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INEQUALITIES FOR THE GENERALIZED k-g-FRACTIONAL
INTEGRALS IN TERMS OF DOUBLE INTEGRAL MEANS

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we establish some inequalities for the k-g-fractional
integrals of various subclasses of Lebesgue integrable functions in terms of
double integral means. Some examples for the generalized left- and right-sided
Riemann-Liouville fractional integrals of a function f with respect to another
function g on [a,b] and for general exponential fractional integrals are also
given.

1. INTRODUCTION

Assume that the kernel k is defined either on (0, 00) or on [0,00) with complex
values and integrable on any finite subinterval. We define the function K : [0, 00) —
C by

fgk(s)ds if 0 < t,
K (t) =
0ift=0.

As a simple example, if k (t) = t*~! then for o € (0,1) the function k is defined on
(0,00) and K (t) := 1t for t € [0,00). If & > 1, then k is defined on [0, c0) and
K (t) := Lt for t € [0,00).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g on (a,b). For the Lebesgue integrable function f : (a,b) — C, we define the

k-g-left-sided fractional integral of f by

(L.1) SkaarS 0)= [ Klg(@) =g 0)g (05 ()t v € (a0

and the k-g-right-sided fractional integral of f by
b

(1.2) Sk,gp—f (2) =/ k(g(t)—g(2)g () f{t)dt, x € [a,b).

If we take k (t) = ﬁto‘_l, where I' is the Gamma function, then

(1.3) Sk.g.at+f (x) = ﬁ /x lg () =g (D" g (1) f (¢) dt
=I5  f(z), a<z<b
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1

b
(14) Skan1 @) = g7 [ 8O =g @I g () ()
=1 f(x), a<z<b,

which are as defined in [24, p. 100].

For g (t) =t in (1.4) we have the classical Riemann-Liowville fractional integrals
while for the logarithmic function ¢ (¢) = Int¢ we have the Hadamard fractional
integrals [24, p. 111]

15 H @ = [ (5)]T T 0cecass

I'(a) t t
and
(1.6) Haf()'_l/b n (L T 0<a<z<b
. b— ) = F (a) . - ¢ y S a X .
One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals" by
xpl=@ /I f@)dt
1.7 Ry f(x) = ,0<a<z<b
( ) + ( ) I‘(a) " (ZI? B t)l—a totl
and
gz b ) dt
1.8 Ry f(z):= / , 0<a<x<h.
( ) b f( ) F(Ot) . (tix)lfoztaJrl

Also, for g (t) = exp (Bt), § > 0, we can consider the "3-Exponential fractional
integrals”

(19) B2 ,f(@) = Ffa) / " fexp (B) — exp (88)]" " exp (B) £ (1) dt,

fora <z <band

B 1
(L10) B f@) = ey [ e (80 —exp (8] exp (80 £ (1)t

for a < x < b.
If we take ¢g(t) = ¢ in (1.1) and (1.2), then we can consider the following k-
fractional integrals

(1.11) Spoasf (@) = /xk(x—t)f(t) dt, z € (a,b]
and

b
(1.12) Sko—f (z) = / kE(t—=x)f(t)dt, z € [a,b).

In [27], Raina studied a class of functions defined formally by

= o (k) k .
1.1 o (oS )k .
(1.13) Fox (@) gzol“(pk+/\)x , |z < R, with B> 0



INEQUALITIES FOR THE GENERALIZED k-g-FRACTIONAL INTEGRALS 3

for p, A > 0 where the coefficients o (k) generate a bounded sequence of positive real
numbers. With the help of (1.13), Raina defined the following left-sided fractional
integral operator

(1.14) Tyrnarwl () = /w (x — t)>‘*1 7 (w (@ — O F@)dt, z>a

where p, A > 0, w € R and f is such that the integral on the right side exists.
In [1], the right-sided fractional operator was also introduced as

b
(1.15) T s bmswf () ;:/ (t— 2 FI\ (w(t—x)’) f(t)dt, = <b

where p, A > 0, w € R and f is such that the integral on the right side exists.
Several Ostrowski type inequalities were also established.

We observe that for k (t) = t’\_lf;h (wt?) we re-obtain the definitions of (1.14)
and (1.15) from (1.11) and (1.12).

