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OSTROWSKI TYPE INEQUALITIES FOR THE GENERALIZED
k-g-FRACTIONAL INTEGRALS OF ABSOLUTELY CONTINUOUS
FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let g be a strictly increasing function on (a,b), having a continu-
ous derivative g’ on (a, b) . For the Lebesgue integrable function f : (a,b) — C,
we define the k-g-left-sided fractional integral of f by

T
Staard @ = [ k@ -g0)g ©F Ot 2 € (0,1
a
and the k-g-right-sided fractional integral of f by

b
Stan-1 @) = [ K@) =g @) 011 O dt, 2 € [a,b)

where the kernel k is defined either on (0, 00) or on [0, co) with complex values
and integrable on any finite subinterval.

In this paper we establish some Ostrowski type inequalities for the k-g-
fractional integrals of absolutely continuous functions. Some examples for a
general exponential fractional integrals are also given.

1. INTRODUCTION

Assume that the kernel k is defined either on (0, 00) or on [0,00) with complex
values and integrable on any finite subinterval. We define the function K : [0, 00) —
C by

J3k(s)ds if 0 < ¢,
K () :=
0if ¢ =0.

As a simple example, if k (t) = t*~! then for a € (0,1) the function & is defined on
(0,00) and K (t) := 1t for t € [0,00). If & > 1, then k is defined on [0, 00) and
K (t) :== Lt® for t € [0,00).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g on (a,b). For the Lebesgue integrable function f : (a,b) — C, we define the

k-g-left-sided fractional integral of f by

A1) Sugarf @)= [ o@ g 0)g ()@ v (@l

and the k-g-right-sided fractional integral of f by
b

(1.2) Sego_t (@) = / k(g (1) — g (@) g (1) f (1) dt, = € [a,b).
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If we take k (t) = ﬁto"l, where T is the Gamma function, then
(13) Skgar! @) = 75 [ @ =g @01 g @ F (@)
= Ig f(2), a<x <D
and
1 b a—1 7
(1.4) Sk,gb-f (2) = F(a)/z lg () —g (@)™ g () f(t)dt

=1 f(x), a<x<b,

which are the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a, b] as defined in [23, p. 100]

For g (t) =t in (1.4) we have the classical Riemann-Liowville fractional integrals
while for the logarithmic function ¢ (¢) = Int¢ we have the Hadamard fractional
integrals [23, p. 111]

(1.5) HS, f(x) :_F(la)/; [111 (%)}“‘W(i)dﬂ 0<a<z<b

and

(1L6)  HY f(z) ;:1/: {m (tﬂa_l JWdt gt

I'(a) x t
One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals"” by

11—« x
(1.7) RY, f(z) = I‘f(a) / ; ft)(f)_;lttaﬂ, 0<a<z<b
and
(1.8) R® f(z) = v /b f®dt o pcn
U'(e) Jo (t—a)' "ttt

Also, for ¢g(t) = exp(Bt), 8 > 0, we can consider the "S-Ezxponential fractional
integrals"

p

(19) B pf@) = g [ e (5) - exp (01" exp (30) F (0

fora < x <band

b
(110) B @)= g [ e (50 - exp (3] exn (30) ] ()t
for a <z < b.

If we take g(t) = t in (1.1) and (1.2), then we can consider the following k-

fractional integrals

(1.11) Sk.atf () = /xk(x —t) f(t)dt, = € (a,b]

and

b
(1.12) Sko—f (z) = / k(t—=x)f(t)dt, z € [a,b).
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In [26], Raina studied a class of functions defined formally by
(1.13) Foy\ (z):= i _ok) || < R, with R >0
' PANIT T (pk+ )" ’

for p, A > 0 where the coefficients o (k) generate a bounded sequence of positive real
numbers. With the help of (1.13), Raina defined the following left-sided fractional
integral operator

(1.14) Ty rnarwl () = /‘"” (z — t)/\—l o (w(z—t)’) f(t)dt, z>a

where p, A > 0, w € R and f is such that the integral on the right side exists.
In [1], the right-sided fractional operator was also introduced as

b
(1.15) T o] (@) ::/ (t— o) F2 (w(t—2)) f (1) dt, = < b

where p, A > 0, w € R and f is such that the integral on the right side exists.
Several Ostrowski type inequalities were also established.

