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Abstract. In this paper, the weighted Hermite-Hadamard inequality for weakly

r-preinvex function on an invex set are established. As applications, some in-
equalities involving two-parameter mean are given.

1. Introduction

It is well-known that the concepts of means are important notions in mathemat-
ics, for instance, some definitions of norms are often special means and have explicit
geometric meanings [14], and have been applied in heat conduction, chemistry [16],
electrostatics [11] and medicine [4].

The classical Hermite-Hadamard inequality for convex functions states that if
f : [a, b]→ R is convex, then

1

b− a

∫ b

a

f(t)dt ≤ f(a) + f(b)

2
.

In [15], Sun and Yang extend Hermite-Hadamard inequality to the weighted mean
of order s of a positive r-convex function on an interval [a, b].

Antczak [1, 2] introduced the concept of r-invex and r-preinvex function and
give a new method to solve nonlinear mathematical programing problems. In [10],
Noor gave some Hermite-Hadamard inequality for the preinvex and log-preinvex
functions. Moreover, in [17], Wasim Ui-Haq and Javed Iqbal introduced Hermite-
Hadamard inequality for r-preinvex functions. Recently, Hwang and Dragomir [5]
establish the Hermite-Hadamard inequality to a relation of two extended means for
weakly r-preinvex functions on an invex set.

The main purpose of this paper is to generalise Hermite-Hadamard inequality
that involves weighted mean of two-parameters for weakly r-preinvex functions on
an invex set. The obtained results not only establish weighted inequality of the
inequality given in [10, 17], but also extend the results given in [12, 15].

2. Preliminary definitions

The power mean Mr(x, y;λ) of order r of positive numbers x, y which is defined
by

Mr(x, y;λ) =

{
(λxr + (1− λ)yr)

1
r , if r 6= 0,

xλy1−λ, if r = 0,

see [6].
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In [12, 13], Qi gave the following weighted mean values of a positive function f
defined on the interval between x and y with two parameters p, q ∈ R and nonneg-
ative weight w, is not equivalent 0, by

Mw,f (p, q;x, y)

=


(∫ y

x
w(t)fp(t)dt

/∫ y
x
w(t)fq(t)dt

) 1
(p−q)

, if (p− q)(x− y) 6= 0,

exp
(∫ y

x
w(t)fq(t) ln f(t)dt

/∫ y
x
w(t)fq(t)dt

)
, if p = q.

and Mw,f (p, q;x, x) = f(x). Let x, y, s ∈ R, and w and f be positive and integrable
functions on the closed interval [x,y]. The weighted mean of order s of the function
f on [x, y] with the weight w is defined in [7] as

M [s](f, w;x, y) =


(∫ y

x
w(t)fs(t)dt

/∫ y
x
w(t)dt

) 1
s

, if s 6= 0,

exp
(∫ y

x
w(t) ln f(t)dt

/∫ y
x
w(t)dt

)
, if s = 0.

In addition, M [s](f, w;x, x) = f(x). By taking s = p − q, p, q ∈ R, and re-
placing w(t) by w(t)fq(t) in M [s](f, w;x, y), we have that M [p−q](f, wfq;x, y) =
Mw,f (p, q;x, y). It is obvious that the weighted mean M [s](f, w;x, y) is equivalent
to the generalized weighted mean values Mw,f (p, q;x, y).

In [15], Sun and Yang gave the following theorem for the weighted mean of
r-convex functions.

Theorem 1. Let f(t) be a positive and continuous function on interval [x, y] with
continuous derivative f ′(t) on [x, y], let w(t) be a positive and continuous function
on the range J of the function f(t), and let h(t) = t. Then if f is r-convex,

(2.1) M [s](f, w ◦ f ;x, y) ≤M [s](h,whr−1; f(x), f(y))

For any real number s, while if f is r-concave, the inequality is reversed.

We begin with some definitions relating to r-preinvex function. The definitions
of invex sets and preinvex functions, see in [8, 9]. In [3], Antczak introduced the
following definition of an η-path on invex set.