In [25], Kirane and Torebek introduced the following exponential fractional in-
tegrals

e 7@ [

a

wexp{l;a(xt)}f(t)dt, z>a

and

(1.17) T f (2) = é/

x

b

exp{—l;a (t—m)} F)dt, x<b

where a € (0,1).

We observe that for k (t) = X exp (—1=%¢) , t € R we re-obtain the definitions of
(1.16) and (1.17) from (1.11) and (1.12).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g’ on (a,b). We can define the more general exponential fractional integrals

118 T @ [ e {6 -s@)}d 010w o>

a (07

and

b -«
(1L19) T8 f(2) =~ /exp{1 <g(t>g(a:>>}g'<t>f<t>dt,z<b

(&% «

where o € (0,1).
Let g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). Assume that o > 0. We can also define the logarithmic fractional integrals

(1.20) Ly (2) = /m (9(z) = g(#)* " In(g(x) — g (1) g () f (1) dt,

for0 <a<x<band
b

(1.21) Ly f (2) ¢=/ (9(t) =g (@) " In(g(t) —g () g (t) f(¢)dt,

for 0 < a <z < b, where o > 0. These are obtained from (1.11) and (1.12) for the
kernel k (t) =t Llnt, t > 0.
For a =1 we get

T

(12)  Lyuf @)= [ W@ - g®)g 0 Odt 0<a<<b

a
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and
b
(1.23) Lop—f(x):= / In(g(t)—g(z)gd @) f(t)dt, 0<a<z<b.
For g (t) = t, we have the simple forms
(1.24) Lo f(x):= / (z—t)* "In(z—t)f(t)dt, 0<a<az<b,
b
(1.25) Lo f(z) = / (t—2)* VIn(t—2) f () dt, 0<a<a<b
(1.26) £a+f(1:):z/zln(x—t)f(t)dt,0<a<x§b
and
b
(1.27) Ly_f(z) ::/ In(t—z)f@)dt, 0<a<z<b

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [2]-[18], [22]-[35] and the references therein.
For k£ and g as at the beginning of Introduction, we consider the mixed operator

(1.28) Sk,g,a-‘,—,b—f (aj)
= % [Sk,g,aJrf (x) + Sk,g,bff (:E)}
- Vzk(g(w)—g(t))g’(t)f(t)dt+/ Eo () — g (@) g (0) F () dt

for the Lebesgue integrable function f : (a,b) — C and z € (a,b).
We also define the functions K, : [0,00) — [0, 00) by

t Ur
(f0|k(s)|p dsif0<t, p>1
K, (t) ==
0ift=0

For p =1 we put

ik (s)ds it 0 < ¢,
=K (t) =
0ift=0.

Observe that
b

(1.29) Sk.g.a+f () =/ k(g(®)—g(t)g (t) f(t)dt, x € [a,b)

€T

and

(A30)  Segef (@)= [ Ko®)—9() g ()£ @) dt, v € (0.8
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We can define also the mixed operator

(1.31) Skgarsf(z)
= % [Sk,g,erf (b) + Sk,g,a:ff (a‘)]

b T
-3 [/ bla®) =g @)g' (0 @ dt+ [ ko) =g@)g 07 O

for any x € (a,b).
The following two parameters representation for the operators Sj g,4+.— and
Sk,g,a+,p— hold [21]:

Lemma 1. Assume that the kernel k is defined either on (0,00) or on [0, 00) with
complex values and integrable on any finite subinterval. Let f : [a,b] — C be an
integrable function on [a,b] and g be a strictly increasing function on (a,b), having
a continuous derivative g on (a,b). Then

(132)  Skgarsf @) = LK (9(8) ~ 9(2) + MK (9 (x) — g a)]
3 | Ra@-g@)d 01 @) - N
1 [ B -9@)d O ® - a

and

(133)  Stgarsf @)= LK (9(8) ~ 9 (x) + MK (9 (x) — g a)]

+;/;k(g(t)—g(a))g’(t)[f(t)_A]dt

b
3 [ Ha® =@ O1F ()=l

for x € (a,b) and for any X\, v € C.