We observe that for k (t) = t>‘*1]-'g’A (wt”) we re-obtain the definitions of (1.14)
and (1.15) from (1.11) and (1.12).

In [24], Kirane and Torebek introduced the following exponential fractional in-
tegrals

o) TRfE)=

a

mexp{—l;a(w—t)}f(t)dt, z>a

and

(1.17) T f () :=;/:exp{—l;a(t—m)}f(t)dt,x<b

where a € (0,1).

We observe that for k (t) = éexp (—leo‘t) , t € R we re-obtain the definitions of
(1.16) and (1.17) from (1.11) and (1.12).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g’ on (a,b). We can define the more general exponential fractional integrals

(118)  To., f (x) ::;/xexp{—l_a(9($)_9(t))}9/(t)f(t)dt, z>a

a (0%

and

119) T f@ = [ bexp{_

where a € (0,1).
Let g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). Assume that o > 0. We can also define the logarithmic fractional integrals

(1.20) LG (2) = /T (9(x) =g (&) " In(g(x) — g (1) g’ () f (1) dt,

for0<a<z<band

(gt)—g (m))} g @) ft)dt, z<b

b

(1.21) Ly [ (2):= / (9(1) =g (x)* " In(g(t) — g (@) g’ (t) f (1) dt,

x
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for 0 < a <z < b, where o > 0. These are obtained from (1.11) and (1.12) for the
kernel k (t) =t LInt, t > 0.
For a =1 we get

(12)  Lpaef @)= [ W) =g @)g (0 (0 0<a<w<d
and
b
(1.23) Loy f(2) = / m(g(t)— g (@) g () f (B dt, 0<a<z<b
For g (t) = t, we have the simple forms
(1.24) Lo f(x):= /ﬂ” (z—t)*" 'In(z—t)f(t)dt, 0<a<az<b,
b
(1.25) Ly f(z):= / (t—2)* 'In(t—z)f(t)dt, 0 <a<xz<b,
(1.26) £a+f(q:)::/zln(w—t)f(t)dt,O<a<x§b
and
b
(1.27) Ly f(x) ::/ In(t—z)f(t)dt, 0<a<z<b.

For k and g as above, we consider the mixed operator
(1.28)  Sk,g,a+p—f (%)
= 5 Sk f (2) + Sk f (@)
- Mug(x)—g(t))g’(t)f(t)dt+/;k(g(ﬂ—g(x))g'(t)f(t)dt
for the Lebesgue integrable function f : (a,b) — C and z € (a,b).

We use the Lebesgue p-norms defined as

17l (e 1,00 7= essup [ (t)| < oo provided h € Lo [c, d]

C)

and

d 1/17
Wl = (/ |h(t)pdt> < 00 provided h € Ly [e.d], p > 1.
In the recent paper [20], we established the following trapezoid type inequalities
for absolutely continuous functions:

Theorem 1. Assume that the kernel k is defined either on (0,00) or on [0,00)
with complex values and integrable on any finite subinterval. Let f : [a,b] — C be
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an absolutely continuous on [a,b] and g be a strictly increasing function on (a,b),
having a continuous derivative ¢’ on (a,b). Then for any x € (a,b) we have

(129) Sk f () — 5 1K (9(2) — g(a)) f (@) + [K (90) 9 ()] f(b)]]
b
;V K (g(e) =g @)1 O]dt+ [ IK(g(t)g(w))llf’(t)ldt]
||le[a,z],oo 1K (9 (z) — g)”[a,m],l + Hf/H[z,b],oo 1K (g — 9(55))||[x,b],1
if /' € Lo [a,b] ;
L] g 1 0 ) = )y 1S iy 1 (9= 9 ) g
) iff’ELp[a,b],andp,q>1wzthp+a—1;
1 a1 159 @) = 9) e+ 18 N I (9= 9 @)
fol €Ly [avbh
1 aioe (1 (9 ) = )y + 1 (9 = 9 @)l )
fo/ € L [avb];
1/
< 1L 1My (1K (90 = 90y + 1K G0 = 0 @)
1;

if f' € Lya,b], and p,q > 1 with 1 +7:

1 g1 m2x I (9 () = D)oy I (9 = 9 ()i |
if f'' € Ly [a,b].

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [2]-[17], [21]-[34] and the references therein.

