)r—1 [(/0 (ub+ (1 — u)a)ZUdu * 1 (ub+ (1 —u)a)?

P (l—w—w P (owr Y
+<A e L et >d>uaml

[ 9l SO—a)™ [ [ (1—u) - :
<deleo s [A Ao @]+ (L= 0l @)

Nl
—
|
I
S~—
AN
|
IS
]
\H
I
AN
|
—
&
]
ﬁ
oY
IS
N———
:
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One can has by using Lemma 2.1

/é((l—u)”—u” udu+/1(u”—(1—u)” s
B 1 (1_u)u_uuuu_ 1 (1_u)u_uuuu
_/0 (ub+ (1 — u)a)? d /é (ub+ (1 — u)a)? d

1 uy_(l_u>1/
*/; b+ (1= wyar "%

:/01((1—u)”—u”2udu+/l(u”—(l—u)” wdu

ub+ (1 —u)a) 1 (ub+ (1 —u)a)?

(28)

On simplification we get

3 (1 —w)” —u” D owr — (1 —w)
/0 (bt (1 — wyap " +/é (wb+ (1 wyay "

b2 a

= ——7FF1(2,1; ;1 ——

(V+2> 1( 9 7V+3? b)
(29) b2 a
- Fi(2,v+1; 1— -
2(a+b)? b—a

oF1(2,v+ 1504 3; ——)

(v+1)(v+2) b+a

== Cl(V).

13
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And similarly

P [
/0 (“b+(1—u)@)2(1 )d +/5 (Ub+(1—U)a)2(1 )4
b*2

a
== Fi(2,2; 1 ——
(V+1)(V+2)2 1( ) ;V+37 b)
Y Reve2ras1- Y
(30) V—|—22 14, ) ) b
4(a+b)—2 b—a
——F1(2 1; 2;
o WZvt Lyt
2(a +b)~2 b—a
v+ 1)(v+2)° 1y 4 Ly 4370
:OQ(V).
Using (29) and (30) in (27), we get the result. O

Remark 2.8. In Theorem 2.7 .

(1) If we put w = 0, then we get [8, Theorem 6].

(i) If we take v =1 along with w = 0, then we get [8, Corollary 1(1)].

(71) If we take g(x) =1 along with w = 0, then we get [8, Corollary 1(2)].

() If we take v =1, g(x) = 1 along with w = 0, then we get [8, Corollary 1(3)].

Theorem 2.9. Let f: 1 C (0,00) = R be a differentiable function on the interior
of I and f' € Lla,b] where a,b € I and a < b. If |f'|?, ¢ > 1 is harmonically
convex function on [a,b], g : [a,b] C (0,00) = R be a continuous and harmonically
symmetric function about 3%%, then the following inequality for generalized fractional
integrals holds

1 1
(E25) om0 )
(g8 pttgon (G) ek, Gaen ()]

<l ”j S [ w eolrr+ cwlre

|

Q=

1—-1

+(Cs () (Cx)If (@) + Cs ()] (B)])

Q=

where
cg(u):m Fi(2v+ v+ 3; 22)

C4(l/> = M2F1(2 v+ 1 v+ 3

(v+1)(v+2) ’b+a>
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Cs(v) = Cs(v) — Cul(v) |

Cs(v) = £+12F1(2, Lv+1;(1-%)) — S—HZFI(Z; v+Lv+2;(1-9))+Cs(v
Cr(v) = V”+212F1(2, Ly+2(1—9) = LS R+ Liv+ 25 (1 - 2) + Ca(v
Cs(v Cos(v) — Cz(v)

ith 0 <v <1, h(t)= 1 forallt el 1]

S

Proof. By inequality (25) of Theorem 2.7, we have

oo (B (gt pwen (5) + iy won (7))
_ (#';w (fgoh) ( ) + e (Fgoh) (2))‘
< leblimt l/ e (Gt
+ /; (;Lber_ ((11—_ :;)C:)Z 7 ((ub + (Cib— u)a)) |du] '

