Received 12/08/17

FURTHER INEQUALITIES FOR THE GENERALIZED
k-g-FRACTIONAL INTEGRALS OF FUNCTIONS WITH
BOUNDED VARIATION

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. Let g be a strictly increasing function on (a,b), having a continu-
ous derivative g’ on (a,b) . For the Lebesgue integrable function f : (a,b) — C,
we define the k-g-left-sided fractional integral of f by

xT
Staar @ = [ k@ -g(0)g O Odt, 2 € (0,1
a
and the k-g-right-sided fractional integral of f by

b
Stan-1 @) = [ K@) =g @) 011 O dt, 2 € [a,b)

where the kernel k is defined either on (0, 00) or on [0, co) with complex values
and integrable on any finite subinterval.

In this paper we establish some new inequalities for the k-g-fractional inte-
grals of functions of bounded variation.Examples for the generalized left- and
right-sided Riemann-Liouville fractional integrals of a function f with respect
to another function g and a general exponential fractional integral are also
provided.

1. INTRODUCTION

Assume that the kernel % is defined either on (0, 00) or on [0, c0) with complex
values and integrable on any finite subinterval. We define the function K : [0, c0) —
C by

Jik(s)ds if 0 < ¢,
K (t) :=
0ift=0.

As a simple example, if k (¢) = t*~! then for o € (0,1) the function k is defined on
(0,00) and K (t) := 1t for t € [0,00). If a > 1, then k is defined on [0, 00) and
K (t) :== 1t® for t € [0,00).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g on (a,b). For the Lebesgue integrable function f : (a,b) — C, we define the

k-g-left-sided fractional integral of f by

(L1) StaarS @)= [ Ko@) =g @) (0 (0)dt, v € (a0
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and the k-g-right-sided fractional integral of f by
b

(1.2) Sk,gp—f (2) =/ k(g(t)—g(2)g () f{t)dt, x € [a,b).

If we take k (t) = ﬁto‘*l, where I' is the Gamma function, then
(13) Skgard (@) = s [ @ =g @01 g (0 F (@)
=1, f(2), a<x <D
and
(1.4) Stai 1) = g [ 90~ 9@ g @) F 0
: k,g,b— x_F(OZ) . g g\z g

—Ip @), a<a<b,

which are the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a, b] as defined in [23, p. 100].

For g (t) =t in (1.4) we have the classical Riemann-Liouville fractional integrals
while for the logarithmic function ¢ (¢t) = Int we have the Hadamard fractional
integrals [23, p. 111]

(L5)  HEf(@) = 1/; n (5)]" LY g caca <

I'(a) t t

and
(1.6) H"‘f(x)'_l/b (L BRI 0<a<z<b

' b= o I'(a) J, T t ’
One can consider the function g (¢t) = —t~! and define the "Harmonic fractional
integrals” by

e f(t)dt

1.7 Ry f(z) = / ,0<a<2<b
( ) + ( ) F(Oé) " (:L-ft)lfatOHrl
and
(1.8) Ry f(x)~—x1a/b St 0<a<z<b

' TN ), e '

Also, for g (t) = exp (Bt), § > 0, we can consider the "3-Exponential fractional
integrals”

(L) B f(x) = Ffa) / " fexp (B) — exp (88)]" " exp (B1) f (1) dt,

fora < x <band

b
(110) B f(e) = s [ lexn(80) - exp (8] exp (51) £ ()
for a <z <b.

If we take ¢g(t) = ¢ in (1.1) and (1.2), then we can consider the following k-

fractional integrals

(1.11) Skatf () = /Lk(x —t) f(t)dt, z € (a,b]
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and
b
(1.12) Sep—f(x) = / kE(t—2x)f(t)dt, = € [a,b).
In [26], Raina studied a class of functions defined formally by
. 7 = _— th
(1.13) o () k.:OF(Pk"‘/\)x , || < R, with R >0

for p, A > 0 where the coefficients o (k) generate a bounded sequence of positive real
numbers. With the help of (1.13), Raina defined the following left-sided fractional
integral operator

(1.14) Tgrnarwl () = /m (x— t))‘_1 o (w(z— ) f(t)dt, > a

where p, A > 0, w € R and f is such that the integral on the right side exists.
In [1], the right-sided fractional operator was also introduced as

b
(115) Ty d @)= [ -2 T E it 2)) O < b

where p, A > 0, w € R and f is such that the integral on the right side exists.
Several Ostrowski type inequalities were also established.