Motivated by the above results, we establish in this paper some Ostrowski type
inequalities for k-g-fractional integrals in the case of functions f : [a, b] — C that are
absolutely continuous on [a,b] and g a strictly increasing function on (a, b), having
a continuous derivative g’ on (a,b). In other words, we establish upper bounds for
the quantity

Skgatb-1 (%) = 3 K (g(b) = g(2)) + K (9 (2) —g(a))] f (2)|, = € (a,b)

when the kernel k is defined either on (0, 00) or on [0, 00) with complex values and
integrable on any finite subinterval, f : [a,b] — C is an absolutely continuous on
[a,b] and g is a strictly increasing function on (a,b), having a continuous derivative
g on (a,b). Some examples for a general exponential fractional integral are also
given.

2. SOME IDENTITIES FOR THE DUAL OPERATOR Sk g a5

Observe that, using the definitions (1.1) and (1.2) we have

b
(2.1) Stgsf (b) = / k(g () — g (£) g (1) f (t)dt, x € [a,b)
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and

22 Suef@= [ Ea®-9()g 07 Od o€ (ab]
Define also the mixed dual operator

(2.3)  Skga+i—f (@)
= % [Sk,g,z-‘rf (b) + Sk7g7w—f (a’)]

b x
—2M k(g(b)*g(t))g’(t)f(t)dwr/a k(g(t)—g(a) g (t) f(t)dt

for any x € (a,b).

Lemma 1. With the above assumptions for k, g and if f : [a,b] — C is absolutely
continuous on [a,b], then we have for x € (a,b) that

(24)  Skgarpf () = 1[K(9(b)— (z)) + K (g () —g(a))] f (z)

+ y/K dt—f)\/ K(g
o3 [ Ko —s@lr @ —as /K A= f o] de

for any A\, v € C.
In particular, we have the simple identity

(25)  Skgarp-f (@) = 1[K(g(b)— (@) + K (9(z) —g(a))] f(2)

o1 [ Kew g0 rwa-} [(Kio-s@ rwa

Proof. We have, by taking the derivative over ¢t and using the chain rule, that
(K (g(0) =g @) =K' (g(0) =g (1) (g(0) =g (1) =~k (g (b) — g (1)) ¢’ (1)
for t € (x,b) and
(K (g(t) = g(a))' = K'(g(t) = g(a)) (g(t) —g(a)) = k(g(t) = g(a)) g (t)

for t € (a,x).
Using the integration by parts formula, we have

b
(2.6) / k(g (b) — g (6) g (1) f (£)dt

for x € (a,b).
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= [ KGO -g@) s
KO- 9@ O~ [ K@b)-g(@)f O
K@) -g(@) f o)~ [ KO -g@) s @)

for any z € (a,b).
From (2.6) and (2.7) we have

b
(28) [ ra-gg @ @ as
—K(g0) - g(e) f @)+ [ Klg)-g(t)a

b
+/ K (g(b) — g (t)[f (t) — 7] dt

29) | ke -st@nd s
~K(g@) -9 @)@ -\ [ K- g
- [Ka@-g@©-Na
for any x € (a,b).
If we add the equalities (2.8) and (2.9) and divide by 2 then we get the desired

result (2.4). O

The above lemma provides several identities of interest, out of which we can
mention the following:

Corollary 1. With the assumption of Lemma 1 we have

(K (9 (b) =g () + K (g9(z) —g(a)] f (2)

N | =

(210)  Skgatsf (@) =
+% (/:K(g(b)g(t))dt[K(g(t) g(a))dt> f' (@)
+;/:K(g(b)g(t))[f’(t)f’(fﬂ)}dt
+§/;K<g<t> —g (@) [f (@) — f (1)) dt
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and

(K (g(b) =g () + K (g(x) = g(a))] f ()

N | =

(211)  Skgarsf () =
L0 [ Kew g1y [(Kigo s
o1 [ Kew g0 - ol
+3 [ KGO -g@)lr @~ 7wl

for z € (a,b).