In the recent paper [20], by using the above representations (1.32) and (1.33) we
obtained the following result for functions of bounded variation:

Theorem 1. Assume that the kernel k is defined either on (0,00) or on [0,00)
with complex values and integrable on any finite subinterval. Let f : [a,b] — C be
a function of bounded variation on [a,b] and g be a strictly increasing function on
(a,b), having a continuous derivative ¢’ on (a,b). Then we have the Ostrowski type
inequality

1

Skga+d-f (@) = 5K (9(0) =g (2)) + K (9(z) - g(a))] f ()

I ¢ @ -
SQV |k(9(t)*g(fc))|\/(f)9/(t)dt+/ |k(g(x)g(t))|\/(f)g’(t)dt]

(1.34)
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b T
(1.35) S% K(g(0)—g@@)\/ () +K(g(fﬂ)—g(a))\/(f)]

max {K (¢ () —g(2)),K(g9(z) —g(a))} \/Z (f);
K2 (9 () — 9 @) + 7 (9 o) — 9 @)]” (V2 )"+ (V2 0)")
=1

with p, q¢ > 1, l—i—

IA
DN | =

1
q

[K (g.(6) — 9 (2) + K (g (z) — g (@)] [1 V2 (1) +

and the trapezoid type inequality

Vi ()= Vo]

(1.36)  |Sk.ga+s-f(z) = 5 [K(g(b) —g(x)) f(b) + K (g(x) —g(a)) f(a)]

N | =

[K? (g (b) — g (2)) + K (
9 R (AR (AT
2 with p, ¢ > 1, =+ 1
K (9(6) — g(2)) + K (g () — g (a))]
< [SVe )+ 5 Ve -V )]

for any x € (a,b), where \/f (f) denoted the total variation on the interval [c,d] .

In this paper we establish some inequalities for the k-g-fractional integrals of
Lebesgue integrable function f : [a,b] — C that provide error bounds in approxi-

mating the composite operators S g.ay.s_f and Sg gy f in terms of the double
integral means

;[ b9 /f a4 D=0 [ g dt] a.b).

Examples for the generalized left- and right-sided Riemann-Liouville fractional in-
tegrals of a function f with respect to another function g and a general exponential
fractional integral are also provided.

2. THE MAIN RESULTS

We use the classical Lebesgue p-norms defined as

17ll(c, 7,00 1= essup |k (s)]

s€]e,d]
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d 1/p
ity = (/ |h<s>|”ds> p21

Theorem 2. Assume that the kernel k is defined either on (0,00) or on [0,00) with
complex values and integrable on any finite subinterval. Let f : [a,b] — C be an
integrable function on [a,b] and g be a strictly increasing function on (a,b), having
a continuous derivative g’ on (a,b). Then

and

7]

‘We have

b
(21) |Sugars-f @~ [K @0 -9 @)= [ FO@
O ey |
|r = lir s K@ —g@)
1 if f € Lo [a,b];
(22) <3
|r =l r s Ko@) g (@)
poag>1 L l=1iffe Lol
[ERE= S AOLE e SUORYIC)
if f € Loo [a,0];
_|_ —
|r= sl ras| Ky g®) (@)
poa>1, b4 l=14feL,ab)
and
Y 1 I
(23)  [Skgaro-f (@) =5 [K (9(0) —g @) = [ f®)at
K@) -g@) 1 [ roal|
|r=lir s K@ -g@)
1 if f € Lo [a,b];
(2.4) <3
|F =l r s Ko@) g (@)
poa>1 e l=14ffeLal)
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Tl ras|  Kg®) e @)
szGL [a, b];

L
1= L ras] | Kt -g@)
p, ¢>1, l+fflsz€L [a, b]

for z € (a,b).

Proof. 1f we write the equality (1.32) for y = 2— f; f(s)dsand A= 2 [* f(s)ds
we get

(25) Sk,g,a+,b_f<x>—§[mg(b)—g(x))bix [ rwa
+E (9(2) — g (a) xia/awf(t)dt”

<3|/ De' @ |10 - [Creasla

s / Ko ()~ 9()) g (1) [f(t)ly_lx/:ﬂs)ds] a

<3 [ k@ -g@id 0|10 -1 [ 1]

o2 [ - )ds

= B (@)

for z € (a,b).

