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NEW HERMITE-HADAMARD TYPE INEQUALITIES USING
THE RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL

LOREDANA CIURDARIU

ABSTRACT. Several new inequalities are presented in this papers, as a con-
tinuation of the results given in previous papers, concerning the Hermite-
Hadamard type inequalities for fractional integrals and for fractional integral
operators. Thse results are established using four integral identities for n-time
differentiable functions.

1. Introduction

The classical Hermite-Hadamard’s inequality has been considered very useful
in mathematical analysis being very intensely studied and generalized by many
authors, like [28, 10, 9, 13, 1, 17, 21, 29, 15] and the references therein.

Many papers study the Riemann-Liouville fractionals integrals and give interest-
ing generalizations of Hermite-Hadamard type inequalities using these kind of inte-
grals, see for instance [12, 11, 13, 14, 15, 22, 19, 21, 17, 28, 29, 30, 31, 32, 24, 34, 3].

We will begin now by recalling the classical definition for the convex functions
and then the definitions for other kind of convexities.

Definition 1. A function f: I C R — R is said to be convex on an interval I if
the inequality

(1) fltz + (1 =t)y) <tf(x)+ (1 —1)f(y)
holds for all x,y € I and t € [0,1]. The function f is said to be concave on I if the
inequality (1) takes place in reversed direction.

It is necessary to recall below also the definition of fractionals integrals, see
[12, 14, 13, 22, 23, 30] and then the definition of fractional integral operators. For
other type of convexity see also the papers [25, 20]. The definition of s-convex
function in the second sense was given in Breckner’s paper [4] and the definition of
s-convex functionin the first sense was introduced by Orlicz in [27].

Definition 2. A function f :[a,b] = R is said to be quasi-convex onl [a,b] if

f@tx+ (1= t)y) <sup{f(z), f(y)}
holds for all x,y € [a,b] and t € [0,1].
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Definition 3. A function f : I — R is said to be P-convex on [a,b] if it is nonneg-
ative and for all x,y € I and X\ € [9,1]

[tz + (1 —t)y) < f(z) + f(y).

Definition 4. A function f: I C Ry — R is said to be s-convex in the first sense
on an interval I if the inequality

fltz+ (1 =t)y) <t flz) + (1 —1")f(y)
holds for all x,y € I, t € [0,1] and for some fized s € (0,1].

Definition 5. A function f : I C Ry — Ry is said to be s-convex in the second
sense on an interval I if the inequality

fltz+ (1 =t)y) <t°f(z)+ (1 —1)°f(y)
holds for all x,y € I, t € [0,1] and for some fized s € (0,1].

Definition 6. A function f : I C Ry — Ry is said to be s-Godunova-Levin
functions of second kind on an interval I if the inequality

flta+ (1= 1) < 2 1@)+ = W)

holds for all x,y € I, t € (0,1) and for some fized s € [0, 1].
It is easy to see that for s = 0 s-Godunova-Levin functions of second kind are
functions P-convex.

The classical Hermite-Hadamard’s inequality for convex functions is

(2) f<a;b><bia/abf(x)dx<f(a);f(b).

Moreover, if the function f is concave then the inequality (2) hold in reversed
direction.

Definition 7. Let f € L{a,b]. The Riemann-Liowville integrals J%, f and J" f of
order a > 0 with o > 0 are defined by

S f(@) = g [ o= 0" 0 2> a

and

b
T 1@) = g [ =2 <,

respectively, where I'(t) is the Gamma function defined by T'(a) = [ e "t~ dt
and JO, f(2) = J2. [(x) = f(2)
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It is well-known that the beta function is defined when a,b > 0 by

R(a,b) = 11:((2)_1;_(2)) = /0 (1 — ¢)b et

The following class of functions defined formally by

z)= ;%x (0. A 0; |2] < R),

where the coefficients o(k), (k € N = NU{0}) is a bounded sequence of positive
real numbers and R is the set of real numbers, as in [24], was introduced in [33] and
was used for giving in [3] the following left-sided and right-sided fractional integral
operators from below:

Fopar?)@) = [ o= 0 F e = 071l (@ > 0> 0),

and

b
(T 5 ) (@) = / (t— o)1 F [w(t — 2))p(d)dt, (0 <z <b),

where p,A > 0, w € R and ¢(t) is such that the integral on the right side exists.
There are new integral inequalities for this operator, seet [24, 3, 34] and references
therein.

