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CAPUTO FRACTIONAL INTEGRAL INEQUALITIES
VIA m-CONVEX FUNCTIONS

SAIRA NAQVI', GHULAM FARID?, AND BUSHRA TARIQ3

ABSTRACT. In this paper, we prove the Hadamard type inequali-
ties for m-convex functions via Caputo fractional derivatives and
related inequalities. These results have some relationships with the
Hadamard inequalities for convex functions and related inequali-
ties.

1. INTRODUCTION

The concept of m-convexity was introduced by Toader in [19] and
since then many properties, especially inequalities, have been obtained
for this class of functions since they are defined (see, [9, 7, 13]).

Definition 1.1. A function f : [0,b] — R, b > 0, is said to be m-
convex, where m € [0, 1], if we have

[tz +m(l—t)y) <tf(x)+m(l—1)f(y)
for all z,y € [0,b] and ¢ € [0, 1].

If we take m = 1, then we recapture the concept of convex functions
defined on [0,b] and if we take m = 0, then we get the concept of
starshaped functions on [0,b]. We recall that f : [0,b] — R is called
starshaped if

f(tx) <tf(x) for all t € [0,0] and z € [0, b].

Denote by K,,(b) the set of the m-convex functions on [0, b] for which
f(0) < 0, then one has

Ki(b) C K,,(b) C Ko(b),

whenever m € (0,1). Note that in the class K;(b) are only convex func-
tions f : [0,b] — R for which f(0) < 0 (see [7]).For more results and
inequalities related to m-convex function one can consult for example
[5, 10, 16] along with references.
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The Hadamard’s inequality states that, if f : I — R is a convex func-
tion on the interval I of real numbers and a,b € I with a < b, then

(1) f(a;b>§bia/abf(x)dxgw_

The Hadamard’s inequality got attention of many mathematicians and
many generalizations, extensions and refinements for different types of
functions related to convex functions, have been proved so far for detail
see, (2, 5,7, 8,10, 11, 16, 17].

Fractional calculus deals with the study of fractional order integrals
and derivatives and their various applications. Different from classi-
cal or integer-order derivative, there are several kinds of definitions for
fractional derivatives. These definitions are generally not equivalent
with each other. Riemann-Liouville and Caputo are kinds of fractional
derivatives.

In the realm of the fractional differential equations, Caputo deriva-
tive and Riemann—Liouville ones are mostly used. They generalize the
ordinary integral and differential operators. However, the fractional
derivatives have fewer properties than the corresponding classical ones.
On the other hand, besides the smooth requirement, Caputo derivative
does not coincide with the classical derivative [15].

Caputo-fractional derivatives are introduced by Italian mathematician
Caputo in 1967.In the following we define Caputo fractional derivatives

14].

Definition 1.2. Let « > 0 and « ¢ {1,2,3,..}, n = [a] + 1, [ €
AC"[a,b]. The Caputo fractional derivatives of order « are defined as
follows:

C Nna _ 1 ’ f(n)(t)
Dgyf(z) = T(n—a) /a (= t)a_n+1dt,x > a

and

“Dy_f(z) = (_l)n)/b( /) dt,z < b.

I'n—-a« t — z)o—ntl
If « =n € {1,2,3,...} and usual derivative of f of order n exists,
then Caputo fractional derivative (YD, f)(z) coincides with f(™(z).
In particular we have

(“Day N)x) = (“Dy_f)(@) = f(=)

where n =1 and o = 0.
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For more results connected with Caputo-fractional derivatives one
can consult [3, 1, 4].

In Section 2 we give the Hadamard inequality and some related in-
equalities for m-convex functions via Caputo-fractional derivatives. In
Section 3 we give the Hadamard type inequalities for m-convex func-
tions via Caputo-fractional derivatives
In the whole paper C"[a, b] denotes the space of n-times differentiable
functions such that f(™ are continuous on [a, b).

2. HADAMARD TYPE INEQUALITIES FOR m-CONVEX FUNCTIONS
VIA CAPUTO FRACTIONAL DERIVATIVES

In this section we give Hadamard type inequalities for m-convex
functions via caputo fractional derivatives and related fractional in-
equalities.

Theorem 2.1. Let f : [0,00) — R be a function such that f € C"|a, b].

