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A TRACE INEQUALITY AS AN ANALOGUE OF A
REFINEMENT OF YOUNG’S INEQUALITY

LOREDANA CIURDARIU

ABSTRACT. The aim of this paper is to obtain some trace inequalities for pos-
itive operators in Hilbert spaces, starting from two refinements of the classical
Kittaneh-Manasrah inequalitty. Then several consequances as applications will
be presented.

1. Introduction

The classical Young’s inequality state that:
a’b™" < va+ (1 —v)b,

when a and b are positive numbers, a # b and v € (0,1).
We shall consider the following two inequalities, given in [14], which represent
improvements of Young’s inequality:

Lemma 1. ([14]) For 0 < a,b <1 and X € (0,1) we have
r(va — Vb)? + A(N)ablog? (%) <Aa+ (1= A)b—a b=

< (1 —r)(va—vb)*+ B(N)ablog® (%)

where r = min{\, 1 — \}, A(\) = Ll{” — % and B(\) = Ll{” -

Theorem 1. ([14]) For a,b>1 and A € (0,1) we have

r(va — Vb)? + A(X) log? (%) <Aa+ (1—A)b—a b=
< (1—7)(va—vb)?+ B(\)log? (%)

where r = min{\, 1 — A}, A(\) = M — % and B(\) = M -z

‘We consider the functions:

fla,b) = Aa+ (1 = \)b—a*b' > —r(va— vb)? — A(N)ablog® (%)

gla,b) = Aa+ (1= A\b—a*b' ™ — (1 —r)(Va - \/5)2 - B()\)ablog2 (%)
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hla,b) = Aa+ (1= Wb = a*b' =~ r(va - VB)* ~ AN log? (7 )

and

bla,0) = Xa + (1= )b — ' — (1= ) (Va VB — B log? (1),

The below figures are graphics of this four functions for a particular value of .

Related to such Young type inequalities, often appear the weighted arithmetic
mean, geometric mean and harmonic mean defined by A,(a,b) = (1 — v)a +
vb, G,(a,b) = a'="b” and H,(a,b) = A; (e 1,071) = [(1 —v)a™t + vb 17,
when a,b > 0 and v € [0, 1]. We shall consider that A and B are positive operators
on a complex Hilbert space H. Then AV,B = (1 —v)A+ vB, v € [0,1] is the

weighted operator arithmetic mean, and Af, B = A2 (A*%BA’%)V Az v el0,1]

is the weighted operator geometric mean. The relative operator entropy S(A/B)
was defined in [8], [9] for positive invertible operators A and B, by S(A4/B) =

A (ln (A_%BA_%)) Az, If ® is a continuos function on the interval J of real
numbers, B is a selfadjoint operator on the Hilbert space H , A is a positive in-
vertible operator on H and Sp (A_%BA_%) C J then, in [6], the noncommutative
perspective operator is defined by

Po(B,A) = ATd (A*%BA*%)A .

[N

As in [3], let H be a Hilbert space and B () the trace class operators in B(H).
We define the trace of a trace class operator A € Bi(H) to be tr(A) = > ,.; <
Ae;,e; >, where {e;}ics is an orthonormal basis of H. The main properties of the
trace can be fuond in [3] and the references therein.

We establish in this paper in Theorem 2 and Theorem 3 some new trace in-
equalities via two scalar Young type inequalities presented in [14], using the methods
given in [3] . Then will be given several consequences as applications below.

2. Some trace analogue inequalities for two refinements of Young’s
inequality

Theorem 2. Let m, M be two real munbers with 0 < m < M < 1 and A, B
be two positive operators in B(H) with Sp(A) C [m,M], Sp(B) C [m,M] and
P,Q € By(H) with P,Q > 0. Then for any A € [0, 1] the following inequality takes
place:

rltr(PA)tr(Q) —2tr(PA?)tr(QB? ) +tr(P)tr(QB)] + Ay (A [tr(QB)tr(PAlog? A)—
—2tr(QBlog B)tr(PAlog A) + tr(QBlog® B)tr(PA)] <
< Mr(PA)r(Q) + (1 — Ntr(QB)tr(P) — tr(QB ™ )tr(PAY) <
< (1=1)[tr(PA)tr(Q)—2tr (PAZ )tr(QB? )+tr(P)tr(QB))+Bi(\)[tr(QB)tr(PAlog® A)—
—2tr(QBlog B)tr(PAlog A) + tr(QBlog® B)tr(PA)],
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where r = min{\, 1 — A}, A1 () = w — 7 and Bi(\) = M — 27 as in
Lemma 1.