It is important to mention that for example the classical Riemann-Liouville frac-
tional integrals J, and J;* of order a were obtained by setting A = «, o(0) =1
and w = 0 in previous integrals.

We recall below two identities given in a previous paper. In their demonstrations,
the integration by parts and the induction will be used.

The following result is a generalization of Lemma 1 from [6] for fractional integral
operators for functions n-time differentiable.

Lemma 1. Let f : [a,b] = R be an n-time differentiable mapping on (a,b) with
0<a<b A>n—1z¢€ (a,b) and t € [0,1]. If f™ € Lla,b] then the following
equality for generalized fractional integrals holds:

/ AT s [w(z — a)? 1 f ) (tz + (1 — t)a)dt+
0
1
+/ (1= ) FS s [w(b — )P (1 — )1 f M (th + (1 — t)z)dt =

=Z{ CU B ol = 0] = e P saliols = 210D o)+

1

(-1 o (Facwrarad) 0

+m (J"A 1, ,wf) (a)+(b

Next result is a generalization of Lemma 4 from [5] for fractional integral oper-
ators for functions n-time differentiable.



4 LOREDANA CIURDARIU

Lemma 2. Let f : [a,b] — R be an n-time differentiable mapping on (a,b) with
0<a<b A>n—1,z¢€ (ab) andt, r €[0,1]. If ) € L[a,b] then the following
equality for generalized fractional integrals holds:
1
/0 t)‘fg)\ﬂ[w(l —r)’(z— a)”tp]f(") (t(ra+ (1 —7r)z)+ (1 —t)a)dt+
1
—|—/ (1- t)A.F;,\H[wrp(x —a)P(1=t)°lf™ (tz + (1 —t)(ra+ (1 — r)z))dt+
0

+ /1 t/\Fi)\H[w(l — )P (b— z)PtP) ) (t(rz 4+ (1 — r)b) 4 (1 — t)z)dt+
0

+ /1(1 — ) F i [wrf (b — )P (1 — )P f ™ (b + (1 — ) (rz + (1 — 7)b))dt =
0

_ 3 GV St (1)

(1 — ’I")k { (:E — a)k p,)\fk+2[w(1 - T)p(x - a)p]+

SOz (=)

(b—x)* oa—kpe(w(l —7r)P(b—z) |}~
n (n—k) ra P
_Zrik{f ((x _"‘a()i ) )fgl\_kﬂ[wrp(x_a)p]_’_
k=1

(_1)n o
H i = ot TeaentLirat1-ne)-wf ) (@)

1 o
+7,A+1(x — ai))d»l( p,)\—n+1,(ra+(1—r)z)+;wf)(‘r)+

(=n"

Fa o =t ea-ntn et a-np ) (@)

1 4
+W( p,)\—n+1,(rr+(1—r)b)+;wf)(b)'

In this paper the two new identities given above will be used below for several ap-
plications, like Hermite-Hadamard type inequalities for functions whose the n-time
derivative iin absolute value of certain powers satisfies different type of convexities
via Riemann-Liouville fractional integral operators and via fractional integrals.
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2. New Hermite-Hadamard type inequalities for fractional integral

Next inequalities are satisfied for different type of convexities, but this time
we used Lemma 1 or Lemma 2, see [7], modulus properties and the definition of
convexities with the inequality from the proof of Theorem 1 from below.