We observe that for k (t) = t* ' F7 , (wt”) we re-obtain the definitions of (1.14)
and (1.15) from (1.11) and (1.12).

In [24], Kirane and Torebek introduced the following exponential fractional in-
tegrals

o) TEi@e s [

a

xexp{—laa(x—t)}f(t)dt, r>a

and

(1.17) T f () :=;/:exp{—l;a(t—m)}f(t)dt,x<b

where o € (0,1).

We observe that for k (t) = L exp (—1=2¢), ¢ € R we re-obtain the definitions of
(1.16) and (1.17) from (1.11) and (1.12).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g’ on (a,b). We can define the more general exponential fractional integrals

119 Tf@ =g {2t 6@ g0} 07O > a

a (67

and

19 T @)= e {200 g} O f 0 o <o

z [e%

where a € (0,1).
Let g be a strictly increasing function on (a,b), having a continuous derivative ¢’
on (a,b). Assume that o > 0. We can also define the logarithmic fractional integrals

(1.20) Ly oy f (x) = /L (9(x) = g(#)* " In(g(x) — g (1) g’ () f (1) dt,
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for 0 <a <z <band
b

(1.21) Ly f (2) ¢=/ (9(t) —g(@)" " In(g(t) —g () g (t) () dt,

xT

for 0 < a <z < b, where o > 0. These are obtained from (1.11) and (1.12) for the
kernel k (t) = t*"Llnt, t > 0.
For a = 1 we get

(12)  Lpaef @)= [ W) =g @)g (00 0<a<w<d
and
b
(1.23) Loy f(2) = / m(g(t)— g (@) g () fB)dt, 0<a<z<b
For g (t) = t, we have the simple forms
(1.24) Lo f(x):= /z (z—8)* "In(z—t)f(t)dt, 0 <a<z<b,
b
(1.25) Lo f(z) = / (t—2)* VIn(t—2) f () dt, 0<a<z<b
(1.26) £a+f(q:)::/xln(x—t)f(t)dt,O<a<m§b
and
b
(1.27) Ly f () ::/ In(t—2)f(t)dt, 0<a<az<b

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [2]-[17], [21]-[34] and the references therein.
For k and g as at the beginning of Introduction, we consider the mixed operator

(1.28) Sk.garsf ()
= % [Sk,g’aJrf (1‘) + Sk,g,bff (1‘)}

1 x b
=2[/ Blo@) ~9(0)d (O f @t + [ k(o) =g@)g (0 O
for the Lebesgue integrable function f : (a,b) — C and z € (a,b).
We also define the function K : [0, 00) — [0, 00) by
[ 1k (s)| ds it 0 < ¢,

0ift=0.

In the recent paper [19] we obtained the following result for functions of bounded
variation:

Theorem 1. Assume that the kernel k is defined either on (0,00) or on [0,00)
with complex values and integrable on any finite subinterval. Let f : [a,b] — C be
a function of bounded variation on [a,b] and g be a strictly increasing function on



FURTHER INEQUALITIES FOR THE GENERALIZED k-g-FRACTIONAL INTEGRALS 5

(a,b), having a continuous derivative g’ on (a,b). Then we have the Ostrowski type
inequality

(1.29)  |Skga+s-f(2) = 5 [K(g(b) —g(x)) + K (g(x) —g(a))] f ()

DN

1) I 0) - g @)+ (o @) g () (Vi 0+ (VE())
T2 withp, ¢>1, 2+ 1=1

and the trapezoid type inequality

1

(1.30) | Skga+p-f(2) = 5 [K (9(b) = g(2)) f (b) + K (9 (z) = g(a))  (a)]

1 x ¢ b b
SQV Ik(g(w)—g(t))l\/(f)g’(t)dt+/ |k(g(t)—g(x))|\/(f)g’(t)dt]

<

b T
[K (9() = g@)\/ () +K(g(z) —g(@)\/ ()

x

DN | =

max {K (g (b) — g (2)), K (g (x) — g (@)} V& (f);

[K? (g (b) — g (2)) + K (
< (Vi + (Vo)
+ 1;

with p, q¢ > 1,

IN
N

K (g.(b) ~ 9/(2)) + K (g (z) — g ()]
< [SVe )+ 5 Ve -V ()]

for any = € (a,b), where \/(cl (f) denoted the total variation on the interval [c,d].