Also let f™ be positive and m-convex function on [0,00), then for
0 < a < mb the following inequalities hold

(n) @+ mb
()

< K)o o+ om0 1 (2)]
(2)

< ey @ ()] + 5 00+ (5]

Proof. Since f(™ is m-convex function, we have for z,y € [a, mb]

(3) £ (37 +2my) < f () +2mf(”)(y)‘

Using « = ta+m(1—t)b, y = tb+=(1—t)a, t € [0,1], then integrating
over [0, 1] after multiplication with ¢"~*~1 we get
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2 a+ mb !
(n) < [ el (g 1 —t)b)dt
— ( i >_/0 ™ (ta +m(1 —t)b)
! 1
+m/ oty tb+—(1—t)a) dt
0 m
@ b —u\"! du
_ (n)
/ (mb—a / (u)a—mb

+m/ i
— Umb—a
1

a
m

=T =) Dz flmb) + (<1 m D f ()]

From which we get first inequality in (2). For the prove of second

inequality in (2) note that if f(™ is m-convex, then for ¢ € [0,1], we
get

(4) FO (ta+m(1 = t)b) < tf(a) +m(1 —t)f"(b)
and
(5)  mf®™ (tb + (17; t)a> < mtfO(b) +m2(1 — ) (%) .

By adding the above two inequalities, then integrating the resulting

inequality over [0, 1] after multiplication with 25%¢"~*~! we get

n—uo

1
5 /t"alf“” (ta +m(1 —t)b) dt
0
! 1—t
grmemt ) (tb+( >a) dt
0 m
1
n—uo a
< (n) _ 2p(n) (2 n—a
<" [0 ity ()] e

+ M /(b)) (%)] /0 ety

=T ) 2 (L Q) () (L
a7 - (Ga)] 5 0 e ms (5)]
From which we get second inequality in (2) O

Corollary 2.2. If in Theorem 2.1, we take m = 1, then inequality (2)
becomes
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(n) a-+b
(%)

< S [0 1)+ €D f(w)]
LIRS )

In [11], above result is proved

Remark 2.3. If we take « = 0, n = 1 along with m = 1 in Theorem
2.1, then we get inequality (1).

For the next result we need the following lemma.

Lemma 2.4. Let f : [a,mb] — R be a differentiable function on (a, mb)
such that f € C™[a, mb] with a < mb. Also let f"V) be positive and
m-convex function on [a,mb]. Then the following equality for Caputo
fractional derivatives holds

)
FO@) + FOmb)  Ti—a+1) o, 0
) Sl aal” DS mb) (1) DG f(a)
_ me— ¢ /0 1[(1 — g)ne — o] fOHD (4 (1 — £)b)dL.

Proof. Since

(7) mb2— a

/1[(1 — )" — ") D (ta + m(1 — t)b)dt

mb— a

1
I [ e e 1=
0

o 1
me ¢ / e D) (4, + m(1 — )b)dt.
0

First term of right hand side is calculated as
1
/ (1= )" fOD (1 4 (1 — £)b)dt
0

_SW0mb)  n—a [t a—a N SO ()
B 2 * 2 / (a - mb> a— mbdx
f®(mb) T(n—a-1)

- 2 B 2(mb — a)n—« (_1)nCD%b—f(@)>

mb— a

mb
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while second term of right side is calculated as

mb—a

1
5 /‘ﬂﬂvmﬂ%m+wM1—w®ﬁ
0

") o / (mb - ) 1)

2 2 Jo \mb—a a —mb
_ ™M@ T—a-1)
2 2(mb — a)n—«

D2, f(mb).

Now using these values of integrals in (7), we get the required result.
O

Remark 2.5. If we take m = 1 in Lemma 2.4, then equality (6)
becomes

f™(a)+ f™OB) T'(n—a+1)
2 - 2(b—a)re

_ b; - /01[(1 — 1) = "0 fO Y (b + (1 - 6)b)d,

[“ D3 f(b) + (=1)" Di_f(a)]

which is proved in [11]. If we take & = 0,n = 1 along with m =1 in
Theorem 2.4, then equality (6) gives an equality (Lemma 2.1 [8]).

Using the above lemma we give following Hadamard-type inequality
for m-convex function.