Proposition 1. Let n € N* and f: I C R — R be o function such that ™ exists
on the interior I° of an interval I and t f™ € Lla,b] with a,b € I°, 0 < a < b. If
|19 is convex on [a,b] for some fived q > 1, where % + % =1 then the following
inequality takes place:

n _1)k—1
[I(f,z,a,b,a,n)| = |Za(a—l)...(a—k—i—?)f("_k)(x) ( (=1) - ! k1> +
=2 )

(r—a)1 (b—z

+T (o + 1)[%@‘"*%(@ + ﬁJ;": ") <

q

| @) -0 (A @i+ @)

(@+1)7(a+2)7

1

<
- a+1

{(e—a) (W) ()] +

Proposition 2. Letn € N* and f: I C R — R be o function such that f") exists
on the interior I° of an interval I and f € Lla,b] with a,b € I°, 0 < a < b.
If | f0|9 is quasi-convex on [a,b] for some fized ¢ > 1, where % + % =1 then the
following inequality holds:

— - n— (_1)k71 1
[I(f,z,a,b,a,n)| = |kz::204(a—1)...(oz—k+2)f( R () <(x TR (b x)k1> +
(_1)n a—n 1 a—n—+1
+r(a+1)[me, +1f(a)+WJz+ )] <
< %H{(x —a)sup{|f™ (@), £ (@)[} + (b —a) sup{| F " B)], |f ™ (@)[}}

Proposition 3. Let n € N* and f: I C R — R be o function such that f") exists
on the interior I° of an interval I and f(”) € Lla,b] with a,b€ I°, 0 <a<b, \ €
(0,1), = € [a,b]. If |f™]9 is P-convex on [a,b] then the following inequality holds:

1 1

‘I(f7x’a7b7>\’a7n)‘§ 1 1
(a+1)F (a+1)F

{A=N(@=a)(|f™ (Aa+(1=N)2)| "+ f ™ (a)|") 7+

Az — a)(|f @)+ | F (A + (1= N)x)|9) 7+
H(1 = A6 —2)(|f™ Oz + (1= A)b)[T+ [ £ (2)|7) 7 +
FAD = 2)([ S B+ [ e+ (1= A)b)|9) 7},

where o >n — 1.
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Proposition 4. Let n € N* and f : I C R — R be o function such that f") exists
on the interior I° of an interval I and f € Lla,b] with a,b € I°, 0 < a <b, A\ €
(0,1), = € [a,b]. If |f™|9 is quasi-convex on [a,b] then the following inequality
holds:

Z(f.,.b A am)] < o (1= e = @) sup{lf7) (a + (1= M) 117 (@)} +

+A(z — a)sup{|f ™ ()], [ £ Aa + (1 — N)z)[}+
H(1 =N (b —2)sup{| " Az + (1 = \b)], | £ (2)[}+
+A(b — z) sup{|f™ B)], [£™) Az + (1 = N)b)[}},

where ae > n — 1.

Theorem 1. Let n € N* and f : I C R = R be o function such that f) exists
on the interior I° of an interval I and f € Lla,b] with a,b € I°, 0 < a <b, A €
(0,1), € [a,b]. If |f™|9 is s-convex in the first sense on [a,b] and a > n — 1.
then the following inequality takes place:

1 1
IZ(f,z,a,b,\,a,n)| < m{(l = Az — a)[m

£ (@)|9)7 + Az — a)[Bla+ 1,5 + 1) £ (2)|9+

17 (a+ (1= N)a)| 1+

(a+1D(a+s+1)

+

+(a—1i—1 —Bla+1,5+1)[f™(Aa+(1 7)\)z)|q]§+
HU= N =D O+ 0= OO+ e @+

E

+)\(b—x)[B(0¢+1,s+1)|f(")(b)|q+(%+1—B(a+1,s+1))\f(")(/\x+(1—>\)b)|q] )

Proof. From Lemma 2 see [7] and properties of modulus we have,

[I(f,z,a,b,\,a,n)| < (1—X)(z— a)/o ) fM (t(Na+ (1 = Nzx) + (1 — t)a)|dt+

e (1= 0 4 (1= a1 — N di+

1=\ (b—2) /01 11O (O + (1 — A + (1 — £))|di+

+A(b — ) /01(1 — ) f ™ (th + (1 — t)(Ax + (1 — A)b))|dt.

