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TRAPEZOID TYPE INEQUALITIES FOR THE GENERALIZED
k-g-FRACTIONAL INTEGRALS OF ABSOLUTELY CONTINUOUS
FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let g be a strictly increasing function on (a,b), having a continu-
ous derivative g’ on (a, b) . For the Lebesgue integrable function f : (a,b) — C,
we define the k-g-left-sided fractional integral of f by

T
Staard @ = [ k@ -g0)g ©F Ot 2 € (0,1
a
and the k-g-right-sided fractional integral of f by

b
Stan-1 @) = [ K@) =g @) 011 O dt, 2 € [a,b)

where the kernel k is defined either on (0, 00) or on [0, co) with complex values
and integrable on any finite subinterval.

In this paper we establish some trapezoid type inequalities for the k-g-
fractional integrals of absolutely continuous functions. Some examples for
general exponential fractional integrals are also given.

1. INTRODUCTION

Assume that the kernel k is defined either on (0, 00) or on [0,00) with complex
values and integrable on any finite subinterval. We define the function K : [0, 00) —
C by

J3k(s)ds if 0 < ¢,
K () :=
0if ¢ =0.

As a simple example, if k (t) = t*~! then for a € (0,1) the function & is defined on
(0,00) and K (t) := 1t for t € [0,00). If & > 1, then k is defined on [0, 00) and
K (t) :== Lt® for t € [0,00).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g on (a,b). For the Lebesgue integrable function f : (a,b) — C, we define the

k-g-left-sided fractional integral of f by

A1) Sugarf @)= [ o@ g 0)g ()@ v (@l

and the k-g-right-sided fractional integral of f by
b

(1.2) Sego_t (@) = / k(g (1) — g (@) g (1) f (1) dt, = € [a,b).
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2 S.S. DRAGOMIR

If we take k (t) = ﬁto"l, where T is the Gamma function, then
(1.3) Sk,g.atf () = 1“(104)/(1 lg(2) =g (1)]* " g' (1) f (1) dt
=1y  f(z), a<z<b
(14) Stai 1) = g [ l9® -~ g @I g @) F O
: k,g,b— € _F(O[) . g g\z g

—Ip (@), a<a<b,

which are the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a, b] as defined in [22, p. 100]

For g (t) =t in (1.4) we have the classical Riemann-Liowville fractional integrals
while for the logarithmic function ¢ (¢) = Int¢ we have the Hadamard fractional
integrals [22, p. 111]

(1.5) H, f(=) ;:1)/; [m (f)}a_lf(t)% 0O<a<z<b

I'(« t t
and
(1.6) Haf()'_l/b (L RFAUL 0<a<z<b
. b— ) = F (a) . - ¢ 5 s a X .
One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals"” by
xl=e /” f(t)dt
1.7 RS, f(x) := ,0<a<z<)b
(1) A N Py
and
gme b () dt
1.8 RY f(x) := / ,0<a<x<h
( ) b f( ) F(Oé) . (t_x)lfata_;’_l

Also, for g (t) = exp (Bt), § > 0, we can consider the "3-Exponential fractional
integrals"

(19) B2, f(@) = Ffa) / " fexp (B) — exp (88)]" " exp (B) £ (1) dt,

fora < x <band

b
(110) B @)= g [ e (50 - exp (80" exp (50) ] ()t
for a < x < b.

If we take ¢g(t) = ¢ in (1.1) and (1.2), then we can consider the following k-

fractional integrals

(1.11) Skarf (2) :/mk(x—t)f(t) dt, z € (a,b]

and

b
(1.12) Sko—f (z) = / k(t—=x)f(t)dt, z € [a,b).
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In [25], Raina studied a class of functions defined formally by
= o (k) k
1.13 Fe = E R, R>0
( ) p,)\ (l‘) pare 1—\ (pk + )\).T Y ‘xl < I >

for p, A > 0 where the coefficients o (k) generate a bounded sequence of positive real
numbers. With the help of (1.13), Raina defined the following left-sided fractional
integral operator

(1.14) Tyrnarwl () = /‘"” (v — t)/\—l o (w(z—t)) f(t)dt, z>a

where p, A > 0, w € R and f is such that the integral on the right side exists.
In [1], the right-sided fractional operator was also introduced as

b
(1.15) T o] (@) ::/ (t— o) F2 (w(t—2)) f(B)dt, < b

where p, A > 0, w € R and f is such that the integral on the right side exists.
Several Ostrowski type inequalities were also established.