If ¢ is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,bel as
b
Mf] (a,b) = g—l (g(a);—g( )) )
If I =R and g (t) =t is the identity function, then M, (a,b) = A(a,b) := b
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g(¢) = 1, then M, (a,b) = H (a,b) :=

%, the harmonic mean. If I = (0,00) and g (t) = t?, p # 0, then M, (a,b) =
1/p

M, (a,b) := (#)
g (t) = expt, then

, the power mean with exponent p. Finally, if I = R and

M, (a,b) = LME (a,b) = In (pgpfj ,
the LogMeanEzxp function.
Using the g-mean of two numbers we can introduce
(2.12) Prgati—f = Skgats—f (My(a,b))
1 b
T R I RO CRCL
Mgy (a,b)
1 Mgy (a,b) .
b3 [ ke -g@)g 05O

Using (2.4) and (2.5) we have the representations
213) Pt = 1 (P51 f a1, 00

1 b 1 Mg (a,b)
37 [ o KOO =g @) [T K g0 g @)

+1/ K (g(b) — g () [f' (t) — ] dt

2 Iy (ah)
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for any A, v € C and

(214) Pk’g’aJﬁb,f =K

N = 7N
Q

—

>

N—
[N}
Q

—~

S

S—

N~
-
—
=
—
o
>
N
=

‘We can also consider

(215) My garof

Using (2.4) and (2.5) we have the representations

(216) My gars_f

ko () () 5

b
+%Vﬂ+b (9.(b) - dt—f)\/ K (g(t) - g (a) dt
/ K(g(6) ~ g () /' (t) ] de
+§/ K (g(t) g (@) [\~ ' (1)

for any A, v € C and

(217) My garwf
o= (59) 1 (6559 )] (55

b atp
5 [ K@ -gO) Od—5 [T Ka®-g@) O

3. INEQUALITIES IN TERMS OF p-NORMS OF THE DERIVATIVE
We have:

Theorem 2. Assume that the kernel k is defined either on (0,00) or on [0,00)
with complex values and integrable on any finite subinterval. Let f : [a,b] — C be
an absolutely continuous on [a,b] and g be a strictly increasing function on (a,b),
having a continuous derivative g' on (a,b). Then for any x € (a,b) we have the
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Ostrowski type inequality

(31) [Segars S (@)~ 5 K (9() g () + K (9(=) ~ g(a))] £ ()
b T
<3 [/ K@® =) @ldt+ [ 1K @®-g() f <t>|dt]
||fIH[a,x],oo 1K (9—g (a’))H[a,x],l + ||f/||[m,b],oo 1K (g (b) — 9)||[x,b],1
if ' € Lo [a,b],
< 1) Il 1K (9 = g (a))llfa0y ot Hf’ll e, H (9 ) = Dz 4,4
-2 lff’EL[ b, p,q>1w2th +f=
17 oo 1K (9 = 9 @) g agoe + 17 g 1 (9 (B) = 9) 0o
if f' € Li[a,b],
1 e (1 (9= 9 @)y + 1K (9.0) = 9l 1)
if f' € Les [a, b ;
1/q
< L) 0 iy (15 (9= g @)y g + 1 (9 0) = D))
2 iff’GLp[a,b],andp,q>1wzth%+l:1

q

1 1 902 {1 (9= 9 (@) 1 (9 (0) = )y )
if f' € Ly [a,b].

Proof. Using the identity (2.5) we have

Sk.gatsf (@) = 3 K (g(b) —g(2)) + K (9 (2) — g(a))] f (2)

S% V |K<9<b>—9<t>>f’<t>\dt+/a K(g(t)—g(a))f’(t)ldt],

which proves the first inequality in (3.1).
By Holder’s integral inequality

d d 1/p d 1/q
/u(t)v(t)dt <(/ |u(t)|pdt> </ |v(t)|th>
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where p, ¢ > 1 with % + % =1, and the sup-norm inequality we also have

[ G0 -g@) £ 0l

1/l 1 (9 = 9 @)y 3 ' € Lo [, 1]

<V 1 laerp 1B (9 = 9 (@))llfa0,4 0 1 f7 € Ly [a, 0],
- ifp,q>lwith%+%:1;

1/l ey I (9 = 9 (@)l g 3 ' € L [a,8],

and

b
| 1K la®) - g®) f ]
10 1 (9.8) = 1 18 £ € Lic ],

<} 1l sp 1 (9 (0) = 9l q - 3 S € Ly a8,
= ifp, g>1with L+ 1=1;

1z 57, 15 (9 (B) = )l 0,00 1 S € Lafa, 0],

which proves the second part of (3.1).