Then we obtain,
|I(f7$7aaba )\,a,n)| S

<(1-=X(z—a) </01 t“dt)p (/01 ta|f(n)(t()\a+ (1-Nz)+(1 t)a)|th>é+

1
q

FA(r—a) (/01(1 - t)adt); (/01(1 — M (b + (1= ) (Aa + (1 — )\)x))|dt) 4

q

+(1 =N\ (b—1x) (/01 to‘dt); </01 ) f ™tz + (1= N)b) + (1 — t)a:)dt) +
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</ (1—1)° > (/01(1t)“|f(")(tb+(1t)()\w+(1A)b))|dt>q§

< (a+1)%{( )(a:—a)[/o 151 (Aa+ (1= N)2)|? + (1 — )] £ (a)|9)dt] +

A - a)] / (L= (1M @) + (1= )] a4+ (1 — Na)|9)de] i+

0

+(1—/\)(b—x)[/0 (™ A+ (1= NB)|7 + (1= 1) £ ()] )de] 1 +

+A(b—w)[/0 (L= f M ®)) + (1 =)D O + (1= Nb)|)de] ).

By calculus taking into account of the properties of function Euler beta we obtain
the desired inequality.
|

3. Hermite-Hadamard type inequalities for fractional integral operators

We also obtain using Lemma 1, the following results for n-time differentiable
functions whose absolute value is convex via fractional integral operator. These
new inequalities improve results from [8], Theorem 1, 2 and 3.

Theorem 2. Let f : [a,b] — R be an n-time differentiable mapping on (a,b) with
0<a<b A>n—1,x¢€ (a,b) andt € [0,1]. If f™ € L[a,b] and |f™)| is convex
on (a,b) then the following inequality for generalized fractional integral operators
takes place:

n Feo slw(z —a)?]  FIy\_iolw(b—x)?
D e e . — =¥

(-1 G (Tl 01 <

W(joA il wf) (a)+(b
< FRalw(@ = a)’ )| f (@) + F5 o [w(z — o)) ) (@) +
S [w(b = 2)°)| F (@)] + F3p fw(b — )7 ™ ()],

o (k)
A+ pk+2’

_|_

where

a(k)
A+ pk+ 1) (A +pk+2)

0'2(]41) =
and p, A>0, weR.

o3(k) =

Proof. Using the properties of modulus, Lemma 1 and that | f (") is convex function
we get:

n Fe SJJw(xz —a)? FO s paolw(b—x)?
e packiste O Tiackealt 0y

1

+($(_ 3H1 (jfu 1o ,wf) (a) + T (J"A ot wf) (b)] =

— L+ < / MNET s (e — a)t) {0t + (1 — t)a)|di+
0
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1
+ / (1= 0P F2 (b — 1) (1 — )] f ™ (th + (1 — t))|dt <
i g |w| r — CL)Pk |f(n)(x)| /1 t>‘+pk+1dt + ‘f(n) (a)| /1 t)\+pk(1 _ t)dt 4
=0 F pk) + )\ + ) 0

= o (k)|w[*(b fpk (n )\+k n) ,\+ k41
BT (1o [ - o [0,

k=0
From here by easﬂy calculus we get the desired inequality. We mention that for the
integral, fo t)**P*tdt we changed the variable 1 —¢ and denoted by u and then
the compute the new integral obtained.
|

Theorem 3. Let f : [a,b] — R be an n-time differentiable mapping on (a,b) with
0<a<b A>n—1,z¢€ (ab), s€(0,1] and t € [0,1]. If f™ € L[a,b] and | f™|
is s-convetz in the second sense on (a,b) then the following inequality for generalized
fractional integral operators takes place:

- Jw(r —a)f]  FJ\_piolw(b—x)?
D e . =¥

(x(—_cltir;“ (jg’\ ntle” ’wf) (a) + (b— 1)A+1 (‘TTA n1,at; wf) (0)] <
< Friilwl@ — a)?]| f™) (@) + F i [w(z — o)) £ (a) [+
+F 5 w(b — )P F )] + Fp s (b — 2)7| £ (@),

o(k)
- 7 s(k) =0o(k)B 1, 1
N kst o5.s(k) =c(k)B(s+ 1, A+ pk + 1)

and p, A>0, weR, se (0,1 and B(.,.) is Euler beta function.