Observe that

b
(A3)  Segarf 0= [ RO -g0)g OF O € o)

and

(13 S f@= [ Ko@) = g@)g () @), v € (ab],



6 S.S. DRAGOMIR

We can define also the mixed operator
(1:33) Skgats-f ()

- % [Skg,ot f (b) + Skogaf ()]

T

b
:% [/ k(g(b)—g(t))g'(t)f(t)dt+/

a

k(g(t) —g(a)g @) f (1) dt]

for any z € (a,b).

In this paper we establish some inequalities for the k-g-fractional integrals of
functions with bounded variation f : [a,b] — C that provide error bounds in ap-
proximating the composite operators Si g a+,—f and §k7g,a+7b_f in terms of the
double trapezoid rule

3 | Pk 60 - @)+ LDk g0 - g @) € @),

Examples for the generalized left- and right-sided Riemann-Liouville fractional in-

tegrals of a function f with respect to another function g and a general exponential
fractional integral are also provided.

2. FURTHER INEQUALITIES FOR FUNCTIONS OF BV

The following two parameters representation for the operators Si g,4+.— and
Sk,g,a+,p— hold [20]:

Lemma 1. Assume that the kernel k is defined either on (0,00) or on [0,00) with
complex values and integrable on any finite subinterval. Let f : [a,b] — C be an
integrable function on [a,b] and g be a strictly increasing function on (a,b), having
a continuous derivative g’ on (a,b). Then

(2.1) Sk,garp—f (T) = % WK (g(b) — g (2)) + MK (g (z) — g (a))]
+;/jk(g(ﬁc) —g@®) g @) [f () — N dt
b
3 [ RO —s@)g 01 0 =)
and
(22)  Sigars S @)= 5 N (90) ~ 9@) +K (g(x) ~ g (a)]
+;/jk(g(ﬁ) —g(a) g () [f () —~]dt
b
+%/r k(g(d) —g () g @) [f () — A dt

for x € (a,b) and for any A\, v € C.
Proof. We have, by taking the derivative over ¢t and using the chain rule, that

(K (9(z) =g @) = K" (g(2) =g () (9 (x) =g (1)) = ~k (g (2) — g () g’ (¢)

for t € (a,z) and
[K(g(t) =g ()] =K' (g(t) =g (2) (g(t) —g(2)) =k(9(t) —g(x)) g (t)
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for t € (x,b).
Therefore, for any A, v € C we have

(2.3) / k(g ()1 () — A dt

/ak:(g() £)dt — A/ k(g () dt

— Spyesf(z)+ / K (9(x) — g ()] dt

a

= Skgatf (@) + XK (9(2) =g ())lg = Skgatf(z) = AK (9 (z) — g(a))

and

b
@) [ ko) -g@)g O1F @) -

=/ k(g(t)—g(w))g’(t)f(t)dt—v/ k(g (t) — g (x) g (t)dt

b
= Spgn S (@) 4 / K (g (t) — g ()] dt
= Stgo (@) = [K (9 () — g @] = Stgpf () — 7K (g6) — g ()

for « € (a,b).

If we add the equalities (2.3) and (2.4) and divide by 2 then we get the desired
result (2.1).