The last part follows by making use of the elementary Holder type inequalities

for positive real numbers ¢, d, u, v > 0

{ max {u,v} (c+d);
(3.2) wuc+wvd<

(um + Um)l/m (c" + d”)l/n with m, n > 1,

Remark 1. Since

[K(8)] =

/Otk:(s)ds

g/o e ()] ds = K (£) for ¢ € [0,00),

then

b T
. U IK(g(b)—g(t))\lf’(t)ldtJr/a |K<g<t>—g<a>>||f’<t>dt]

b T
<: V Ko ® =g @Ilr O+ [ Ka®-g@)ls Wﬁ]

11
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and by using a similar argument to the one in the proof of Theorem 2 we get the
chain of inequalities

(33) [Segars s (@)~ 5K (0() ~9(2) + K (g(x) ~ g(a))] f (2
S;UNK s @I Olae+ [ K0 @nfwmﬁ
1 N fa,21,00 (9 = g (@)l {q,a1,1 + 120,00 1K (9 (B) = 9l 4,01
if f' € Log [a, 0],
L] 1 1K 0= 0 @)+ 17 1 1K (0 ) = Dl
—2) i f €L,a, ]p,q>1wzth + 3 L—1;
15 o V9 = @D+ 15 N T (9 (8) = Dl
i 1€ Lilab],

1o (1 (9 = 9 @)l a1+ 1K (9 (8) = D)1
if '€ Loo [a,b];

/ q l/q
1 o (1€ (9 = 9@l + K (9 6) D)
if ' € Ly [a,b], and p,q > 1 with L +%:1'

IN
DN | =

”f/H[a,b],lmaX 1K (9 —g(a))
if f' € Ly [a,b].

We observe that, by Holder’s integral inequality we also have

SN | PTO R

t tessup, o [ (5)

(34) K@) = [ |k(s)|ds < »
0 B (folk()7ds) L pa> 1, b4l =1

{ t1Ello,am1,00 if K € Loo [0, M]
<

Nl Ay s R € L [0, M], myn > 1, L4 L =1

1
for t € [0, M], where M > 0.
We observe that

||k‘|[07g(z)—g(a)],oo fam (9(t) —g(a))|f (t)|dt

| @@ =gl 0l < ¥l -t 5 60 96" 117 0t

(t)
ifmn>1 —+f:1

' m

&l 10.006)—g(a)].00 Ju (9 () =g (@) |f" (8)] dt

IN

1Elo o061 —g(a.n > g (@)™ | f ()| dt
if m,n > 1, =+

l
n
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and

Hk”[o,g(b)fg(aj)],oo f; (g(0) =g @) [f" )] dt

K d 1/m
/| OISOy stopn S (0(0) =g ()77 ()]

if m,n > 1, ——i-f—l

IN

[¥li0.6)-o(a 2 (g () = g ()™ | (1) dt,
ifm,n>1, -+~ 1

8

B

where z € (a,b) .
Using the first bound in (3.3) we then get, for instance,

1

(35)  |Skgars S (@) = 5K (9(0) = g(@) + K (9(2) — g (@) f (2)
b T
<3 V K(g(5) - g O)I17 <t>|dt+/ K (g () - g (a1’ <t>|dt]
100,001 —a(atco Jo7 (0 (0) = g (@) | (1)]
1
=2 Wkl g S (a0 =g (@) 0]t
ifm,n>1, = + 11
10 0.40) g1, oof (g (b) =g (1)1 (t)] dt
1
T3 [l g1 2 (0 ) = ()" 17 0]
if m,n > 1, E—I—%zl
1%ll10,9(5) g(a)] oo
xS g (&) = g @)1 ()] dt+ [ (9 (8) = g (0)) 1f (8)] ]
1
=3 ||k||0g<b) g(a)}
x [f a))”’" P @Oldt+ [2 (g (6) — g ()™ 1 (1)l dt]
if m,n > 1 = —|— % =