+

where

0'4,3(/{) =

Proof. We use the same method as in Theorem 2, but this time we apply the
definition of s-convex function in the second sense. |

Theorem 4. Let f : [a,b] — R be an n-time differentiable mapping on (a,b) with
0<a<b A>n—1,z¢€ (a,b) andt,r €[0,1]. If f™ € L[a,b] and |f™| is convex
on (a,b) then the following inequality for generalized fractional integral operators
takes place:

(n—F) —r)x
‘Z f (ra+(1—-r)x)

(x —a)k oa—ktelw(l =) (z —a)’]+

f(””“) (re + (1 =1)b) -,

" (b—x)k oa—kp2lw(l —7)?(b—x)°]}—
n (n—k) ra A

,Z rik{f ((x _Jra()lk ) )]-‘ak peolwr?(z — a)?]+
k=1
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(=D"

+ (1 — ) (z — a) 1 (‘7;:/\—n+1,(ra+(1—r)w)—;wf)(a)+

1 o
+W(j A—n+1,(ra+(1—r)z)*; wf)(x)_F

(=D"

+ (1 _ 7“)>‘+1(b _ x)A""l (jUA n+1,(re+(1—r)b)~ f)(:c)+

+W(70A 1, (rat (1= ) (0)] <
< Faal(t =) (z = a)w][f™) (ra + (1 = r)a)|+
+ 73 (1 =) (@ = a)w]| [ (a)| + F74 4 [ (2 — a)Pw] [ f™) (z) |+
+F73 [ (z = a)Pw] | f) (ra + (1 = r)a)|+
+HFS [(L=r)P(b=2)Pw]| ) (ra+ (L =r)b) [+ F3 1 [(L=7)P (b= ) w]| ) () [+
+FF7S [ (0 = 2)Pw] ™ (0)] + F 3 [P (b — 2)Pw] f7 (ra + (1 = 1)b)],

where
o(k)
A+ pk +2’

o(k)
AN+ pk+ 1) (A + pk+2)

o2(k) =

and p, A>0, wekR.

0'3(k’) =

Proof. We use the same method as in Theorem 2, we shall apply Lemma 2 and the
definition of the convex functions. I

We will present below two new Hermite-Hadamard type inequalities for functions
whose n-order derivative absolute value are s-convex in the second sense, using the
Riemann-Liouville fractional integral operators, which generalize inequalities from

[6] and [5].

Theorem 5. Let f : [a,b] — R be an n-time differentiable mapping on (a,b) with
0<a<b A>n—1,2¢€(ab), sc (0,1 andt € [0,1]. If f™ € L[a,b] and |f™|2
is s-convez in the second sense on (a,b), ¢ > 1, with % + % =1, then the following
inequality for genemlized fractional integral operators takes place:

\Z{ Fonwialioe = 0] = s P ol = )11 )+
+(.’E(—_611§/\+1 ( ;;T,)\fnJrl,:c*;wf) (CL) + m ( ;,)\771+1,1:+;wf) (b)| <
- <s+11>{f o5 lw(@—a) )£ @) |7 £ (@) 4-F S (=) 1 )+ ()] 7}
where

)

o(k)

og(k) = ———+
(A + pk)p + 1] 7

and p, A >0, weR.
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Proof. By Lemma 1, we obtain:

\Z{ STkl @ = 0] = G o (b= 2) PO @)+

—1)" 1
+(x(a§>‘+1 ( o A—nt1, z*;wf) (a) + (RO ( ;:A—n+1,x+;wf) ()] <
g/ PFS (e — a)?t7]| £ bz + (1 - £)a)|di+
0
+ / (1= P Fo s [w(b — 2)P(1 — )| ™) (b + (1 — b)) dt

0o p k _ k 1
<> (ﬁzp?fi +¢3” /0 PR (b 4 (1 — t)a) i+

— o (k)w|*(b—=z)* ! o n
+kzzo T /0(1—t) EEN £ (1 4 (1 — b)) dt.