We observe that for k (t) = t>‘*1]-'g’A (wt”) we re-obtain the definitions of (1.14)
and (1.15) from (1.11) and (1.12).

In [23], Kirane and Torebek introduced the following ezponential fractional in-
tegrals

o) TRfE)=

a

mexp{—l;a(w—t)}f(t)dt, z>a

and

(1.17) T f () :=;/:exp{—l;a(t—m)}f(t)dt,x<b

where a € (0,1).

We observe that for k (t) = éexp (—leo‘t) , t € R we re-obtain the definitions of
(1.16) and (1.17) from (1.11) and (1.12).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g’ on (a,b). We can define the more general exponential fractional integrals

(118)  To., f (x) ::;/xexp{—l_a(9($)_9(t))}9/(t)f(t)dt, z>a

a (0%

and

119) T f@ = [ bexp{_

where a € (0,1).
Let g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). Assume that o > 0. We can also define the logarithmic fractional integrals

(1.20) LG (2) = /T (9(x) =g (&) " In(g(x) — g (1) g’ () f (1) dt,

for0<a<z<band

(gt)—g (m))} g @) ft)dt, z<b

b

(1.21) Ly [ (2):= / (9(1) =g (x)* " In(g(t) — g (@) g’ (t) f (1) dt,

x
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for 0 < a <z < b, where o > 0. These are obtained from (1.11) and (1.12) for the
kernel k (t) =t LInt, t > 0.
For a =1 we get

(122)  Lyurd @ = [ @) ~g®)g (0] O 0<a<r <t
and

b
(1.23) @#j@yz/ﬁn@@—gmnwauMuo<agx<u

For g (t) = t, we have the simple forms

(1.24) Lo f (x) = / (z—8)* "In(z—t)f(t)dt, 0<a<z<b,
b
(1.25) £ f(z) = / (t— 2" In(t—2) f()dt, 0<a<z<b,
(1.26) £a+f(at)::/mln(x—t)f(t)dt,0<a<m§b
and
b
(1.27) Ly_f () ::/ In(t—z)f(t)dt, 0 <a<ax<b.

We also define the function K : [0, 00) — [0, 00) by

[ |k (s)| ds if 0 < ¢,
0ift=0.

We observe that if k& takes nonnegative values, as it does in some of the examples
in Introduction, then K (t) = K (t) for ¢t € [0, 00).

In the recent paper [19] we obtained amongst other the following Ostrowski and
trapezoid type inequalities for functions of bounded variation:

Theorem 1. Assume that the kernel k is defined either on (0,00) or on [0,00)
with complex values and integrable on any finite subinterval. Let f : [a,b] — C be
a function of bounded variation on [a,b] and g be a strictly increasing function on
(a,b) , having a continuous derivative g’ on (a,b). Then we have the Ostrowski type
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inequality

1

Sk.gato—f (@) = 5 [K(g(b) —g(x)) + K (9(z) — g (a))

(1.28) 5

~
&
~—

t

<3 V ]f(g(t)—9(33))|\/(f)9'(t)dt+/m|k(g(x)—g(t))|\/(f)g’(t)dt]

x

a\ 1/a
1) K0 —g @)+ K2 (g (@) —g @) (Vi () + (Vo))
T2 withp, g>1, ;40 =1

and the trapezoid type inequality

Sk.gatb-f (T) = e [K (g (b) =g () f(b) + K (g (x) = g(a)) f(a)]

(1.29) 5

IN
DN =
g
=
SRS
(=)

vV
=

|
+

for any z € (a,b).

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [2]-[17], [20]-[33] and the references therein.