Let p, ¢ > 1 with % + % = 1. Then by Holder’s integral inequality we have

2o [ @ -s@ls 0|0~ 1 [ 1o

el reas| TG @) g @)lg (1) dt
if f€ Lo la,b]; o

IN

|F = 55 7 f (s)ds U@ =g )P g 0 dat)V/?

p, g > 1, %—k%:liffel/q[a,b]
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and

b b
en [ ke®-g@)ld OO -5 [ Fedsa

P s R0 g @)lg @) dr
if f € Lo |[a,b]; o
<
|r=w i r@as] (kO - g@)P @an)”
p,q>1 S+ =1if f € Ly[a, 0]
for z € (a,b).

Observe that, by taking the derivative over ¢t and using the chain rule we have
(K(g(z) —g®))' = -K'(g(x) =g (1) g’ (t) =~ k(g (z) =g ()| ¢ ()
for t € (a,z) and
(K(g(t) —g(@) =K'(g(t) =g () g (t) = k(g (t) =g ()] g (1)
for ¢t € (z,b).
Then
[ @ =g @)lg @dt=— [ Kgla) -9 @0) dt =K (9(x) - g(a)

and

b b
/ k(g (t) — g ()] o' (1) dt = / (K (g(t) - g(x)) dt =K (g () — g (x))

where z € (a,b) .
We also have for p > 1

!

(KD (g(z) —g(®) =—Ik(g() —g )" g ()

for t € (a,z) and

(K5 (9 (t) —g () =k (g(t) —g ()" g (1)

for t € (z,b).
These give
[ bt~ g @s @i = [ (360 - 90)) de = K3 (90) - (@)
and
[ e —gwry wa= [ 160 - g@) a=K; 00 - g @),
which provide
1/p
([ @ -g@ryma) =K 6@ -s@)
and
1/p
(/ kg (0) = g @) '<>dt> “K, ()~ 9 (@)

for z € (a,b).
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By making use of (2.6) and (2.7) we get

r- @], K@ -g@)
if f € Lo la,b];

B(z) <
|r- g r@as] | K@@ -g@)
p, a>1, 5+ 1 =1if fe Ly[a,b]
- G| K@)~ g (@)
if f € Lo [a,b];

N

|r- s @as| | Kg®—g@)
P, g>1, 3+ ¢ =1if f € Ly[a,b]

and by (2.5) we get (2.1).
Further on, by utilising the identity (1.33) for v = ﬁf;f(s) ds and \ =
L [ f (s)ds we get

r—a

b
Segarimt (&) — & [K G - g@) = [ £(s)ds

(2.8)

1K (g(2) — g () — /:f(s)ds}

Tr—a

fit) - /wf(S)ds dt

r—a

<3 [ me 9@ ®

dt

0 -5 [ 6)as

Pl ras| RGO g @)l (0

r—a a

if f € Lo a,b];

b
+ %/r k(g (b) —g(t)]g" (t)

INA
N | =

|r =g s as|,
D, q>1a %+7

1

q
b

J:

UG O =g @) (0 d)”
= 1if f € Ly [a, b

S 1k (g (0) — g ()| ¢ (t) dt

[z,b],00

[k (o)~ g )P o ()

for z € (a,b).
Since

[ ka0 -g@lg Gat= [ Ko -g@) dt=K(s() g @),
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[ @ -g@rg @a= [ (K60 - g@) @t =K (g (0) - 9 a).
b
I 0t =~ [ (K(g(t) - g(0)) dt =K(g(b) ~ g (@)
and
b !
[ k60 sy wa=— [ 160 -9 0) a =K (g0) -9,
where x € (a,b), then by (2.8) we get the desired result (2.3). O

Remark 1. We observe that
K (t) <t|kllgy fort=0,
which implies that
K (g(z) —g(a)) < (g(2) —9(a) [Ellj0,g(a)—g(a))

and

K (g(b) = g(x)) < (9(0) =g () [kllj0g(6)— g ()]

for z € (a,b).
Therefore by (2.1) and (2.3) we get

(2.9)

b
Shgarimt ()~ & [K (9(5) 9 (=) biz / o

o

(g9 (x) —g(a)) ||k||[0,g(z)*9(a)]

+K (g(
1 1
SQHf_xa/fS §
f—bix/f »

1
< 5 Bl g(b)-ga U'f x—a/ e

,m/f

(g(b) —g(x)) ||k|‘[0,g(b)*9(1)]

[a z],00

f_
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and
b
(210) ék,g,a+,b_f<x>—§[K@(b)—g(x))bfx [ rwa
+K (g (x) — dt”
<s Hf - i - / 1) 2 ICICR I
vy lr- 6006 Wl
[z,b
1
< 5 16llo50)-st0) U'f L NCIERE)
b
—[rods] e -g@)
* [2,0],
for z € (a,b).