Using power means, inequality (31) becomes

[T (g5 e (D) < ity wen (3)
(s umen (1) +att woon (7))
Lol 5o [( [ Loy ;i)du)
SR ——)
([ )

" /1 u — (1 —u)
1 (ub+ (1 —u)a)?
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By using the harmonically convexity of |f’|? in (32), we have

(33) ' (M) (iii’jw,;*(g oh) (%) s (o) (%))
s 1

|9l S(b—a)"" Po(l—u) —u =
< v(ab)r-1 [(/0 (bt (1= u)@)Qdu)
X /5 (1—w)” —u” (lf (@) + (1 — w)| £ (B)]7) 7
o (ub+ (1 —wu)a)?

Loy — (1 —w) "
: / (b + (1 - u>a>2d“)

Pu—(1-u) 0 \a — W) (b2 %
) o @ 0 wiro) >) ]

That is
(34)

f(a) + f(b) 7,8,k 1 bk 1

‘ (T ewl’%y(g oh) p + eu,v,l,w,§7 (goh) 7
_ 6’7,5,14 (f ° h) 1 + 67,6,k (f o h) 1
u,u,l,w,%+ 9 a vl k- g b

(b—a) (- ) —w -3
=l Sy K/ b+ i —u>a>2d“>

3 (l—u)l/_uz/ ) . 3 (1_u)z/_uu Vel e
g /0 (w1 = wap "4 (@] +/0 (Wb (0 —wya L~ WSO ))

P (1w "(a) |9 bu— (1w — w)dul f'(b)]? %
’ / (b (1 —wap ") +/; Wt (1—wap! ~ O >) .
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Now we evaluate the integrals of (34) by using Lemma 2.1

2 (1 —u)” —u”
(35) /0 (ub+ (1 — u)a)Qdu

: (1—2u)
S/0 (ab+ (1 —wap™

_1 1 (]_—U)V "
‘2A<%+<—%@”‘

2

Substitute v = 1 — w in (35), we have

2 (1 —w)” —u”
/0 (ub+ (1 — u)a)Qdu

a
(a+b)~2 b—a
=2 Fi |2 1 2;
AN G L
= Cs3(v)
Similarly
2 (1 —w)” —u”
d
(36) /0 (ub+ (1 — u)a)Qu “

(1 2u)
= /0 (ab+ (1~ way "™
1 Lol —u) "
i) wro e

Substitute v = 1 — w in (36), we have

2 (1 —u)”—u”
(37) /0 (ub+ (1 — u)a)QUdu

b+ a

sm+m2[ﬁ1—wm”0—w@‘a04dw

_ (a+D)?
S w1 +2
== 04(1/).

b—a
)2F1 (2;V+1§V+3;b+a)
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(40)

and

(41)

J

2 (1— ) —u(l—u)
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a
< F<2;1; 3;1——)
s v+ 35 ( )

v+ D) (v +2)
== C7(V)

(ub+ (1 — u)a)?
1 u’ — (1 o u)u ’
(ub+ (1 — u)a)?

o — (1 —u) 2 (1 —u)” —u”
0 (ub+(1—u)a)2du+/0 (ub+(1—u)a)2du

o

b~ a
< .. . _
< B (Bl 50— )
b2 a
- 1/+12F1 (2,V+17V+2a(1_3)> + C3(v)
:CG(V).

1 u’ — (1 _ U)V
/ (ab+ (L= wap" ™

1 v_ (1 —u)
= u w) 2udu—|—/
0

N

D=

(1 —u)” —u”
(ub+ (1 —wu)a)?

(ub+ (1 — wa) udu

0
b

b
b—2

JF, (2; v L+ 3 (1 — %)) +Cav)

1 u’ — (1 . U)V
/é (ub+ (1 — u)a)Q(1 — w)du < Co(v) = Cr(v)
= Cs(v).

Using (36)-(41) in (34), we get the result.

(1 —u)du < Cs(v) — Cy(v) = Cs(v).

U

Remark 2.10. Following results can be obtained by giving particular values to pa-
rameter in Theorem 2.9.