Moreover, by taking the derivative over ¢t and using the chain rule, we have that

[K (g(0) =g @) =K' (g(0) —g(t) (g(0) =g ()" =~k (g (b) — g (£)) ¢’ (1)

for t € (x,b) and

for t € (a,z).
For any A, 7 € C we have

b
25) [ ke® -g®)g O ® - N
— [ kg ®) - g@)g @£ Odt—A [ ka®) - g0)g Bt

b
= g (B) + A / K (g (b) — g ()] dt
= Sigeif () = AK (g () — g (x)
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x x

= k(g(t)—g(a))g’(t)f(t)dt—v/ [K (g (t) = g (a))]' dt

a a

= [ k(g(t)—g(a)g (t) f(t)dt —vK (g(z) — g (a))

a

for « € (a,b).
If we add the equalities (2.5) and (2.6) and divide by 2 then we get the desired
result (2.2). O

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,bel as
Mg (a,b) = gfl (g(a);g(b)) )

If I =R and g (t) =t is the identity function, then My (a,b) = A(a,b) := *$L,
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) = G (a,b) := Vab,

the geometric mean. If I = (0,00) and g (¢) = 1, then M, (a,b) = H (a,b) :=

%, the harmonic mean. If I = (0,00) and g (t) = t¥, p # 0, then M, (a,b) =

M, (a,b) = (b2 1/p7 the power mean with exponent p. Finally, if I = R and
P 2
g (t) = expt, then

b
M, (a,b) = LME (a,b) := In (expa;exp) |

the LogMeanEzp function.
Using the g-mean of two numbers we can introduce

(2.7) Py.g.a+o—f = Sk.gatv—f (Mg (a,b))
Myg(a,b) a
5 [ (M0 ) rwa

2
1 gla)+g () ,
T (O e FACRICE

Using the representation (2.1) we have

g(b)—g(a)> Y+ A
2 2

O

Mg (a,b) o
+%/ k(w_g(t)>gl(t)[f(t)—A]dt
1 [t g(a)+g(b)\ ,
" 2 /Mg(a,b) g <g Ok 92 ) g () [f (t) —~]dt

for any A, v € C.
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Also, if

(2'9) plctg,aJr,bff = Sk,g,aﬁhbff (Mg (a'7 b))

1 ° ,
T2 /Mg(a,b) k(g(b)—g(t)g () f(t)dt

Mg(a,b)
+3 [ ke -gl@)d O F O

then by (2.2) we get

(2.10) Pegars f=K (

for any A, v € C.

Theorem 2. Assume that the kernel k is defined either on (0,00) or on [0,00)
with complex values and integrable on any finite subinterval. Let f : [a,b] — C
be a function of bounded variation on |a,b] and g be a strictly increasing function
on (a,b), having a continuous derivative g’ on (a,b). Then we have the double

trapezoid inequalities

(2.11)  |Skga+ - f (2)

3 [P Ok g0 - g o) + L Dk (g ) - g
T b
< i K (g(x)—g(a)\/ (/) + K (g(b) —g(w))\/(f)]

max {K (g (b) - g (2)) . K (g () — g (@)} V; (/)

1/q

IA
RNy

[K? (g (8) — 9 () + K (g x) — g (@) (V2 () + (Vo))
1

with p, ¢ > 1, %—i—

bl

[K (9.(0) — 9 (2) + K (g () — g (@)] [3VE (D + 5 |[Va (5) = Vo ()]
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and

(212) |Sigaro-f (@)

-3 [Wm (b) =g (@) + ==K (g (@) 9<a>>H

IA
RNy

K2 (g0~ ) + K (9 0) g ()] (V2 ()" + (V2. 0) ")
1

with p, ¢ > 1, %—t—

for z € (a,b).
Proof. Using the identity (2.1) for A = M and vy = M we have

(213)  Skgarsf(2)
3 Pk 60 - g+ Lk g @) - g )

2 2 2
w5 [ ha@-s@ng |10 - LT o
b
+5 [ b0 s 0|10 - LTI o

for « € (a,b).
Since f is of bounded variation, then

fla) + ()
2

'f(t) -

:’f(t)—f(a)+f(t)—f($)

<

and

for z € (a,b).
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Using the equality (2.13) we have

(2.14)  |Sk,g,a+p-f (2)