Observe that
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x b
/<g <>|dt+/ (9(5) — g (&) |f (1) dt
{ @) [71f (©)] dt + (g ( ) 1 ()] dt
supte[a . If S5 (g ()~ ga >>dt+supte[” P01 (g 0) - g ) dt
f P @) dt+ (g (b) — g (2)) [ 1F (1)) dt
SuDre o |F (O ([ 9 (8)dt — g <><x—a>)
a0 ( o) 09 )ck)
max {g (z ),9(b }f|f/ )| dt
) (b= ) = g(a) (= a) + [ g () dt = [ g () dt) supseio 1S (1)
g(b

\g i“’ﬂ)uf'nab
(g(b)(b—x)—g(a)(m—a>+ffg [ 9 @) dt) 1l .-

We can state the following corollary that provides simple error bounds in terms of
the functions involved:

Corollary 2. With the assumptions of Theorem 2, we have

(3:6)  |Sugars-f (@) = 3K () - 9(a)) + K (9(2) = 9 @) f ()
< 2 IEll -t on
(2052 1 |g (@) — 222 ),
{ (s®) - —g@ @ =a)+ [ o O dt = [ g (O)dt) 1 0
for z € (a,b).

Remark 2. If we take in the first branch of (3.6) x = My (a,b), then we get

e L)

< < (9®) =g (@) [1El 0,606 — g (a0 1 N a1 -

o~ =
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where F’k7g7a+,b_f = gk,g,a+7b_f (Mg (a,b)), while if we take x = “—*b in the second

branch, then we get

(38) | Migarof

A (o(77) o) el (7)) (57)

1
< 5 *llio,96)—gay,00

B " a;rb b
% (g(b)29() (b—a) +/ g (t) dt—/mg(t)dt> ||f/H[a,b],oo

Similarly, by using the second branch in (3.5), we have for m, n > 1, % +
that

1

S'k,g,a+,b—f () — 5

(3.9) >

[K (g (b) —g(2)) + K (g9(z) =g ()] f(2)

b T
g% V IK(g(b)—g(t))l\f’(t)ldﬂr/u IK(g(t)—g(a))lf’(t)ldt]
% 1%110,9(2) g @y / (o) — g @)™ I (1) at
1 b 1/m | pr
5 Wl -sion [ (0@ =g @) |7 @) s

< 5 ||k||[0,g(b)—g(a)]a”

x b
x [/ (g(t)—g(a))“’”|f’<t>|dt+/ (g(b)—g(t))”mlf’(t)ldt]

for z € (a,b).
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Using Holder’s integral inequality for p, ¢ > 1, 1% + % =1 we have

x b
/ (9.(x) — g ()™ | (1)) dt + / (g(8) — g (6)"/™ | (1))t

[ gy’ dt)l/p ( / I (t)th>1/q

/q

<

+

X
~ ~ 7 RPN

IN

/a

T b
</ (g(f)—g(a))p/mdwr/(g(b)—g( Mmdi) (/ If (¢t qut>

where in the second inequality we used the Holder’s elementary inequality (3.2).
Therefore, we can state the following corollary that provided simple error bounds
in terms of the functions involved.

Corollary 3. With the assumptions of Theorem 2, we have

(3.10) | Skgars—f (2) — ;[ (9 (b) —g(x)) + K(g(2) —g(a)] f (z)

1
=3 5l 10,6(6)g(a)],m

x b 1/p
x (/ (g(t)—g(a))”/””dtJr/ (g(b)—g(t))”/"”dt> 1 W a61.4

for € (a,b), wherem,n>1, L+ 1 =1.

_ 1.1
_1andp,q>17p+q
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If we take in (3.10) z = M, (a,b), then we get the simple inequality

(3.11)

y b)—g(a

Peyurn f— K (9(>29()) (M, (a,b))‘
1
5 ||k||[(),g (b)—g(a)],n

M, (a,b) b 1/p
X (/ (9(t) — g (a))P'™ dt+/ (g (b) — g (@)"'™ dt) 1 b

Mg (a,b)

Also, if we take m = p and n = ¢ in (3.10), then we get

(3.12)

Sk.gat st (@) 3 K (g(0) —g(2)) + K (9(2) —g(a))] f (2)

1
< 5 [Ello,.90)-g(a)1.0

x b 1/p
x<g<b><b—x>—g<a><x—a>+ / g (1) dt - / g(t)dt> 1 N1

for « € (a,b), while from (3.11) we get

(3.13)

Prgot = & (PO52D) po, ()