The following result for functions of bounded variation hold [13]:

Lemma 2. Let f : [a,b] — R be a function of bounded variation on [a,b]. Then

b
(2.11) 1l a,61,00 < ﬁ ‘/ F(t)dt +\/Z (/)

The multiplicative constant 1 in front of \/Z (f) cannot be replaced by a smaller
quantity.

Lemma 3. Let f : [a,b] — R be a function of bounded variation on [a,b]. Then
for p > 1 one has the inequality

(212) | fllapyp S — <
[a,b],p (b_a)k;

The constant % 18 best possible in the sense that it cannot be replaced by a smaller
quantity.

The following result may be then stated:
Corollary 1. Assume that the kernel k is defined either on (0,00) or on [0,00)

with complex values and integrable on any finite subinterval. Let f : [a,b] — C be
a function of bounded variation on [a,b] and g be a strictly increasing function on
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(a,b), having a continuous derivative g’ on (a,b). Then

b
Stgarsf (@)~ [K (00~ g@) ;= [ Fyat

[ro]

(2.13)

FE (g () 9 (a)) —

Ve (K (g (2) = g(a))

1 1 1 1%
<2 1t e (K, (g () — g (a)
(g+1)a
p, q¢>1, %+%:1
V2 (K (g (b) — g (x))
1 Lo
2 %%viump(g(b)—g(x»
p, q>1, %—&—%:1
and
b
(214) ék,g,a+,bf(x)—;[mmb)—g(w))bfm [ raa
+E (o) - g@) = [ 1)
V(N K (g (x) — g (a))
< 1 (mfa)%(Qq'Hfl)%
=2 3 S (K, (60 -0 )
p, q> 1, 1%—#%—1
V2 () K (g(b) —g(2))
1 L
T2 3 VL (K, 08 - 9 e)
p, q>1, % %:1
for x € (a,b).

Proof. By using Lemma 2 we have

Hf— L[

r—a

1

r—a

<

[a,z],00

[ (ro- 2 [ reas)a

V(-5 [ roa)
=\

13
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and

1
<

/( /f ds)dt
s

e

[z,b],00

(
for x € (a,b).

Also, by using Lemma 3 we have for ¢ > 1 that

Hf_xal-”@ds Sapﬂfﬁﬁ,Qﬂﬂ_xa/-”@d%d4
1(z—a) (2‘1“—1; z( )
+ —
(g+1) o z—a / fis
1@-a) (2 - )7\ =
=5 ey VLW
and
1 b 1 1 b
||f - b— $/I f(S) o < 71;)1_5 / ( m/m f(S) d8> dt
L(b—a)s (2071 — 1 1 >
+ T ( x/m f(s)
B l(b—x)é (2(1‘*‘1—1)% b
TR V. ()
for x € (a,b).
By using Theorem 2 we obtain the desired results (2.13) and (2.14). O

Remark 2. With the assumptions of Corollary 1 we have

b
(2.15) sk,g,a+,bf(x)—gle(b)—g(m)) fﬂg | roa
+K (g( x_a f d@‘
1{ max (K (g (x) 9 (@) K (g(0) = g ())} Var (f)
< -
-2

[K (g () — g (a) + K (g 0) g (@) max {2 (1), V2 ()}
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and
(216)  |Sigars S ()~ [Km W-s@ s [0
K@ -g@) 1 [ roal|
[ me (Ko () — 9 (@) K (9 (5) — g (2D} V2 (1)
"2 Ko 0 (0) + K g0 - 5 () max {7 (), V5 (N}
forz € (a,b).