(i) If we take w = 0, then we get [8, Theorem 7).
(i) If we take v =1 along with w = 0, then we get [8, Corollary 2(1)].

(71) If we take g(x) =1 along with w = 0, then we get [8, Corollary 2(2)].
() If we take v =1, g(x) = 1 along with w = 0, then we get [8, Corollary 2(3)].

Theorem 2.11. Let f: I C (0,00) — R be a differentiable function on the interior
of I such that f' € Lla,b|, where a,b € I and a <b. If |f'|9, ¢ > 1 is harmonically
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convex function on [a,b], g : [a,b] C (0,00) = R be a continuous and harmonically
symmetric function about %, then the following inequality for generalized fractional
integrals hold

() (g oon (3) rai, won (7))
_ (EZi];w (fgoh) ( ) +ez,6,’f7w%7(fgoh) (%))‘
Lol b()by_—lav“ (0% JECLE 3|f’<b>|q)3

31 (a)|? + | f/(B)]7\ 7
L (v >< - ) )

where

atb)—2
CQ(V) = 27(2;?—2,4,:1)2}71(21)7 vp+ Livp+2; b+a)
and

Cho(v) = storma Fi(2p, Lvp + 2,5(1— 9))

with 0 <v <1, h()ziforallte[% 1] and%—i—%:l.

Proof. By inequality (25) of Theorem 2.7, we have

(42) ‘ (M) <€ZMZW (goh) G) +e,a (g0h) (%))
- (iilfw (fgoh) (a> iws (fg01) (2))‘
<l 2l [/ = (i)

*/; (vjb +_((1—_5))a)2 7 ((ub+ (alb— u)@)) |du] '
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By using Holder inequality and harmonically convexity of | f/|?, (42) follows

(15 12) (52 000 1) 2. 0o ()
(et oo (1)t e ()
==

x(A%Mfmw+<1—mu%wmmaq

e e N @
" </§ (Ub+(1—U)a)2pd“> (/% (ulf(@)|* + (1 = u)| ' (0)[")d ) ] :

After simplification, we have

(43) '(iﬁﬁigiﬂﬂ) Ciiiu L(go h)(i)~+6£ii%i(goh)(%)>
—Qgﬁw uyom(1)+éﬁﬁu uyom<2)ﬂ
HgHm —a)"! E (1= w) meoé
< ub+ (1—wu)a)?

x(u' QBT )
+(é%@+g:$$ﬁ0 Cfﬁq?ﬁ())1.

We evaluate the integrals by using Lemma 2.1

1

b (- ey
(44) /0 (b (1= wya)zr ™

1 (1—2u)”
S/0 (ub+(1—u)a)2pdu
L amar
‘2A<%+u—wwﬂ‘
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put u =1 — w in (44), we have

(45) / uz:l;—u;)) . )
<3 f o (550) (e (50))
- Q—Eg:lr(gw 1)2F1 (2p’ P Lvp Z+a)
— Co(v).

And similarly
1 v v\P 1 1%
(u” — (1 —u)") / (2u—1)"

46 du < d
(46) / (wb+ (I —wa)? ™ = Ji bt (1—wa""
put v = 1 — w in on right hand side of inequality (46), we have
1 (uz/ _ (1 _ u)l/)P

(ub+ (1 —u)a)?»

(1= 2w
o (1 —w)b+wa)?

i aewr
-3, T

__r Fi@p, ivp+ 2 (1= &)
2010(1/).

Using (45) and (47) in (43) we get the result. O

(47)

o

< w

Remark 2.12. On giving particular values to parameter in Theorem 2.11 we have
the following results.

(i) If we put w = 0, then we get [8, Theorem §].

(i) If we put v =1 along with w = 0, then we get [8, Corollary 3(1)].

(#11) If we put g(t) =1 along with w = 0, then we get [8, Corollary 3(2)].

(iv) If we put v =1, g(t) = 1 along with w = 0, then we get [8, Corollary 3(3)].
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