Proof. We use the same method as in [3].

By hypothesis we find that Alog A, BlogB, Alog> A, Blog®’ B € B(H) and
because P, Q € By (H) with P, @ > 0. we obtain by some properties of the trace, see
3], that PAlog A, QBlog B, PAlog? A, QBlog® B € B;(H) and tr(P% Alog AP?) =
tr(PAlog A), tr(Q2 Blog BQz) = tr(QBlog B),

tr(PzAlog? APz) = tr(PAlog? A), tr(Q2 Blog® BQ?) = tr(QBlog> B).

We fix M > b > m > 0 and then using the functional calculus for the operator
A we get from inequality of Lemma 1 that:

r(< Az, z > —2\/5<A%:c,a:>+b<x.x >>+

+A1(N) (b < Alog? Az, x> —2blogh < Alog Az, z > +blog®b < Az, x >) <
<A<Az,z>4+1-Nb<z,2> b < Az x ><
<(1-r7) (< Az, x> -2Vb < A%x,w >+b<xzax >) +

+B1(A) (b < Alog? Az, x > —2blogh < Alog Az, z > +blog’b < Az, x >),

for any « € H, if we denote there A(A) by Ai(\) and B(X) by Bi(A).
Now, we fix x € H — {0} and then use the functional calculus for the operator
B for previous inequality. We have,

r (< Az,z > ||y||> =2 < Az,2 >< Bry,y > + < By,y > Hx||2) +

+A;(\)(< By,y >< Alog? Az, z > —2 < Blog By,y >< Alog Az, x > +
+ < Blog? By,y >< Ax,z >) <
<A< Az, x> ||y|> + (1 =\ < By,y > ||z]|*— < By, y >< A z,z ><
<(1-r7) << Az,x > |[y|? -2 < A%z,x >< Bry,y >+ < By,y > ||x||2) +
+B1(\)(< By,y >< Alog? Az, x > —2 < Blog By,y >< Alog Az, x > +
+ < Blog? By,y >< Az, x >),

for any x,y € H.
We consider now, z = Pze, Yy = Q% f where e, f € H. By the above inequality
we have,

r(< P%AP%e,e ><Qf, f>-2< P%A%P%e,e >< Q%B%Q%f,f >+
+ < Pe,e><Q*BQ3f,f>)+ A1(A\)(< Q2 BQ2 f, f >< Pz Alog? APZe,e > —
—2 < Q*BlogBQ*f,f >< P2 Alog AP%¢c,e > + < Q2 Blog? BQ f, f >< P*AP%¢,e >) <
<A< P2AP3ee><Qf, f>+(1—A) < Q*BQ2f, f >< Pe,e > —
— < QB"Q2f,f >< P2 A Pie,e ><
<(1-7r)(< P%AP%e,e ><Qf,f>-2< P%A%P%e,e >< Q%B%Q%f,f >+
+ < Pe,e >< Q*BQ2f,f>)+ Bi(A\)(< Q?BQ2 f, f >< Pz Alog? APZe,e > —
—2<Q*BlogBQ?f,f >< P*Alog AP%e,e > + < Q2 Blog® BQ? f, f >< Pz AP%e¢, e >),
for any e, f € H.
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Now, let {e;}ier and {f;}jes be two orthonormal bases of . We take in previous

inequality e = e;, 4 € I and f = f;, 7 € J and then summing over ¢ € Jand j € J,
we obtain the following inequality:

r(Y < P3APYeie;>Y < Qfj fi>—2) < P3APeje;> Y <QPB2Q7f;, f; >+

i€l JjeJ el JjeJ
+3 < Peje; > <QIBQEf fi >)+
el JjeJ
+A N <QPBQEf;, f; > < PiAlog? APFe; e; > —
jeJ el
—23 " < Q*Blog BQ f;, f; > > < PEAlog AP%e;,e; > +
jedJ el
+3 < QiBlog? BQEf; f; > > < PEAPie; e;>) <
jeJ el
< )\Z < P%AP%ei,ei > Z < ij7fj > +(1—)\)Z < Q%BQ%f]MfJ > Z < Pei,ei > —
el jedJ JjeJ el
—Z < Q%BI_AQ%fj,fj > Z < P%A’\P%ei,ei ><
jeJ i€l
<(1-r)_ < P:APie;e;> Y <Qfj [ > —
el jeJ
—23 < PiA Preje;> Y < QIBEIQif; f; > +
i€l jeJ
+3 < Peiei > <QFBQEf; f; >)+
el jeJ
+B1NO - <Q2BQEf;, f; > > < PiAlog? AP%e; e > —
jeJ el
—23 " < Q*BlogBQ*f;, f; >y < P*Alog APZe; e; > +
jeJ el
+3 " <QBlog’ BQf;, f; > Y < P2APicie; >).
jeJ i€l

By the properties of the trace we find the that
rltr(PA)tr(Q)— 2tr(PA% )tr(QB% Y+tr(P)tr(QB)]4+ A1 (\)[tr(QB)tr(PAlog? A)—
—2tr(QBlog B)tr(PAlog A) + tr(QBlog® B)tr(PA)] <
< Mr(PAYr(Q) + (1 — Ntr(QB)tr(P) — tr(QB " Mtr(PAY) <
< (1-r)[tr(PA)tr(Q)—2tr(PAY tr(QB? )+tr(P)tr(QB)|+By(\)[tr(QB)tr(PAlog® A)—
—2tr(QBlog B)tr(PAlog A) + tr(QBlog® B)tr(PA)].

If we take instead of B, A and instead of (), P then with the same conditions as
in Theorem 2, we have the following result:
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FIGURE 1. Fig. 1. The function f(a,b) on [0,1] x [0,1] when A = }

Corollary 1. Let m, M be two real munbers with 0 < m < M <1 and A be a
positive operator in B(H) with Sp(A) C [m,M] and P € Bi(H) with P > 0. Then
for any A € [0, 1] we obtain:

2
tr(PA) [ tr(PA2) tr(PA) tr(PAlog? A)  [tr(PAlog A)\>
2 (P _< tr(P)) 2L B T e _< i (P) ) =
tr(PA)  tr(PAM) tr(PA™Y)
= w(P) tr(P)  tr(P)
tr(PA) tr(PA?) ’ tr(PA) tr(PAlog® A) tr(PAlog A)\*
<2070\ 5P _< tr(P) ) BN E) T ) _< (P) )

where r = min{\, 1 — A}, A;(\) = M — % and B1(\) = M — 1 asin
Lemma 1.

Corollary 2. If P, Q) are two positive invertible operators with P,Q € B1(H) and
Sp(P*%QP’%) C [m, M], where m, M be two real munbers with 0 < m < M < 1.



6 LOREDANA CIURDARIU

FIGURE 2. Fig. 2. The function g(a,b) on [0,1] x [0,1] when A = %

Then we have,

tr(Q)  (tr(P1Q)\’ 1r(Q) tr(QP'Piog2 (QP))  (tr(QP~'S(P/Q))’
2 (P) _< (P) ) 2N ) (P) _< tr(P) ) ] =
tr(Q)  tr(PhioaQ) tr(PhQ) <
- tr (P)  tr(P) tr(P) —
tr(Q)  (tr(PiQ))’ tr(Q) tr(QP " Pug2(QP))  (tr(QP'S(P/Q)))”
b R e T ]
Zjhere r = min{\, 1 — A}, 4 ()\) = w — 7 and Bi(\) = M — L2 asin
emma 1.