5 [P Ok ) - g+ LD ke (g0 - g 01|

<3| [ @ - [0~ 14l
w3l [ o0 -s@gofro- 9O
<3 [ bt 7@ - HOE LD g
o1 [ ho e AL
Si[\/ [ g )dt+\i/< [ >|g'<t>dt]

for « € (a,b).
We have, by taking the derivative over ¢ and using the chain rule, that

K (g(z) —g @) =K (g(x) =g ) (9(2) =g (#))" =~ |k (g ()

for t € (a,z) and

—g @)l (#)

Kgt)—g@)] =K' (g(t) —g(@)(gt)—g=@) =k(gt)—g(=)g )
for t € (x,b).
Then

/z\k<g<x>—g<t>>|g’<t>dt—f/w K (g (x) — g (1)) dt = K (g (z) — g (a))

b b
/ k(g (1) — g ()] o' (£) dt =/ K (g(t) — g (@) dt =K (g.(b) — g (x)).

Therefore

%\»—‘

T b b
[\/ ) [ bte@ - g@lg @i\ @) [ e © - g @)l @

b
zi [K(g(ﬁ)g(a))\/(f)+K(g(b)g(x))\/(f)] |

a x

The last part of (2.11) is obvious by making use of the elementary Holder type
inequalities for positive real numbers ¢, d, m, n > 0

max {m,n} (c+d);
me + nd <

] p\1/p g 1,1 _
(mP +nP) P (c? +d?)"" withp, ¢>1, s+, =1
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Using the identity (2.2) for A = w and v = w we also have

_f(x)
Hf(xw;f()mg(b)g(z)Hf();f(a)K(g(x)g(a»H
/\k |\f<>—f()+f()9<t>dt
iv /G|k<g<t>—g<a D+ /"“ g (5t

=:C(x).
We also have, by taking the derivative over ¢t and using the chain rule, that
K(g(®) —g) =K' (g(0) —g®)(g(b) =g (1) = —[k(g(b) =g (®)]g (1)
for t € (x,b) and

K(g(t)—g@)] =K' (g(t)—g(a)(gt)—g(a) =k(g(t) —g(a)|g (t)

for t € (a,x).
Therefore

/z k(g (1) — g (@) g’ (t) dt = K (g (2) — g (a))
and ,
[ k@ g @)1 @t =K (g 4) — g @)

giving that

for x € (a,b), and the inequality (2.12) is thus proved.

Corollary 1. With the assumptions of Theorem 2 we have

(2.15) Pr.gatp-f — %K (g(b);g(a)> [f (M, (a,b)) + f(a)—;f(b)} ’
< iK( (b);g(a)) \?(f)

and

(216)  |Prgaro-f — %K (W) [f (M, (a,b)) + f(“);f(b)} ‘

< g (2055 \:/(f).
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If we take = %t in (2.11) and (2.12), then we get

Stgassf (a—;b) o (";b)4+f<b>K (g 6 —g <a—2kb>)

(2.17)

(V.= )

e T
<
—~
©
S~—
~
~—

g
EVe (N + 3|V ()= Vip ()]
and
a+b F(42) + £ (b) atb
218) |Suponet (50) - HE Ok (g0 -9 (%57)
L0 LB (452) -0t0)
<3 [x(o(57) @) V0 (s “;b»\:/(f)}
max {K (g (0) — g (4%)) . K (9 (*3*) —9(@)} Vo ()
K (9 (0)~ 9 (*4)) + K (9 (4*) ~ g @))] "
() (Ve )
4 w1thp,q>1,%+%:1;
K(g(b)—g(%52) +K(9(37) —g(a)]
BVo (D +3Ve? (1) = Vg ()]
for x € (a,b).