Motivated by the above results, we establish in this paper some trapezoid type
inequalities for k-g-fractional integrals in the case of functions f : [a,b] — C that
are absolutely continuous on [a,b] and g a strictly increasing function on (a,b),
having a continuous derivative g’ on (a, b) . Some examples for a general exponential
fractional integral are also given.
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2. SOME IDENTITIES FOR THE OPERATOR Si g,q+,b—

For k and g as at the beginning of Introduction, we consider the mixed operator

(2.1) Sk,g,a-i—,b—f(x)
_ % [Sk.g,a+f (x) + Sk,gp—f ()]

=% Vrk@(w)—g(t>>g’(t>f(t>dt+/ k(g(t)—g(a)) g (t) f(t)dt

for the Lebesgue integrable function f : (a,b) — C and z € (a,b).
We have:

Lemma 1. With the above assumptions for k, g and if f : [a,b] — C is absolutely
continuous on [a,b], then we have for x € (a,b) that

(2:2)  Skgatp-f(2) %[K (9 (z) —g(a)) f(a) +[K (g (b) — g ()] f (V)]

+ ,\/K g(t) dt—lfy/bK
%/ K (g(x) — g (1) Ndt+ 2 /K Yoy — £ (1)) dt

for any A\, v € C.
In particular, we have the simple identity

(23) Skgatp-f(z)= 1[K(g(w)—g(a))f(a)+[K(g(b)—g(w))]f(b)]

b
vy [ Ke@-g@)r @i [ Ka@-g@) s O

Proof. We have, by taking the derivative over ¢ and using the chain rule, that

[K(g(@)—g®)] =K' (g(x)—g®)(g(x)—g®) =—k(g(x)—gt)d ()
for t € (a,z) and

K(g(t)—g@)] =K' (g(t) —g(2) (g(t)—g(x) =k(g(t)—g(x)g @)
for t € (x,b).

Using the integration by parts formula, we have

ey k(g () — g () g (1) F (1) de

for x € (a,b).
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for any x € (a,b).
From (2.4) and (2.5) we get

(2.6) / k(g () — g () g () () de
SR - 9@ @+ [ K@ -g0)d
+ (K@@ -0 0 - A

b
(2.7) / k(g (t) — g (2) g () F (1) dt
b
(K () 9@ f ) - [ K@) - g @)
b
—/ K (g(t) — g (@) [f' (£) -] dt

for any x € (a,b).
If we add the equalities (2.6) and (2.7) and divide by 2 then we get the desired
result (2.2). O

The above lemma provides several identities of interest, out of which we can
mention the following:

Corollary 1. With the assumption of Lemma 1 we have

(K (9(z) —g(a)) f(a) + [K (g(b) — g ()] f (b)]

N | =

(2.8)  Skga+p—f(z)= ) f
T b
+3 (/ K(gle) =g @)t~ [ Klgtt) g(x))dt) e
w3 [ K@ -g@)ir @ - @l

b
3 [ KGO -s@)lf @ - F @)
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and

(2.9)  Sk.g.atp- 1 (2) %[K (9 () —g(a)) f(a) +[K (g (b) — g ()] f ()]

+ f /K dt—ff /K (2)) dt
/ K (g(2) =g ) F (t) — f () dt

for z € (a,b).

If ¢ is a function which maps an interval I of the real line to the real numbers
and is both continuous and injective then we can define the g-mean of two numbers

a,bel as

If I =R and g (t) =t is the identity function, then M, (a,b) = A(a,b) := “FL,
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) = G (a,b) := ﬁ,
the geometric mean. If I = (0,00) and g () = %, then M, (a,b) = H(a,b) =
%, the harmonic mean. If I = (0,00) and g (t) = t?, p # 0, then M, (a,b)
M, (a,b) := (%)1/197 the power mean with exponent p. Finally, if I = R and
g (t) = expt, then

M, (a,b) = LME (a,b) :=

(expa + exp b)
b{ =)

the LogMeanEzp function.
Using the g-mean of two numbers we can introduce

(2.10) Prgarp—f = Skgatrpo—f (Mg (a,b))
My (a,b) a
5 [ (M0 ) o
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Using (2.2) and (2.3) we have the representations

(2.11) Prgars f=K (9(’?) ;g(a)) f(a);rf(b)

.\ ;A/GMg(a’b)K (g(a)+g(b) _g(t)> &t

for any A, v € C and

(212) Prgasn f=K <9(b) gg(a)> fa)+ [ (b)
Mgy (a,b) a
+;/a K(Wg(t)>f,(t)dt

L (s - )

Ay (a,b)

3. INEQUALITIES IN TERMS OF p-NORMS OF THE DERIVATIVE

We use the Lebesgue p-norms defined as

17l (e 1,00 1= essup [ (t)| < oo provided h € Lo [c, d]
T t€[e,d]

and

/p
|h|| exdlp = (/ |h () dt) < oo provided h € L, [¢,d], p > 1.