From Holder’s inequality and then by s-convexity of | f(™ |7 we get:
| Z{ o Fon ralole 0] = G B ialuls = 2O P )
T 1; (J"A winewd) @+ G (Toainennd) 0] <
+ f: Z ﬁ()[';:i(i:r?pk (/01(1 - t)(pHA)pdt); </01 |F™ b+ (1 — t)x)l%)é <

)

— o (k)|w|*(z — a)* 1 1 s () ()[4 0O ()91

< T T e TEL @ a0 @pals
)

k=0
00 k' |w| b )Pk 1 1 o) , el ) (g :
+k20 L(pk+A+1) [P()\+,0k)+1]117[/0 ETOF + @ =7 @)t

By calculus we find the desired inequality.
|

Theorem 6. Let f : [a,b] — R be an n-time differentiable mapping on (a,b) with
0<a<b A>n—1x¢€ (ab), s € (0,1 and t € [0,1]. If f™ € Lla,b] and
|f(M]9 is s-convex in the second sense on (a,b), ¢ > 1, %Jr% =1, then the following
inequality for genemlz’zed fractional integral operators takes place:

\Z{ i kialule —a)fﬂ—ﬁm eralw(® — 2P} F 0 (@) 4

1

+(:U(—_c11§2+1 ( ‘;T‘)‘fnJrl xf'wf) (a) + W ( pcfkfn+1,a:+;wf> ()] <

< Foialw = a)’ T+ Fo55 w(b — 2)7]
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, where

orak) = — 1B A kst 1)) (@) 4 Bk 1, 5] ()| 9]
(A+pk+1)7

oss(k) = o(k) [BOA+pk+1, 54+ 1) £ (5)[ 94+ B(1, A+ pk+s-+1)| £ ()] 7

N
A+ pk+1)»
and p, A >0, wekR

Proof. From Lemma 1 and properties of modulus, like before we get

\Z{ Fonkialine = 0] = s P ol = )11 )+

1

(-1)" = (Trwinaswf) O <

T ot (Forirof ) (@) + C

ia Y|wl® x—a)pk/l k+A[ p(n)
tPREA ) (tr 4+ (1 — t)a)|dt+
=0 Fpk+ 0

A+1)
+§: O’(k |'LU‘ )pk /1(1—t)pk+)\|f(n)(tb—|—(l—t)x)dt
= T(pk+ )\ +1) o ’
Now, using power -mean inequality and s-convexity of | f(™)[4, we have,
1 g n—
\ Z{ p oA~ k+2[ w(z —a)’] - m}—py)\fhﬂ[w(b - f)p]}f( k)(x)+

1

(x(__liw (Tormreromud) @+ Ggmer (Facwerond ) O] <

1 1
oo O’ |w| )pk </1 i >p </1 . q
PR A PR ) (b + (1 — t)a)|%dt ) +

= o(k)wlf (b —a)* S ) q
+,§ T(pk+A+1) (/0 (1-=1) kﬂdt) (/O (1= )R O (th + (1 — t)a)] dt)

1

oo U(k)|w‘k($—a)9k 1 1 Atpk (5] £() (1) ]9 O£ (g)|e L
) il O @ -0 @+

+

o(k)wlt (b~ z)t 1 / - .
L= MR (5] £ (B)|74-(1—8) | £ () |9) dlt] 5.

2 ok + A+ 1) ()\+pk+1)%[ (A=) PR () [T+ (A=) | f7 ()] ) dt]

By easy calculus we establish the desired inequality, using the properties of function

Euler beta.

|

+
WK

Q=
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