We use the classical Lebesgue p-norms defined as

17l 7,00 1= essup |k (s)]

s€le,d]

13
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/p

Using Holder’s integral inequality we have for ¢ > 0 that

and

1kl 1,00 3 K € Lo [0,4
— [elds <
0 tl/p ||kH[07t],q lf k € Lq [Oat] , D,q > 1a

Therefore by the first inequality in (2.11) and (2.12) we get for p, ¢ > 1, %—i—

1.1
p+q

(2.19)  |Sk.g,atb—1f (2)

A O ) g+ L0 D g0y g

(9(@) = g(@) """ 1Ellig.y(2)—g(a)1.0

b (9(0) = g(2)) 1Ell10,(6)— g (21,00
+%\/(f) )
: (9 (®) = g @) 1%l 0.40) (110
and
(2.20) ‘§k7g7a+,bff(w)
S [F2H O ) - g o) + L kg ) - g )|

(9 () = 9(a) 1Ellj0,g(2)—g(a),00

Sy

»-lk“—‘

(9(=) = 9 (@)"" 1Ell o (2)—g(a)1.0

b (9(0) =g (@) [1Ell0,9()—g(2)),00
+2\ ()

I

for « € (a,b).
From (2.15) and (2.16) we also have for p, ¢ > 1, L + ; =1 that

(2.21) | Pegats—f — %K (W) [f (M, (a,b)) + f(“)‘;f(b)} ’

(M) HkH[O’M},m

1/p
a b)—
(202529 ) " ikl g armsto

=1

(90 =g @) 115l 0.o(0) (2.0

1_1
q
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and
(222)  |Prgatsf— %K (g(b);g(a)) [f (M, (a,b)) + f(a)_;f(b)} ‘
(22522 el st o,

1/p
b)—
(222529l g aorzaen),, -

<

o~ =

b
\VAC))

3. APPLICATIONS FOR GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS

If we take k (t) = ﬁto‘*l, where I' is the Gamma function, then

Stgarf () = 12, f(z) = ﬁ / (@) — g W1 g (0) £ (1) de

fora < x <band

Stgp f(5) = It f(z) == ﬁ / g (t) — g (@) g’ (&) f (1) dt

for a < & < b, which are the generalized left- and right-sided Riemann-Liouville
fractional integrals of a function f with respect to another function g on [a,b] as
defined in [23, p. 100].

We consider the mixed operators

(3.1) Iapof (@) = 5 [T f () + T 4 F ()]
and

(32) Iarof () = 5 18, F () + I, f(a)]
for z € (a,b).

‘We observe that for o > 0 we have

K(t)_l/tsa_lds— LA )
B 0 S al'(e) T(a+1) —7
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If we use the inequalities (2.11) and (2.12) we get

(33) \ ,a+,b— f

1 f(x)+f(b) o fla)+ f(2) .
T (at 1) [ 5 () —g (@) + 5 (9(x) —g(a)) }
1 o z . b
ST+ |Y \a/ 9(2)) \z/(f)]
1
4F(o¢+1)
[£0528e) 1 |g (o) — 2232 "2 (4);

w1 g (®) =g (@)™

with p, ¢ > 1, *

a0 =g (V2" + ())
=1

+
1
+q

z b
T (;+ 0 (9 (=) —g(a))a\a/(f) + (g (b) —g(w))a\z/(f)]
1
=ar (a+1)
[9( ) ‘g( g(b)+g(a) ]a VZ (f);

0 =@+ 6@ - g @ (v + (Vin))
—1;

with p, ¢ > 1, l+;

for x € (a,b).
From (2.15) and (2.16) we get

35 |Faraf O (00) - LI a1, (0.0 +
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and

(g (b) — g(a)*

(B6) |G f My (@) = ey g | (Mo (@ B) +

b
< s 0 —9 @)V ().

4. EXAMPLE FOR AN EXPONENTIAL KERNEL

For a, B € R we consider the kernel k (t) := exp [(« + (i) t], t € R. We have

exp [(a+ fi)t] — 1

KO =—"ar5)

,ifteR

for a, B # 0.

Also, we have
|k (s)] := |exp[(a + Bi) s]| = exp (as) for s € R

and

exp (at) —

¢
1
K(t):/o exp (as)ds = if 0 < t,

for o # 0.

Let f : [a,b] — C be a function of bounded variation on [a,b] and g be a
strictly increasing function on (a,b), having a continuous derivative ¢’ on (a,b).
We consider the operator

@ W f@) =g [ ewla+ B 6@ g @) O F O

b
" % /z exp [(a + Bi) (g (t) — g ()] ¢’ (t) f (t) dt

for x € (a,b).