Theorem 2. Assume that the kernel k is defined either on (0,00) or on [0,00)
with complex values and integrable on any finite subinterval. Let f : [a,b] — C be
an absolutely continuous on [a,b] and g be a strictly increasing function on (a,b),
having a continuous derivative g' on (a,b). Then for any x € (a,b) we have the
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trapezoid type inequality

K (9 (8) - g @) £ (b)J‘

(31) (St ot (@) - % K (g(2) ~ g(a)) f (a)
<1 [/ K (9 ONNF (¢ |dt+/ K (g(t) — g @)]|f" <t>|dt]

1 N oo 1 (9 @) = @)l + 1,00 1 (9 = 9 @)l 10
if /' € Lo [a,b] ;

) U 1 (0 @) = 9l + 1 15 (0= 9 @Dl

) sz’EL[ b, andp,q>1wzth ste=5L
17 a1 1 (9 2) = g ago + 1 a1 1K (9 = 9 2Dl sy
if f' € Ly[a,b];

17 wspe (1 (0 @) = Dl + 1K (6= 9 @)l 1)
fo/ € L [aab];

1/q
1 (I 00) = )1, + 1A G =9 DI 1)
if f' € Ly|a,b], andp,q>1wzth +7:1

IN
DN =

1/ 10,57, max 4 1K (9 (%) = 9)lljg.01,00 » 1K (9 — g (m)>||[z,b],oo}
if f' € Ly [a,b].

Proof. Using the identity (2.3) we have

Sk.gato—f (@) — 1[K(g(ac)—g(a))f(a)+[K(g<b)—g(vc))]f(bﬂ’
1
§§ (t)dt

i

<3 V 1K (g (z) =g (@) f (t)ldt+/m 1K (g(t) —g(x)) f' (t)|dt] ,

which proves the first inequality in (3.1).
By Holder’s integral inequality

d d 1/p d 1/q
/u(t)v(t)dt <(/ |u(t)|pdt> </ |v(t)|th>
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where p, ¢ > 1 with £ + 1 =1, and the sup-norm inequality we also have

[ K@ -5 wla
Miazpa i f' € Loo [a, 0],

1 l10,2),00 15 (g (2) =
< ||f/ aa:,p |K( () )” ;p]’q7 iff/eLp[aﬂb})
- 1fp,q>1w1th —|— =
if ' € Ly [a,b],

a,ﬂc],l ||K (g (‘x) )H a 3: ,00

11,

and

b
[ 1K@ - g@) s @ld
10w 1 (9 = 9 @)y 1S € Lo 018,

1 ey 1 (9 = 9 @)l .4 1 S € Lp [, 0]
1;

IN

1fp,q>1w1th1+7:

1 e y.2 15 (9 = 9 @)l 00 3 f" € La[a, 0],

which proves the second part of (3.1)
The last part follows by making use of the elementary Holder type inequalities
for positive real numbers ¢, d, u, v > 0

max {u,v} (c+d);
(32) wuc+wvd<
(u™ + Um)l/m (" + d")l/n with m, n>1, L

Remark 1. Since

/|k ) ds = K (t) fort € [0,00)

/ds

¥ b
;l/“ K (g (x —g(t))||f’(t)\dt+/ |K(9(t)—g(fﬂ))||f’(t)|dt]

;[/ Kig@) —o )\ 0@+ [ Ko (x))lf’(t)ldt]

[K(8)] =

then
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and by using a similar argument to the one in the proof of Theorem 2 we get the
chain of inequalities

(33 &%w@f@ﬂ—;M%M@—gwnfw%HKQﬂw—QWMfwﬂ
<1 V K (g () — 9 (1) I (¢ |dt+/ K (g (w))lf’(t)ldt]
[ ||[a,x],oo 1K (g (z) — 9)||[a,x},1 + Hf/“[z,b],oo IK(g—g (m))H[x,b],l
fo/ € L [@’b];
< 1) W VK0 @) = 9l + 15 ey HK(g 9 @)l 110
-2 sz’EL[ b, andp7q>lwzth +5=
1 W20, 1K (9 (2) = Dl ja,a),00 T 1 00,0 1K (9 = 9 (@)l 15,0),00
if £ € L [a,b],
1 e [ (9 () = 9) 01 + 1K (9 = 9 (2) ]
if ' € Lo [a,b],
1/q
<1 1 N [ (9 (2) = 9, 0y + 1K (9 = 9 @D 1]

if f' € Lyla,b], and p,qg > 1 with}%—ké:l;