Theorem 2.6. Let f : [a,mb] — R be a differentiable function on
(a,mb) such that f € C™[a,mb] with 0 < a < mb. If |f"D] is m-
convezr on |a,mb|, then the following inequality for Caputo fractional
derivatives holds

(8)

f(a) + f™M(mb)  T(n—a+1) (o, nC o
2 - Q(mb _ a>n_a [CDCPL (mb) + (_1) CDmb7f<a>]
mb — a 1 1 ntl
S e G LR

Proof. Using Lemma 2.4 and m-convexity of ‘ f+D| we find
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FOa) £ (O ) Tt 1) a
2 " 3(mb—a)o “Dg. f(mb) + Dy, f(a)]

mb—a
2

<

/1 [(1 =) — "] | F™ ) (ta + m(1 — t)b)| dt
0

< mb2_ @ /1 [(L=)" = =" [t [ f" D (a)| + m(1 = t) [ fFD ()] dt
0

mb— a

= ( 0 (L=t =" [t F" (@) + m(1 — &) [ F"V ()] dt
(9)

+ f [t — (1 =) [t f" (@) + m(1 =) [ F"TV )] dt) .

2

Consider

‘f(n+l)(a)| [/2 K1 — £ dt — /2 tn—a+ldt]
0 0

+m | ()] [/0%(1 —t)nmet g — /j(l - t)t"adt]
1 (3)" ]

= |f(n+1)<a>‘ {(n—a—kl)(n—a—l—m B (n—a+1)

+m[f)] [(n o 2) @Ei—) ot 1>1 |

Similarly we have

|f(n+1) (Cl)‘ [/;1 tn7a+1dt B /;1 t(l _ t)nadt]

2

T 0] [ / 0 e - / i —t)"o‘“dt]

. 1 (3"
= [ (@) {(n—a+2) - (”—0‘“)}

n+1 ! (%)niaJrl
+mlfl )@'[<n_a+1><n—a+2>‘(n—a+1>}'
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Therefore (9) becomes

‘f f '(mb) ;(:b__o‘a;}i[z)& (mb) 4+ (=1)" Dy, _ f(a)]

mb—a N 1 (1)n—ott
< ‘f +1 a| _ 2)
2 m—a+l)(n—a+2) n—a+l

1 S +om | (b)) 1
n—a+2 n—a+l (n—a+1)(n—a+2)
(%)n—a—i—l 1 (%)n—a—‘rl
— + —
n—a+1l n—a+1l n—-a+l

mb — a n+1 1 (%)n_a n+1 1 <%>n_a
T 9 (V()W”Ln—a+n‘xn—a+m}+mv()“ﬂ(n—a+m‘wn—a+1

__mb—a <1 _ 271%) (£ (a)| +m | F O @)]]

2(n —a+1)
The proof is completed. O
Corollary 2.7. If we take m = 1 in Theorem 2.6, then inequality (8)
becomes

fOa) + f*0) Tl—at1) opa "
S e ep )+ €y f(0)

b-a (1 - 5 ) @) + S @),

< ___ 77
“2n—a+1) -«

which is proved in [11].

Remark 2.8. If we take a = 0, n = 1 along with m = 1 in Theorem
2.6, then inequality (8) gives an inequality, [8, Theorem 2.2]

Theorem 2.9. Let f : [a,b] — R be a positive function such that
f € C™a,b], with 0 < a < b. Also let f™ be m-convex function on
la,b]. Then the following inequalities for Caputo fractional derivatives

hold

(10)
0 (a + mb) < 2r— 1P (n — a4+ 1)
2 - (mb—a)"™"

(© Dfsgan ) mh) + (-1 €08, f) (4]

Tmary @m0 (G)] £ 5 0w em (G5)]

1

IN
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Proof. Since f™ is m-convex, so we have

(11) o (x +2my) - £ () +2mf(n)<y)'

Substituting = =
Now for all z,y €

(12)
+ mb t 2—t 2—t t
9 rm) [ & < o (L 27t (n) p)
f ( 5 >_f 2a+m 5 b|+mf 2ma+zb

Taking product on both sides of above inequality with t"~*~! and then
integrating over [0, 1], we get

2 o a+ mb
n—ao 2
! t 2 — ¢
< tnfafl (n) 2 ) dt
< /0 f (2a +m 5 )
! 2 — ¢ t
+ m/ e A < a+ —b> dt
0 2m 2

a+mb

-[, Gamam—) w2

a+mb

2m a \*! dv
o [ (=)

a—l—m@b and y = (2 ta—i-tbwherete [0, 1].
a, b] we have,

DO |+

—

m mb— a

- % (Dl ) mb) + (1) Dl 1) ()]

which gives

(13) f (a +2mb> < 2"‘0‘(;”;(_na—>noza+ 1)
(O Dy 1)) + (=1)" 10" Dy ) ()]

Also m-convexity of f gives,
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Taking product with #*~*~! on both sides of above inequality and then
integrating over [0, 1], we have