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then we can consider the following
operator as well

(42) K EL f(2)
=M (@)

[ G Srne [ () Stroe]

for z € (a,b).
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Using the inequality (2.11) we have for x € (a,b)

43) Hﬂfk(m;ﬂ@;f@ﬂmﬁa+wgﬁg;ﬂﬂﬂ—l
_fm>+fuwxpmx+mugu>gw»]w
2 (o + f7)
1 [exp(a(g(@) —g(a) —1\ exp (a(g(b) — g (@) —1,"
s4[ - Vin+ 5 VUJ

exp(eg(x)—g(a))—1 exp(elg(b)—g(x)))~1 } Ve (f);

a ’ a

max {

[(exp(a(g(mlfg(amfl P exp(a(g(bm(z)))—l)”] e
(v + (Vi)
1

: 1 _ .
Wlthp,q>1,;+a—,

exp(a(g(z)—g(a)))+exp(a(g(b)=g(z)))=2
o

< [BVen +3VEm) - Ve )]

and if we take g = In h where h : [a,b] — (0,00) is a strictly increasing function on
(a,b) , having a continuous derivative h’ on (a,b), then we get

1| f(z)+f(b) (%)Wi_
N ; €T h(x
(4.4) nﬁib<@2{ 2 (a+ Bi)
- a+(i
fla)+f(x) (Zga;) !
2 (o + Bi)
M@\ . MO
gi (h(a)())é \/(f)+ (h(m)) (f)]

IA
A~
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If we take if we take zj, := h™! ( h(a) h(b)) =h7 1 (G (h(a),h (b)) € (a,b),

where G is the geometric mean, then from (4.4) we get

(45) |8 f o Gts) © [f (b= (G (h(a),h 0))) + LD HLO) (b)}
. h,a+,b— 2(C¥+ﬂi) ) 9
ORI
< i (h(“)l ),

where F;Z‘:;ff,b_f = nﬁjﬁib_f (zp) .
Let f : [a,b] — C be an integrable function on [a, b] and ¢ be a strictly increasing

function on (a,b) , having a continuous derivative ¢’ on (a,b). Also define

(46) Hyarp—f (2)
1 b /
= 5/x expla(g(b) —g ()] g (t) f(t)dt
+ ;/:exp la(g(t) —g(a))]d (t) f(t)dt

for any x € (a,b).

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then we can consider the following
operator as well

(4.7) Fhatb-J (T)
= ’Fllartlh,a-&-,b—f ($)

5[ () g [ (58) Sigrwa).

for any x € (a,b).
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Using the inequality (2.12) we have for = € (a,b) that

(48) |Het? 1 {f (@) + f (b) exp [(a + i) (g (b) — g (2))] - 1

ga-‘rb f() 2 9 (Oé-‘rﬁl)
_fla)+ f () exp [+ Bi) (9 (z) — g (a)] — 1”
2 (a4 Bi)

<

= =

«
a

T b
lexp<a<g<x>—-g<a>»«—1\/(f)+_exp<a(g<b> =1\ ]
Ve

exp(a(g(x)—g(a)))— l’exp(a(g b)—g(x)) 1}

[

(f);

max {

[(expm(g(m)fg(a)))fl Ny ECIoR 1)”}””

«

(v ()}

Wlthp,q>1 +% 1;

IN
=

exp(a(g(z)—g(a)))+exp(a(g(b)=g(z)))=2
o

< [BVen +3VEm) - Ve )]

and if we take g = Inh where h : [a,b] — (0,00) is a strictly increasing function on
(a,b) , having a continuous derivative h’ on (a,b), then we get

1| f(z)+f(b) (%)QW_
ot €T h(x
(4.9) ﬁhz+7b_f (z) — 5 { 2 (o + Bi)

IA
A~
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If we take if we take z, = h= (G (h (a) ,h (b))) € (a,b), where G is the geometric

mean, then from (4.4) we get

(.

G :
10) |G, - (’;22+ i [ G o) + LY
() -1y
Si a (.f),

where 70701 = gL (g,
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