1 /
< 5 Ikllo,00)gaya 1 a0,
1/p

Mgy (a,b) b
X(Q(b)(ng(avb))g(a)(Mg(a,b)a)+/ g(t)dt*/ ( b)g(t)dt>

Moreover, if we take in (3.10) z = “;b, then we get

(3.14) ‘Mk,gﬁ o f

Al (1) w65 o (5)

15 1l0,9(5)—g(a)),n

a+b
4= b

1/p
X(/ (g(t)—g(a))p/mdt+[l+b (g(b)—g(t))p/mdt> 1 W00,

2

1 1 _ 1 1 _
Wherem7n>17E+;—1andp,q>1,5+a—1
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If we take in (3.14) m = p and n = ¢, then we get

(3.15) ‘Mk,g’ﬁ,b,f

Al () w65 (5]

Hk”[o g(b)—g(a)l,q

e s b 1/p
y (9“))29() (b—a) +/ g (t)dt — [M g(t) dt) 1 e b

2

4. EXAMPLE FOR AN EXPONENTIAL KERNEL

The above inequalities may be written for all the particular fractional integrals
introduced in the introduction. We consider here only an example for a general
exponential kernel that generalizes the transforms (1.16) and (1.17).

For a, B € R we consider the kernel k (t) := exp [(« + (i) t], t € R. We have

exp [(a+ Bi)t] — 1

KO == 8

,ifteR

for o, 8 # 0.
Also, we have

|k (s)] := |exp[(a + B1) s]| = exp (as) for s € R

and

t) —1
exp(at) =1y
o

K (1) :/Otexp(ozs)ds _

for a # 0.

Let f : [a,b] — C be an absolutely continuous function on [a,b] and g be a
strictly increasing function on (a,b), having a continuous derivative ¢’ on (a,b).
We have

b
@y il @ = [Cewlat s s0) - 9@y (0 O d

+ % / Cexp [(a+Bi) (g (t) —g(a)lg () f(t)dt

for x € (a,b).

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then we can consider the following
operator as well

(4.2) ﬁﬁ% f (@)
&J;Lﬁc:+b f ()
1 T h(t) a+p3i h/ (t) b h(b) a4+ h/ (t)
B V (i) awroes [ (56) h(t)f@)dt]’

for z € (a,b).
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Using the first part of (3.3), we have

(4.3)

Gotl, _f(x)

1 [exp [(a+ Bi) (g (b) — g (x))] + exp [(a + Bi) (9 () — g (a))] — 2} (@)
2 (a+ Bi)
b — j—
<L [ [erle® @) =1 0

. 7 [l —a@)=1]

for « € (a,b).
If we denote

Gotdl f=Gotlf (M (a.b))

1 b
—5 | ewlat 8 @® -9 @) @) O
Mgy (a,b)
1 Mg(a,b)
t3 [ ele 8 @0 —g@)d O f 1)

then by (4.3) we get

g(b)— g(a)
gotsi - exp [(a + Bi) £ } 1
s~ )

1 exp(a(g(0) —g(t) — 11, .
= /M (a,b) [ «Q } I (&) dt

2
L M@ fexp (a(g () — g (a) =17,
+*/a { ]|f (t)| dt.

(4.4)

f (Mg (a,b))

Assume that a > 0, then

15l 0.00) g0 =  Sup exp (as) = exp (a[g (b) — g (a)])
s€[0.9(6)—a(a)]

and by (3.6) we have

(45) |GoH f (@)
L [eolet 8060 ~g@l e llar s (o(a) s @ =2] 1,
2 (a + Bi)
< %exp (afg (b) — g (a)])
(20599 4 |g () — L@ gy

(90) 0 =2) = g(@) (@ —a)+ [ g(t)dt = [} g (8)dt) '] 011,00
for z € (a,b).
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In particular,

s exp [(Ox + Bi) !](b)gg(a) 1
4. « 1 _
( 6) gg,a—i—,b— (Ot +BZ)

f (Mg (a, b))

< 1o (alg ()~ g (@)]) (9 6) ~ 90)) 1701

If g =Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then by (4.6) we get

h(b) a+fi
(h(a)) -1

(a+ pi)

(n) [HE p o 7 (M (a,b))

) 1 () 1

~—

- ot-Bi — gothi
where Hj, Wy f =G S
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