! t 2 —t
tn—a—l (n) [ dt
/0 f (2a + m—2 )
1 9 _
+ m/ gatpn) ( bat fb) dt
0 2m 2
1 a !
< — (n) _ 2¢(mn) (2 n—a
-2 [f (a) —m*f <m2>]/0 et

+m [O) +mf ()] /1 ot
0

R et 2d
/m (mb - a(mb a u)) f(")(u)a - Zzb

a+mb

“om 2 a \" ot (n) 2dv
Lé (;Z0-2) e
1

b

+m? a3

e @ ()]
2 0 ()

which implies that

A

(14)
2010 (n —a + 1)
(mb—a)"™"

[(CDE"%W,H P (mb) + (=1)"m" = (O Dsnny_f) (gﬂ

2m m

n— o a m a

<« T Tem(g) — 2 F (_)] m [ ")}, (n) <_>} _
“4n—a+1) fa) —m’f m2 +2 f ) +mf m2
Combining inequalities (13) and (14) we get the required inequality
(10). O
Remark 2.10. If we put m = 1 in Theorem 2.9, then we get inequality
in [12, Theorem 2].

Following lemma will be used for our next results.

Lemma 2.11. Let f : [a,b] — R be a function such that f € C""[a, b,

with a < b. Then the following equality for Caputo fractional deriva-
tives holds
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2n—a—1F(n —a+1) .
b — e | Dty Nt

D ()]

1 a -+ mb a-+mb
_ 2 f) (n)

o |77 e ()]
_mb_a /1taf(n+1) ta+m2_tb dt
4 0 2 2

! 2t t
B T Ll e Y 7 7
/0 / om ¢T3
Proof. Since

mb — a 1 t 2—t
o fntl) (2 Z b)) at
4 UO / My

_mb—a _ 2 f(") a-+mb
- 4 mb — a 2

(15)

a+mb

2n—a) [3 2 et
+ a—mb /mb (mb—a(mb_x)> mb—af( )(x)dx]

(16) — mb4— a l_ 2 0 <a +2mb)

mb— a
2D (n —a+ 1)
(mb — a)r—otl

In the same way,

mb—a ! 2—t t
- tofrtD (2 4 b ) dt
1 UO / om 5

(17) :_mb—a[ 2m o (a+mb)

4 mb— a 2m

(CDfsgay ).

L2nmotimrmetiD(p — a4+ 1) o a
—(=1) (mb—aypari \ Dizgany J) (E)} '

Adding inequalities (16) and (17) we get the required inequality (15).
U

Remark 2.12. If we put m = 1 in above Lemma, then we get equality
in [12, Lemma 1].
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With the help of above lemma we prove the following Hadamard-type
inequality.

Theorem 2.13. Let f : [a,b] — R be a function such that f €
C™a,b], with a < b. If |f(n + 1)|7 is also m-convex on [a,b] for

q > 1, then the following inequality for Caputo fractional derivatives
holds

(18)

anafll‘\(n —a + 1) X
b — e | Dy Nt

+(_1)nmn—a+1 (CD(OC%;?Z;)_]C) (%)]
Ly fatmb (n) [ @+ mb
L (55 e (450

mb—a 1
S i —a+tl) (2(n—a+2))
(0t DI @+ m (= a3 D))

Q=

+(mm—a+3) [f (Z5) [+ (n—a+ 1) [F D B)7) 3} .

Proof. By using Lemma 2.11, m-convexity of | f(+1)|? and taking ¢ = 1,
we have

2" T(n—a+1) o
(mb — a)r=e [(CD (et ) (mb)+

1\, n—a+1/C na ﬁ
(=1)"m ( D(%,’,Tb)—f) (m)]
1 a+ mb a+mb
ot (n) (n)
Q{f ( 2 >+mf ( 2m )H
— 1 —
< mb4 a/ m—a (’f(n—f—l) (%a_km%b)'dt
0
2—t t
(n+1) [ 2~ _
+'f (2ma+2b)D .