Hf/H[a,b],lmaX 1K (g(z)—g)
if f' € Li[ab], .

e K (9= 9 @) g}

We observe that, by Holder’s integral inequality we also have

t tessup,eio [k (5)
(34) K@) = [ |k(s)|ds < »
0 B (folk()7ds) L pa> 1, b4l =1

{ t1Ello,am1,00 if K € Loo [0, M]

<
Nl Ay s R € L [0, M], myn > 1, L4 L =1
for t € [0, M], where M > 0.
We observe that
”kH 0,9(z)—g(a)], f )) |f/( )| dt
x
K (g(z) —g(®)[f @)|dt < . ,
/LL ||k|| [0,9(xz)—g(a)],n fa g( ))1/m‘f/ (t)‘dta
if m,n > 1, % %L =1

& 10.0(6)—g(ar).o0 Ju (9 (@) =g @) [f (8] dt

IN

%1100 -g(a.n ) >—g@»“mu%wMu
if m,n>1, -+

l
n
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and

. Hk”[o,g(b)—g(([)],oo ff (9 () —g (@) |f ()] dt

K —g(z ! d
[ K@) =g 0l < [l e 000 50 0
ifm,n>1, = —|— = 1

100060 —atan.co S (9.8) = g (@) 1 (1) dt

IN

I1+ll0.60)-g(a.n L2 =g @)™ ()] dt,
iftmn>1 = -+

1 _
n

where z € (a,b).
Using the first bound in (3.3) we then get, for instance,

(35)  [Skgrs S (@)~ 5K (9(2) ~ g (@) f (@) + [K (g (8) g (2))] f <b>]\
T b
<3 l/ K (g () — g (1)) |f’ <t>|dt+/m K (g(t) — g () |f (t>|dt]
||k“[0’g(aj)fg(a)],oo fam (g(z) —g@®)[f ) dt
1
=2\ Wl st J7 0@ =9 0)/" 1 0] d,
ifmmn>1, = + = =1
[LTp— oof (9.(t) — g (@) | (1)] dt
T2 1l -gcey nf () - g @)™ 1 (1) dt,
ifm,n>1, = + = = 1
Hk”[Og (b)— g(a)] 0
x (I g (ED1F (B)]dt+ [7 (9(5) — g (@) £ (8)]dt)
1
S 5 HkH[O,g(b)fg(a)],n
< ([ (9@ =g @)™ 1 Oldt+ [ (9 () — g @)™ £ (1) dt)
ifm,n>1, L4+1=1

13
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Observe that

x b
/ (9.(2) — g (D) (B)] dt + / (9(t) — g (@) | () dt

{ (g(x) —g(@) [T1f ®)dt+ (g ) [71f ()] dt

<

suptewf DI >>dt+supte[”|f O [2 (g (t) — g (x)) dt
(9(z) —g(a) [ If’ |dt+< 2) [P )] dt

SUDsefo.q) L (O] (9.(2) (2 = @) = [ g (8) ) dt
sy | O ([ g (@) dt = g (2) (b)) dt
max {g (z) — g (a) g (b) — g (x)} [} |f' (t)] dt

<
(9(2) 2z —a—b)+ [} g(t)dt— [ g (t) dt) supega | (1)

b)—g(a b)
(2052101 1 |g (z) — 22200 gy

(9() @x—a=b)+ [[ gt dt— [ g (t)dt) 1], -

We can state the following corollary that provides simple error bounds in terms
of the functions involved:

Corollary 2. With the assumptions of Theorem 2, we have

1

Skga+p-f (@) = 51K (9(2) — g(a)) f(a) + [K (g (b) =g (2))] f (b)]‘

1 (M =+ ‘g(x) - MD 1" a,51,1

(3.6)

< HkH[o,g(b)fg(a)]’oo

(9(2) (@ = =2) + 3 (S gt dt = 7 9 (1)) ) 1 oo

for x € (a,b).
Remark 2. If we take in the first branch of (3.6) x = My (a,b), then we get
b) —g(a a) +
61 [P g (L0590 L0+ 10)
1
< 700 =g (a)) [1kllio,4(5) - g(a)),o0 1 a,0,1 >
where Py g ot b f = Sk,g.a+.b—f (Mg (a,b)), while if we take x = “EL in the second

branch, then we get

+0b
Skga—i—b f(a )