3. APPLICATIONS FOR GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL

INTEGRALS
If we take k (t) = ﬁto‘_l, where I' is the Gamma function, then
«@ 1 ’ a—1
Sk,gat+f (@) =1, o f (@) := F(a)/ lg(x) —g@®)]" g (@) f(t)dt
fora < x <band
1 b a—1
Skygo—f (@) = L 4 f(x) = m/ lg(t) =g (@)™ g () f(t)dt

for a < & < b, which are the generalized left- and right-sided Riemann-Liouville
fractional integrals of a function f with respect to another function g on [a,b] as
defined in [24, p. 100].

We consider the mixed operators

(31) Iarof (@) = 3 (18, f (@) + I 41 (@)
and
(32) [ § (@)1= 5 (I3 of (0) 4 I3 47 (0)]
for z € (a,b).
We observe that for a > 0 we have
t o o
K ()= ﬁ/o st s = oth(oz) = F(of—kl)’ 290
and for o > pp%l > 0, where p > 1, we have
1 t 1/p 1
0= ([ ) = e 20

Using Theorem 2 we can state the following inequalities for o > 0
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(33) Lot () 2“;“) o
e /f o
< s waia/a ro| @ -g@r
=it [ e (9 b)—g(m))”‘]
[2,b],00
and
(3.4 | f ) - 2r<;+1> " rwa
ac)x_ga /f dt”
< e Hf—xia/a O NCCRC
=it [ e (9 b)g(m))“]
[2,b],00
for « € (a,b).

pr,q>1with%+%:1anda>pp%1=§>O,thenbyTheorem2wecan
state the following inequalities as well

55) | Iurs s @) QP(;H " [ s wa
/f o
<% a—l/q Hfac—a/ fs [al (9 () - ())ailﬂ/p

f_

[ s
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and
(3:6) | f ) - QF(;H D
ey
< S TIT® Hf—x_a/f L @ g @
=it [ ras » gb)g(z))‘*‘“”p]
for & € (a,).

If we assume that f : [a,b] — C is of bounded variation, then by Corollary 1 we
have for a > 0 that

. 1
(B7) | f (@) - F<a+ | O
:10)2c _ga / £t dt} '
1 T o b o
<y | VLD 6@ -5 @) + V. (a0 -0
and
B8 |lwea £ @) - gy |22 [y a
NEEEATEY o]
1 x o b o
< s |V (D6 -9 @)+ V. (6 0) - 90
for x € (a,b).
If p, ¢ > 1 with % + % =1and a > prl = % > 0,then by Corollary 1 we have
o b
(39 |Iurasf (@)~ 5 (al+ 5 P [
/ ra]
1 (2q+1 — ]‘) a—1+1/p
<= T—a HNgx)—gla
T YT [( )7V (D9 @) —g (@)

1 b

+b-2)7\/ (f)(g(b) —g(x))* TP

x
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and

= |

Tr—a

(201 — 1)% 1 a—1+1/p
: (@—a)t \/* () (9 (2) — g (@)
(¢ + 1)* (a—1/g)T (a) | V. (Nl =g

+ -2\ () (g b) — g (@)

T

<

=

for « € (a,b).

4. EXAMPLE FOR AN EXPONENTIAL KERNEL
For o € R we counsider the kernel k (t) := exp (at), t € R. We have
|k (s)| = exp (as) for s € R,

exp (at) —

1
K (t)= ,ifteR

and for p > 1

K, (1) = (/Ot exp (pas)>1/p e — (exmpat)_ly/p

pa

for a # 0.
Let f : [a,b] — C be an integrable function on [a, b] and ¢ be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b) . Define

1 b
(4.1) H;a+,b7f (z) = 5/ exp [a (g (t) — g (z))] g (t) f (¢) dt
+ % /; expla(g(z) —g )] g (t) f(t)dt

for x € (a,b).

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then we can consider the following
operator as well

(4.2) K ato—f (T)
= "Hi, h,a+,b7f ()

IS N IORNAG) "R\ W @)
E V (i) waroer [ (56) h(t)f(t)dt] |
for z € (a,b).
Furthermore, let f : [a,b] — C be an integrable function on [a,b] and g be a

strictly increasing function on (a,b), having a continuous derivative ¢’ on (a,b).

Also define
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9

(4.3) H o f ()
b
+ ;/: expla(g(t) — g (a)]g (t) f (t)dt

for any x € (a,b).