Definition 1. Let K ⊂ Rn be a nonempty invex set with respect to η, u, v ∈ K.
For x ∈ K, a set Pux := {u + λη(v, u) : λ ∈ [0, 1]} is said to be a closed η-path
joining the points u and x = u + η(v, u) and P 0

ux := {u + λη(v, u) : λ ∈ (0, 1)} is
said to be a open η-path joining the points u and x = u+ η(v, u) .

We note that if η(v, u) = v−u then the set Pux = Puv = {λv+(1−λ)u : λ ∈ [0, 1]}
is the line segment with the end points u and v.

In [1], Antczak introduced the class of r-preinvex function with respect to η on
the optimization theory.

Definition 2. Let K ⊂ Rn be a nonempty invex set with respect to η. A function
f : K → R+ is said to be r-preinvex with respect to η, if there is a vector-value
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function η : K ×K → Rn such that

f(u+ λη(v, u)) ≤

{
(λf(v)r + (1− λ)f(u)r)

1
r , if r 6= 0,

f(v)λf(u)1−λ, if r = 0.

for every v, u ∈ K and λ ∈ [0, 1].

Note that 0-preinvex functions are logarithmic preinvex and 1-preinvex functions
are preinvex functions. It is obvious that if f is r-preinvex , then fr is preinvex
function for positive r.

The following Condition C and Condition D were given in [8] and [18], respec-
tively.

Condition 1. (Condition C) Let K ⊂ Rn be a nonempty invex set with respect to
η : K ×K → Rn. We say that the function η satisfies the Condition C if for any
u, v ∈ K and λ ∈ [0, 1], the following two identities hold.

< i > η(u, u+ λη(v, u)) = −λη(v, u);

< ii > η(v, u+ λη(v, u)) = (1− λ)η(v, u).

Condition 2. (Condition D)Let K ⊂ Rn be a nonempty invex set with respect to
η : K × K → Rn, and let f : K → R be invex with respect to the same η. we
say that the function f satisfies the Condition D if for any u, v ∈ K, the following
inequality

f(u+ η(v, u)) ≤ f(v)

holds.

In [5], Hwang and Dragomir give the following definitions related to power means.

Definition 3. Let K ⊂ Rn be a nonempty invex set with respect to η. A function
f : K → R+ is said to be weakly r-preinvex with respect to η, if there is a vector-
value function η : K ×K → Rn such that

f(u+ λη(v, u)) ≤Mr(f(u+ η(v, u)), f(u);λ)

for every v, u ∈ K and λ ∈ [0, 1].

We note that if f is weakly r-preinvex function, then fr is weakly preinvex func-
tion for positive r, if f is weakly 0-preinvex function, then log◦f is weakly preinvex
function, and if f is weakly 1-preinvex function, then f is weakly preinvex function.
We also note that, in Definition 3, if f further satisfies the Condition D, then f is
r-preinvex function.

In order to obtain our results, we introduce the following new definitions related
to weighted mean of two-parameters for weakly r-preinvex function on an invex set.

Definition 4. Let K ⊂ Rn be a nonempty invex set with respect to a vector-value
function η : K × K → Rn and let f, w : K → R+ be an integrable on η-path
Pux for x = u + η(v, u) where v, u ∈ K, λ ∈ [0, 1]. Set x(λ) = u + λη(v, u). We
define the weighted mean of the function f(u+λη(v, u)) on [0, 1] with respect to λ by
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Mp,q(f, w;u, u+ η(v, u))

=


(∫ 1

0
w(x(λ))fp(x(λ))dλ

/∫ 1

0
w(x(λ))fq(x(λ))dλ

) 1
(p−q)

, if p 6= q,

exp
(∫ 1

0
w(x(λ))fq(x(λ)) ln f(x(λ))dλ

/∫ 1

0
w(x(λ))fq(x(λ))dλ

)
, if p = q.

In particular, when q = 0, Mp,0(f, w;u, u + η(v, u)) = M [p](f, w;u, u + η(v, u))
is the weighted mean of order p of the function f on [u, u+η(v, u)] with the weight w.