=Tt (e [ e ()]

n—o+1

. [1 £ (@) — m| fOD () |+ | £ D ()] — m|f(”+1)(b)”> |

2(n —a+2)
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Using Lemma 2.11 and for ¢ > 1, we have

2T —a +1) a
e L Dy Do)

D ()]

1y fatmb (n) (@ + mb
z{f ( 2 )+mf om

mb—a/1 o t 2—1
< t
S ;

fn+D) (§a + m—b) ‘ dt
1 —_—
+/ e | flnt) (ua—i- Eb) ‘ dt.
0

2
2m 2

Applying power mean inequality we have

2”—06—1F(n —a+ 1) «
e | Dl S)mb)
a

HE W Dy ) ()]

m

1 a+mb a+ mb
_Z | fn) (n)

(557 e (500

mb—a 1 v L t 2—t
< n—o | p(n+l) [ © b
=1 (n—a+1) H/Ot / (2“+m 2 )

! 2t t\[? 77
+ U groe | frty (—a+§b> dt} ]
0

2m

E
]

13
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Also from m-convexity of | f™+1)]7, we have

2nfa—11_‘(n —a+ 1) .
b — e | Dty )t

H(=1)"m" " Dag ) <%>]

_% [f(”) (a +2mb) o (a—;—mb)] ‘
m
< mb—a 1 »
-4 (n—a+ 1)
[ (B @ s mE s omr) df
0

ba (2=t ANy tem . .
+[/0 ' (mT|f () 1+ Sl ) )m} ]

mb—a 1 q
T An-—a+1) <2(n—a+2))
[((n= a4 DI @[ 4+ m (0 = a4 3)[fO D (B

q

F(m a3 |0 () (-t ) \f<"“><b>\q)3] ,

which is required. O

Remark 2.14. If we put m = 1 in Theorem 2.13, then we get inequal-
ity in [12, Theorem 5.

Theorem 2.15. Let f : [a,b] — R be a function such that f €
C"*a, b, with a < b. If |f™+D|7 is m-conver on [a,b] for ¢ > 1,
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then the following inequality for Caputo fractional derivatives holds
2 1P —a+1) [
(mb — a)™=o [(“Dfaspay. £) )

H(=1)"m" " Dy ) (%)]

1w a+mb) (n) (a+mb)]
z{f ( ;) om

e )i[(|f<n+l><a>|q+3m|f<"+1><b>|q>3

(19)

- 4 np—ap+1 4

<3m|f<”“) () I+ f(n+1><b>|q)3
+ 4

mb— a 4 »
< (n+1) (n+1) (3,
<t (o) 1@l 1)

#3m (1700 () [+ £ )|

01,1
wzth;—ka—l.

Proof. From Lemma 2.11 we have

2n—a—1F(n —a+ 1) .
(mb —a)»— [(CD (atmey ) (D)

n, n—a+t+l/C Nna a

D" Dl 1) ()]

1 a+mb a+mb
_— | fn) (n)

[ (=7 e (4500

b— ! t 2 —t
<X 1 ¢ {/ e | fnt) (—a—l—m—b)‘dt
0

2 2
1
+ / tnfoz
0

sy <Ea + fb) ‘ dt] .

2m 2
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Applying Hélder's inequality, we get

2" 10 (n — a4 1)
(mb — a)n—a [( D(a+mb)+f)(mb>

D O Dy ) ()]

1 a+mb a+ mb
_Z | fn) (n)

L (7)o (550

1

mb—a ! v [t t 2—t
< np—ap (n+1) [ © v
< H/Ot dt} {/0 f <2a+m 5 b)

1 % 1 2 _ ¢ q %
+{ / t"”‘apdt} [ / f("“)( a+ b) dt} .
0 0 2m

Since |17 is m-convex, so we have

¢ 13
dt]

2" 'T(n—a+1)
b— e | Dty D)

+(_1)nmn a+1(CD(a+mb) f) <E>]

1|, (a+mb a+mb

S (55 e (50|
mb—a( 1 >11°

<

- 4 np—ap+1

[ (Gir@p e ) a)

0

w[ [ (w3 gl al ]

~mb—a 1 v
4 np —ap + 1
1

LaalbIES il Ul S [3m|f(”“) () '+ If(”“)(b)lq] 3

4 4

For second inequality of (19), we apply Minkowski’s inequality which
gives
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2nfa—1r(n —a+ 1) .
b —ay | Dty )
a

Bt ()]

A w L”"b) (n) (Lmbﬂ
z{f ( ;)i om

mb— a 4 » 1
< (n+1) ()[4 (n+1) (p)|9] @
<Mt () @ sl ]

+ [3m|f(n+1) (%) 7+ |f(n+1)(b)’q] é}

1
mb—a 4 P
< (n+1) (n+1)
< <np_ap+1) £ @)+ 1D ()]

#3m (1700 (55) [+ 10 |
u

Remark 2.16. If we put m = 1 in above theorem, then we get in-
equality in [12, Theorem 6].

1]
2]

3]

(9]
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