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then we can consider the following
operator as well

(4.4) B ato—f (T)
= 7'7%1 h,a+,b7f (z)

S () s [ (8 o]

for any z € (a,b).
Using Theorem 2 we have

(4.5)

e F ) - [mﬁaw@%w( _m/f

+eXp(a(9()—g( _1x—a/f dt”

Hf_ 1 f F(s)ds exp(a(g(z)—g(a)))—1
if f € Lo |a,b];

la,x],00

INA
N | =

po

1/p
1 exp(pa(g(x)—g(a)))—1
r= e s @as| )

= o I (
1 1 _
p,q>1,5 a 11ff€L[a,b]

|f = [0 f () ds
if f € Logla,b];

exp(a(g(b)—g(=)))—1
[x,b],00 @

1/p
Hf_ifj (s)d (exp<pa(g(b> 9(2))— 1)

p,q>1% %:11 Ly

7




20 S.S. DRAGOMIR

and
“ o 1 |exp(a(g(d) —g(x
(18 [Hars f(2)— [ o —geM =11 ["r,
X
— )—1 1
+eXP(Oé(g( ) g (a) / £t dt”
r—a
’f_ 1 f()ds exp(a(g(z)—g(a)))—1
Tr—a a [a,r],oo (e
) if f € Lo [a,b];
=3 /
exp(pa(g(a)—g(a))) =1\ /P
H Jrreas) 2 )
P, q>1, %Jr%:liffGLq[a,b]
exp(a(g(b)—g(x)))—1
‘ff 1P F(s) ds . blals(t)—9(z)
if f € Lyla,b];
T3 1
Hf_ifbf(s (cxp<pa a0)=g(a)- 1) /p
D, g > 1, %4—%—1177 ql

for any x € (a,b).

If we take in (4.5) and (4.6) ¢ = Inh where h : [a,b] — (0,00) is a strictly
increasing function on (a,b), having a continuous derivative h’ on (a,b), then we
have

ORI b
(47) mzﬂﬁ,bf(x)—;[(“)z e AL

h(z
+(h<a x_a/ ‘o ]

|- 5 00 s () as
if f € Lo [a,b];

la,x],00

z (())Pa 1 1/p
Hf B R <()W>
pa>1, 4 g =1if f € Lo b)

IN
DN =

(7)1
Hf f f [z,b],oo «
) if fe L [a,b];
+2 b (h(b))P‘lil 1/p
r- = ], (B
[a,z],q P
P, q>1, o+ ¢ =1if f € Ly[a,b]
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+
« x—a ),
h(z)\& _
’f_ mia famf(s) ds - (h(a)a) 1
1 if f € Loo [a,b]; o
< Z
2 1 x (hgzg)PQ71 l/p
o d \r@y) 77
|- s i 0as [aqu( pa )

1:11ff€Lq[a,b]

1
p7¢1>1, 5+a
h(b) \&
‘f_ﬁfff(s)ds o (m)c!#
if f € Loo[a,b];

!
2 - (heyre 1/p
- s)ds @) 7
- @, (B
=1if f € Ly[a,b]

for any x € (a,b).
Finally, if we assume that f : [a,b] — C is of bounded variation, then by Corollary

( _1b1$/:f(t>dt

() a—l

a 1 x

h()) / f@)dt
« r—a ),

1 we have
«

h(b) )
h(x)
[0

(4.9)  |Kf o f(z)— %

—~
>

) -1 if f € Lo a,b];

vz () e
<1
T2 EmeierionE ()i \ P
2 v (2
(q+1{q ) _
p7Q>1, ;+a:11ff€Lq[a’b]
bop )1
\/z(f) if f € Lo a,b];
L1
’ (a) -1\ P

Lot (o o ()
x o
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(Z(z))a—l 1
MY / £ dt
a x—a f,

x)

h(z

VeSS T e e (o)

<1 1 1 h(z) \P 1/p
-2 l(wfa)q@ﬁl ~1)9 vfﬂ (f) <(’i(i)) _1>
2 (q+1%§ . a' pa
p7q>17;+6211ff€l/q[a/,b]

h(b)

Ve S T p e g fa )

1
+ — 1 et 1 h(b) \P& 1/p
2] 12 (27 -1)9 b ()™ 1
Va (f) pa

=1if f € Ly|a,b]

for any x € (a,b).
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