In [5], applying Condition C, Hwang and Dragomir have given the following
properties for weakly r-preinvex function.

Proposition 1. Let K ⊂ Rn be a nonempty invex set with respect to η : K×K →
Rn and suppose that η satisfies Condition C. Let u ∈ K and let f : Pux → R for
every v ∈ K, λ ∈ [0, 1] and x = u + η(v, u) ∈ K. Suppose that f is continuous on
Pux and is twice-differentiable on P 0

ux and r ≥ 0. Then f is a weakly r-preinvex
function with respect to η if and only if

rfr−2(u){(r − 1)[η(v, u)T∇f(u)]2 + f(u)η(v, u)T∇2f(u)η(v, u)} ≥ 0

for r > 0,

{η(v, u)T∇2f(u)η(v, u)f(u)− [η(v, u)T∇f(u)]2}/f2(u) ≥ 0

for r = 0.

3. Weighted Hermite-Hadamard inequality

For simplicity, in this section, we assume that K ⊂ Rn be a nonempty invex set
with respect to a vector value function η : K ×K → Rn. Applying the definitions,
conditions and proposition in section 2, we have the following theorems.

Theorem 2. Let f be a weakly r-preinvex function on invex K with r ≥ 0. Assume
that f be a positive and continuous function on Pax and twice-differentiable on
P 0
ax for every a, b ∈ K, λ ∈ [0, 1] and a < x = a + η(b, a), and let η satisfy

Condition C. Let m and M be the minimum and maximum of f on Pax, respectively.
Further, let w, h be positive and continuous on [m,M ] with h(x) = x, and let
g1, g2 : (0,∞) → R and suppose that g2 is a positive integrable on [m,M ] and the
ratio g1/g2 is integrable on [m,M ]. If g1/g2 is increasing on [m,M ], then

(3.1)

∫ 1

0
w(f(a+ λη(b, a)))g1(f(a+ λη(b, a)))dλ∫ 1

0
w(f(a+ λη(b, a)))g2(f(a+ λη(b, a)))dλ

≤

∫ f(a+η(b,a))
f(a)

w(x)hr−1(x)g1(h(x))dx∫ f(a+η(b,a))
f(a)

w(x)hr−1(x)g2(h(x))dx

for f(a) 6= f(a+η(b, a)); the right-hand side of (3.1) is defined by g1(f(a))/g2(f(a))
for f(a) = f(a+η(b, a)). If g1/g2 is decreasing, then the inequality (3.1) is reversed.

Proof. We give only the proof in the case of r > 0 and g1/g2 is increasing. The
proof in the other case is analogous. Let φ(λ) = fr(a + λη(b, a)) for r 6= 0 and
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φ(λ) = ln f(a + λη(b, a)) for r = 0. For convenience, let ψ(λ) = f(a + λη(b, a)).
Since f is weakly r-preinvex function with respect to η, Proposition 1 gives

φ′′(λ) = rf (r−2)(a){(r − 1)[η(b, a)T∇f(a)]2 + f(a)η(b, a)T∇2f(a)η(b, a)}
is positive.

When f(a) 6= f(a+ η(b, a)). The inequality (3.1) is equivalent to

(3.2)

∫ 1

0
w(ψ(λ))g1(ψ(λ))dλ∫ 1

0
w(ψ(λ))g2(ψ(λ))dλ

≤
∫ 1

0
w(ψ(λ))ψr−1(λ)g1(ψ(λ))ψ′(λ)dλ∫ 1

0
w(ψ(λ))ψr−1(λ)g2(ψ(λ))ψ′(λ)dλ

.

Consider

I =

∫ 1

0

w(ψ(λ))g1(ψ(λ))dλ

∫ 1

0

w(ψ(µ))ψr−1(µ)g2(ψ(µ))ψ′(µ)dµ

−
∫ 1

0

w(ψ(λ))g2(ψ(λ))dλ

∫ 1

0

w(ψ(µ))ψr−1(µ)g1(ψ(µ))ψ′(µ)dµ

=

∫ 1

0

∫ 1

0

w(ψ(λ))w(ψ(µ))g2(ψ(λ))g2(ψ(µ))ψr−1(µ)ψ′(µ)
[g1(ψ(λ))

g2(ψ(λ))
− g1(ψ(µ))

g2(ψ(µ))

]
dλdµ.