G2 ) w252 o

a+b

1 b R
<3 11l 0,9(5)g(a)],00 (/m g (t)dt */a g(t) dt) 11l a,57,00

2

(3.8)
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Similarly, by using the second branch in (3.5), we have for m, n > 1, L +1 =1
that

(3.9)

Sk.g.at o[ (€)= % (K (9(z) —g(a)) f(a) +[K(g(b) —g(2)]f (b)]‘

* b
<3 V K (g ()~ g ()11 0] dt+ [ K(g(t)—g(w))lf’(t)ldt]

<

1 ® m
3 Wl gtrsion | (002 =g |f ()] e
1 b
1/m | pr
45 Wllogrgionn [ @0 =@ IF 0]

1
=35 15l 10,9(6)g(a)]
T b
x </ <g<x>—g(t))”m\f’<t>|dt+/ <g<t>—g<x>>”’"|f’<t>dt>

for x € (a,b).

Using Holder’s integral inequality for p, ¢ > 1, % + = =1 we have

1
q

x b
/ (9.(x) — g ()™ |1 (1) i + / (9.(8) — g (@)™ | () dt

(/a”” (9 (x) =g (£)""™ dt>1/p (/j I (t)|th>1/q
+ </: o0t dt) ’ (/b |/ (t)|th> )

-, b o\ 1/
_ [((/am(g(x)_g(t))p/mdt> /> n ((/x (g(t)—g(w))p/mdt> /) ]
q b Bk ! .
y ((/:U'(t”th) /q> + ((/I |f’(t)th> /) ]
_ ( / C(g(@) - g )"t + / o - g @y dt) N

X

T b 1/q
( / | ()] dt+ / If’(t)th>
b 1/p b 1/q
=< / |g<x>—g<t>|”/mdt) ( / f'(t)|th>
b 1/p
=< / |g<x>—g<t>|p/’"dt) 1 N

where in the second inequality we used the Holder’s elementary inequality (3.2).



16 S.S. DRAGOMIR

Therefore, we can state the following corollary that provided simple error bounds
in terms of the functions involved.

Corollary 3. With the assumptions of Theorem 2, we have

1
(3.10)  |Sk.g.a+s-f () = 5 [K (9 (x) —g(a)) f(a) + [K (g(b) — g ()] f (b)]
2
1 p/m
§Hk||[0g b) ga)]n |g | dt Hf ||[a b]q
for x € (a,b), where m, n > 1, %+%—1andp,q>1 =1.
If we take in (3.10) = M, (a,b), then we get the simple inequality
g()—g(a)\ f(a)+ f(b)
(3.11) |Prgarp—f — K ( 5 5
g(0) +9g(a)

p/m 1/p
—g(t) dt) 1 N1,

1 b
§ ||k||[0 g(b)—g(a)],n /u

Also, if we take m = p and n = ¢ in (3.10), then we get

1

5 K (9(@) —g(a)) fla) + [K (g (b) — g ()] f (b)]‘

1 b 1/p
SR YT —— ( / g(z)—g(t)dt> T

for z € (a,b), while from (3.11) we get

(g(b);g(a)) f(a)+f(b)’

2

(3.12)  |Skg.ar s f(z) —

(313) | Prga+s-f— K

1 b
< 5 I&llo,00)—gtan.a /a

4. EXAMPLE FOR AN EXPONENTIAL KERNEL

2

g (b) +g(a) e
f _g(t) dt ||f H[a,b],q

The above inequalities may be written for all the particular fractional integrals
introduced in the introduction. We consider here only an example for a general
exponential kernel that generalizes the transforms (1.16) and (1.17).

For «, 8 € R we consider the kernel k (t) := exp [(a+ 5i)t], t € R. We have

exp [(a+ fi)t] — 1
(a+ Bi)

K (t) = ,ifteR

for a, B # 0.
Also, we have
|k (s)] := |exp[(a + Bi) s]| = exp (as) for s € R
and .
K (t) :/ exp (as)ds = % if 0 < t,
0

for v # 0.
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Let f : [a,b] — C be an absolutely continuous function on [a,b] and g be a
strictly increasing function on (a,b), having a continuous derivative ¢’ on (a,b).
We have

@y et f@ =g [ elet s @ -g @) 0O

b
+%/L exp[(OéwLBi) (g(t)*g(fﬁ))]g’(t)f(t)dt

for x € (a,b).