Proof. We take in Corollary 1, A = P_%QP_% and use the definition of the
weighted geometric mean, relative operator entropy and noncommutative perspec-
tive. 1
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Theorem 3. Let m, M be two real munbers with 1 < m < M and A, B be two
positive operators in B(H) with Sp(A) C [m,M], Sp(B) C [m,M] and P,Q €
B1(H) with P,Q > 0. Then for any X € [0, 1] the following inequality takes place:
rltr(PA)r(Q) — 2tr(PA? )tr(QB?) + tr(P)tr(QB)] + Ay (A)[tr(Q)tr(Plog? A)—

—2tr(Qlog B)tr(Plog A) + tr(Qlog® B)tr(P)] <

< Mr(PA)r(Q) + (1 — Ntr(QB)tr(P) — tr(QB ™ )tr(PAY) <
< (1-r)[tr(PA)tr(Q)—2tr(PAR tr(QB? ) +tr(P)tr(QB)|+Bi(\)[tr(Q)tr(Plog* A)—
—2tr(Qlog B)tr(Plog A) + tr(Qlog® B)tr(P)],

where r = min{\, 1 — A}, A;(\) = M — % and B1(\) = M — L2 asin

1
Lemma 1.

Proof. We take into account the inequality from Theorem 1, which holds for any
a,b > m > 1 and using the functional calculus for the operator A when 1 < m <
b < M is fixed, we get

7’(< Ax,x > 72\/5<A%x,x>+b<x.x >)+

+41(N) (< log? Aw,z > —2logh < log Az, > +1log” b < z,2 >) <
<A< Az,z>4+(1-Nb<z,2>-b" < Az, ><
<(1-r) (< Az x> -2Vb< Az,x > +b <z >) +
+B1(\) (< log? Az,z > —2logh < log Az,z > +1log’b < z,2 >),
for any x € H, if we denote A(X) by Ai(A) and B(A) by Bi()).

We fix x € H — {0} and then by the functional calculus for the operator B for
previous inequality, we have,

T (< Az, > |Jy|? -2 < A%z,x >< Biy,y >+ < By,y > Hﬂc||2) +

+A; (V) (|Jy])? < log® Az, x > —2 < log By,y >< log Az, z > +
+ <log® By,y > ||z[|*) <
SA<Az,a>|[lyll* + (1= X) < By,y > ||z]*~ < B" Ay, y >< Atz,o ><
<(l-7) (< Az,z > |jy||> -2 < A%z,x >< Biy,y >+ < By,y > ||:r||2) +
+B1 (N (||yl|? < log® Az, z > —2 < log By,y >< log Az, z > +
+ < log? By,y > ||z[%),
for any z,y € H.
We put now, x = P%e, y = Q%f where e, f € H and by the above inequality
we obtain,
r(< P2 AP%e,e >< Qf, f > -2 < P3A*P3e,e >< Q*B3Q3f,f > +
+ < Pe,e >< Q*BQ3f,f>)+ A (\)(< Qf, f >< P?log? AP%¢c,e > —
-2< Q% logBQ%f,f >< P32 logAP%ae >4+ < Q% log? BQ%f,f >< Pe,e>) <
<A< P2AP3ee><Qf, f>+(1—A) < Q*BQ2f, f >< Pe,e > —
— < Q2BYQif, f >< P2 A Pie,e ><
<(1-7)(< PiAP3e,e >< Qf,f > 2 < PEATP%e,e >< QEB3Q3f, f > +
+ < Pe,e>< Q*BQ2f,f >)+ Bi(A)(< Qf, f >< P?log? AP%e,e > —
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~2< Q% log BQ:f,f >< Pilog AP%e,e > + < Q% log? BQ® f, f >< Pe,e >),
for any e, f € H.
Let {e;}icr and {f;};es be two orthonormal bases of H. We take in previous
inequality e = e;, 4 € I and f = f;, 7 € J and then summing over ¢ € Jand j € J,
we get the following:

T(Z < P%AP%ei,ei > Z < ijvfj > 722 < P%A%P%el,Q > Z < Q%B%Q%fj,fj >+
i€l j€J i€l j€d
+) < Peje; > <QPBQ [y, f; >)+
iel jed
+A N <Qfj f; > < Pilog’ APre; e; > —
jeJ iel
—23 "< Q7logBQ* f;, f; > > < Plog AP%e; e; > +
j€J i€l
+Z < Q% 10g2BQ%fj,fj > Z < Pei,e,' >) <
j€T iel
SAY < PiAPEe; e > > <Qfi f; > +(1-N)Y < QEBQf; f; > > < Pejei > —
i€l jeJ jeJ iel
—Y <QPBrQi [, ;> Y < PEAMPie e ><
j€d iel
<=1 <P APie; ;> <Qfj f; > -
iel jed
—23 < PiA Preje;> Y <QIBIQif; fi >+
i€l j€J
+3 < Peje; > <QPBQ: [, f; >)+
el jed
—I—Bl()\)(z <Qfj f; > Z < P log? AP%ei,ei > —
jeJ iel
—23 "< Q7 logBQ* f;, f; > > < Plog AP%e; e; > +
j€J iel
+Z < Q% 10g2 BQ%fj,fj > Z < Pei,ei >).
jeJ iel
Using the properties of the trace we find the that
rltr(PA)tr(Q) — 2tr(PA%)tr(QB%) + tr(P)tr(QB)] + A1 (\)[tr(Q)tr(Plog* A)—
—2tr(Qlog B)tr(Plog A) + tr(Qlog® B)tr(P)] <
< Mr(PA)r(Q) + (1 — Ntr(QB)tr(P) — tr(QB ™ )tr(PAY) <
< (1=r)[tr(PA)tr(Q)—2tr(PA? )tr(QB? )+tr(P)tr(QB)|+B1(\) [tr(Q)tr(Plog® A)—
—2tr(Qlog B)tr(Plog A) + tr(Qlog® B)tr(P)].

Next we take instead of B, A and instead of (), P then with the same conditions
as in Theorem 3, and we have the following result:



FIGURE 3. Fig. 3. The function h(a,b) on [1,10] x [1,10] when A = &

Corollary 3. Let m, M be two real munbers with 1 < m < M and A be a positive
operator in B(H) with Sp(A) C [m, M] and P € By(H) with P > 0. Then for any
A € [0, 1] we obtain:

tr(PA) (tr(PAé)>2

Lo () tr(Plog? A) 3 (tr(PlogA))

tr(P) tr(P)

tr(P) tr(P)

tr(PA)  tr(PAM) tr(PA™Y)
= tr(P)  tr(P) tr(P)

tr(PA) (tr(PA%)>2

<2(1-7)

+2B1())

tr(Plog’ A) <tr(Plog A)>2

tr(P) tr(P) tr(P) tr(P)

where r = min{\, 1 — A}, A;(\) = M — 7 and Bi(\) = M - LT as
before.
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FIGURE 4. Fig. 4. The function k(a,b) on [1,10] x [1,10] when A = ¢

Corollary 4. If P, Q are two positive invertible operators with P,Q € By(H) and
Sp(P~2QP~%) C [m, M], where m, M be two real munbers with 1 < m < M.
Then we have,

Q) [tr(PEQ)\> tr(Piog2(QP))  (tr(S(P/Q))
i (i) | #2400 | - (M) ]S
< tr(Q) 3 tr(Pt1-.Q) tr(Pt,\Q) <
~ tr(P) tr(P) tr(P) —
Q) [ tr(PHQ)\? tr(Pig2(QP))  (tr(S(P/Q))\’
<2=n) TP _< i (P) ) +2B1(\) zlfr(P) _< tr(P) ) ]

where r = min{\, 1 — A}, A;(\) = M — % and B1(\) = @ — 127 as before.

If we take A = B and P = O in Theorem 3, see [2], will obtain next inequality
below.
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Corollary 5. Let A be a positive operator and P € By(H) with > 0. Then for any
v € [0,1] we have:

(ZY Zn: (Z> (1 —7)" Fr e (PAR)tr (PA"F) — tr(PA™ )tr(PA™ 7)) | <

< zn: (n) (]. — l/)n—ky/ctr(PAk)tT(PAn_k) _ tr(PAmj)tr(PA"(l—V)) <

L-v\" |~ (7 —Tn_kaT k r n—ky _ r Ty n(l—7)
< ( ];)<k:)(1 ) tr(PAF)tr(PA™F) — tr(PA™ )tr(PA )
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