(3.3)

Interchanging λ and µ in (3.3) and adding the resulting equation gives

I =
1

2r

∫ 1

0

∫ 1

0

w(ψ(λ))w(ψ(µ))g2(ψ(λ))g2(ψ(µ))
[
(ψr(µ))′ − (ψr(λ))′

][g1(ψ(λ))

g2(ψ(λ))
− g1(ψ(µ))

g2(ψ(µ))

]
dλdµ.

(3.4)

If the derivative φ′(λ) = (ψr(λ))′ ≥ 0 for all λ ∈ (0, 1), from φ′′(λ) = (ψr(λ))′′ ≥ 0,
we have [

(ψr(µ))′ − (ψr(λ))′)
][g1(ψ(λ))

g2(ψ(λ))
− g1(ψ(µ))

g2(ψ(µ))

]
≤ 0.

From (3.4), we get I ≤ 0. This implies that the inequality (3.2) holds and then
(3.1) holds. If φ′(λ) = (ψr(λ))′ ≤ 0 for all λ ∈ (0, 1), a similar argument gives
I ≥ 0 again the inequality (3.1) holds.

Now suppose that φ′(λ) = (ψr(λ))′ changes sign and φ(0) < φ(1). Then ψr(0) ≤
ψr(1) and there exist a point α ∈ (0, 1) such that φ′(α) = (ψr(α))′ = 0 and
(ψr(λ))′ ≤ 0 for all λ ∈ [0, α] and (ψr(λ))′ ≥ 0 for all λ ∈ [α, 1]. Therefore, there
exist β ∈ (α, 1) such that ψ(0) = ψ(β). Thus∫ β

0

w(ψ(λ))ψr−1(λ)g1(ψ(λ))ψ′(λ)dλ

=

∫ ψ(α)

ψ(0)

w(ψ(λ))xr−1g1(x)dx+

∫ ψ(β)

ψ(α)

w(ψ(λ))xr−1g1(x)dx = 0,

and, similarly, ∫ β

0

w(ψ(λ))ψr−1(λ)g2(ψ(λ))ψ′(λ)dλ = 0.

Consequently, the inequality (3.1) is equivalent to

(3.5)

∫ 1

0
w(ψ(λ))g1(ψ(λ))dλ∫ 1

0
w(ψ(λ))g1(ψ(λ))dλ

≤
∫ 1

β
w(ψ(λ))ψr−1(λ)g1(ψ(λ))ψ′(λ)dλ∫ 1

β
w(ψ(λ))ψr−1(λ)g2(ψ(λ))ψ′(λ)dλ

.
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Consider

I2 =

∫ 1

0

w(ψ(λ))g1(ψ(λ))dλ

∫ 1

β

w(ψ(µ))ψr−1(µ)g2(ψ(µ))ψ′(µ)dµ

−
∫ 1

0

w(ψ(λ))g2(ψ(λ))dλ

∫ 1

β

w(ψ(µ))ψr−1(µ)g1(ψ(µ))ψ′(µ)dµ

=
1

r

∫ 1

0

∫ 1

β

w(ψ(λ))w(ψ(µ))g2(ψ(λ))g2(ψ(µ))ψr−1(µ)ψ′(µ)
[g1(ψ(λ))

g2(ψ(λ))
− g1(ψ(µ))

g2(ψ(µ))

]
dλdµ.

(3.6)

Split the double integral I2 into two parts

I21 =
1

r

∫ β

0

∫ 1

β

w(ψ(λ))w(ψ(µ))g2(ψ(λ))g2(ψ(µ))ψr−1(µ)ψ′(µ)
[g1(ψ(λ))

g2(ψ(λ))
−g1(ψ(µ))

g2(ψ(µ))

]
dλdµ,

and

I22 =
1

r

∫ 1

β

∫ 1

β

w(ψ(λ))w(ψ(µ))g2(ψ(λ))g2(ψ(µ))ψr−1(µ)ψ′(µ)
[g1(ψ(λ))

g2(ψ(λ))
−g1(ψ(µ))

g2(ψ(µ))

]
dλdµ.