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then we can consider the following
operator as well

42)  wtT,_f(2)

= En s (@)
. 1 z h(ﬂ?) a+pi B (t) b h(t) a+pBi % (t)
-2 Va (h(t)> h(t)f(t)dﬂ_/z (h(@) g )

for z € (a,b).
From the first part of (3.3) we have

(4.3) |EXH f(2)—

1 [{exp [(a+pi)(g(b) —g(@)] -1} f
2

(@) + fexp (0 + 8) (9 () — g ()] —l}f(b)”
(a + Bi)

L (7 [esp (el (@) —g ()~ 1],
g/[ ]|f (1)l dt

2 /ab {eXp (a(g(t) —g(2))) - 1}

1 !
+3 7 (@)t

for x € (a,b).
If we denote

saotBi a [
gg a+,b— f - ggz_fb f(Mg (a7b))

ST M [<a + Bi) (g(b);g() g <t))] g (0) f (1) dt

. /;g(a’b) e [(a+80) (90~ LL2D) [y p 0 ar
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then by (4.3) we get

s o[+ B) SO 1) 4 p
(44) gg,a+,b7 - (Oé—FﬁZ) 2
My(ab) [exp (a (202 _ g (1)) —1
= [ Al D), ]If’(t)dt
e erleoo )
v / s [ a I (0)] dt.
Assume that a > 0, then
||kH[O7g(b)—g(a)Loo = Se[oﬁgs(lg)ﬁig(a)] exp (as) = exp (a[g (b) — g (a)])
and by (3.6) we have
(45) |&a-f (@)=
1 {{exp [(a+p57) (g (b) — g (x))] =1} f (a) +{exp (e + Bi) (9 () —g(a))] =1} f (b)] ’
2 (a+ i)

3 (20529 4 |g () - 2O ) pry
<exp(alg ) —g(a)])
(o) (a— =52) + 5 (2@t — 790 at) ) [l

for x € (a,b).
In particular,
N g®)—g(a) | _
R ] (Gl e e WP A ORI A
' gratib= (o + Bi) 2

< iexp (arfg (0) = g (@)]) (g (B) = g () 1" lljq,0).1 -

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then by (4.6) we get

)\ *
wn e ) L@
hoab= (a+ i) 2

<3 GOY (2O 11
h,a+,b

Furthermore, for n > 1, a real number, we have

—_a+pBi . gatpi
where R _f=Enhatrp-r-

1/n

9(5)—9(a) _ _\Wn
1%l 0,90)—ga.n = (/O exp (nas) ds) = (eXp (nafy (%) — g (@) ) :

no
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Using the inequality (3.10) we have for «, 8 # 0 that

(4.8) |Egtd_f(x)—
1 {{exp [(a + 83) (9 (b) — g (2))] = 1} f (a) + {exp[(a + Bi) (9 (x) — g (a)] — 1} f (b)} ‘

2 (o + Bi)
1/p
1 fexp(na(g(d) —g(a)))—1 1/n p/m /
<35 ( ) [o@—gwr™a) 17,
forme(a,b),wherem,n>17 %*1andp,q>1 :1.
In particular,
g(b a
I s s RS AR A0
(49) <f:_(],a—‘r,b—fi (Oé+/82) 9
L1 (epmalgb) —g(a) —1)""
-2 no
b p/m p
g(b)+gl(a
g </ . 2 o) dt) e

If we take m = p and n = g with p, ¢ > 1, % + % =1, then by (4.8) we have

(4.10) |ESHPL_f (2) -
1 {{exp[(amz‘) (g(b) — g (@)] — 1} f (a) + {exp [(a + Bi) (g () — g (a))] — 1}f(b)”
9 (a + Bi)

1/p
< % <€XP (qo (g (b;a g(a) > (/ lg (z dt) Hf/”[a,b],q

and by (4.9) we get

R s e I T 20
(411) gg,a+,b—f_ (a—l—ﬂl) 2
<! (eXp<qa (96) — g (@) - 1)1”
-2 qo
"1g(b) + g () v
x /a 5 g(t)‘ dt [a.b].q
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