When (λ, µ) ∈ [0, β]× [β, 1], we have λ ≤ µ and (ψr(µ))′ = rψr−1(µ)ψ′(µ) ≥ 0 for
all µ ∈ (β, 1). Thus ψ′(µ) ≥ 0 for all µ ∈ (β, 1) and

g1(ψ(λ))

g2(ψ(λ))
≤ g1(ψ(β))

g2(ψ(β))
≤ g1(ψ(µ))

g2(ψ(µ))
.

This gives I21 ≤ 0. By the result proved in case when φ′(λ) = (ψr(λ))′ ≥ 0, we
see that I22 ≤ 0. Therefore, I2 = I21 + I22 ≤ 0. It follows that (3.5) and also
(3.1) holds. Finally, if the sign of the derivative φ′(λ) = (ψr(λ))′ changes and
ψ(0) ≥ ψ(1) a similar proof again shows that (3.1) holds.

When f(a) = f(a + η(b, a)), ψ(0) = ψ(1), and so φ(0) = φ(1). Since φ′′ =
(ψr(λ))′′ ≥ 0, we see that φ′ = (ψr(λ))′ is continuous and increasing for λ ∈ (0, 1).
There exist a point α ∈ (0, 1) such that (ψr(α))′ = 0 and (ψr(λ))′ ≤ 0 for all
λ ∈ (0, α), and (ψr(λ))′ ≥ 0 for all λ ∈ (α, 1). Hence

g1(ψ(λ))

g2(ψ(λ))
≤ g1(ψ(1))

g2(ψ(1))
,

for all λ ∈ (0, 1). It follows that∫ 1

0

w(ψ(λ))g1(ψ(λ))dλ ≤ g1(ψ(1))

g2(ψ(1))

∫ 1

0

w(ψ(λ))g2(ψ(λ))dλ.

Therefore, the inequality (3.1) is valid. This completes the proof of Theorem 2.

Remark 1. If we take w ≡ 1 , we get the inequality (3.1) reduces to the inequality
(3.1) in [5].

Remark 2. If we take g1(x) = xp, g2(x) = xq for suitable real number p, q in (3.1),
we get the following weighted mean inequality for the twice-differentiable and weakly
r-preinvex function f on an invex set with respect to η satisfying condition C,

(3.7) Mp,q(f, w ◦ f ; a, a+ η(b, a)) ≤Mp,q(h,wh
r−1; f(a), f(a+ η(b, a))).

Moreover, if we take q = 0 in (3.7), we have the following weighted mean of order
p inequality

(3.8) M [p](f, w ◦ f ; a, a+ η(b, a)) ≤M [p](h,whr−1; f(a), f(a+ η(b, a))).
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Taking p = 1 in (3.8), gives

(3.9)

∫ a+η(b,a)
a

w(f(x))f(x)dx∫ a+η(b,a)
a

w(f(x))dx
≤

∫ f(a+η(b,a))
f(a)

w(x)xrdx∫ f(a+η(b,a))
f(a)

w(x)xr−1dx
.

The inequality (3.9) is the weighted type of the inequality given by Ui-Haq and Iqbal
in [17]. For r = 1 or r = 0 in (3.9), the inequality (3.9) is a weighted type of the
inequality given by Noor in [10].

Remark 3. If we take η(b, a) = b− a in (3.7), we have

(3.10) Mp,q(f, w ◦ f ; a, b)) ≤Mp,q(h,wh
r−1; f(a), f(b)).

We note that the (3.10) is equivalent to the following inequality

Mw◦f,f (p, q; a, b)) ≤Mwhr−1,h(p, q; f(a), f(b)).

Take q = 0 in (3.10), the inequality (3.10) reduce to (2.1) in Theorem 1.
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