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INEQUALITIES OF JENSEN’S TYPE FOR GENERALIZED
k-g-FRACTIONAL INTEGRALS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some inequalities of Jensen and Hermite-
Hadamard type for the k-g-fractional integrals of convex functions defined
an interval [a,b]. Some examples for the generalized left- and right-sided
Riemann-Liouville fractional integrals of a function f with respect to another
function g on [a, b] and for classical Riemann-Liouville fractional integrals are
also given.

1. INTRODUCTION

The following integral inequality

b
(1) H(*57) <52 [ r0a < HOTIE,

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in Theory of Special Means and in Information The-
ory for divergence measures, from which we would like to refer the reader to the
monograph [22], the recent survey paper [15] and the references therein.

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for « > 0 by

O A LCL

fora <2 <band

1 b a—1
i [T

for a < x < b, where I' is the Gamma function. For a = 0, they are defined as

Jif (x) =

0. (@)= T f (@) = f (2) for & € (a,h).
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In the recent paper [16] we obtained the following Hermite-Hadamard type in-
equalities for convex functions and the Riemann-Liouville fractional integrals

(1.2) ail ;f(w)Jrf(a)—;f(b)} Z %F(a) {}]fifga) ((]5—6)32}
> [t (a9 5 )
-1 (75 (5+3)
and
19 2 [res MOELO] 1y [0 e )
1
>

S—

sa1f<sx+(1—s)a;_b>ds

1 e la+b
> —
_af<a+1 <x+a 2 )>
for any « € (a,b) and o > 0.

In order to extend these type of inequalities for more general fractional integrals
we need the following preparations.

Assume that the kernel k is defined either on (0, 00) or on [0, 00) with complex
values and integrable on any finite subinterval. We define the function K : [0, 00) —
C by

jgk(s)ds if 0 < t,
K (t) :=
0ift=0.

As a simple example, if k (t) = t*~! then for o € (0,1) the function k is defined on
(0,00) and K (t) := 1t for t € [0,00). If & > 1, then k is defined on [0, 00) and
K (t) := Lt> for t € [0,00).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g on (a,b). For the Lebesgue integrable function f : (a,b) — C, we define the

k-g-left-sided fractional integral of f by

(1.4) Sk.g.a+f (x) = /r k(g(x)—g(t)g' () ft)dt, z € (a,b]

and the k-g-right-sided fractional integral of f by

b
(1.5) Skgo-f(x)= [ k(g(t)—g(@)g () f(t)dt, x € [a,]).

If we take k (t) = =1~t*~!, where I is the Gamma function, then

(L6) Stgarf () = ﬁ / @) — g1 g () £ (1) de
=1, Jf(2), a<x <D
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and

1 b 1
(L.7) S / 9 () — g @)™ g/ (8) £ (t) dt

= I f(z), a<z <D,

which are the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a, b] as defined in [25, p. 100].

For g (t) =t in (1.7) we have the classical Riemann-Liouville fractional integrals
while for the logarithmic function ¢ (¢t) = Int we have the Hadamard fractional
integrals [25, p. 111]

(1.8) HE, f(=) ;:1)/: [m (5)}%1M7 0<a<az<b

I'(a t t
and
(1.9) Haf()'_l/b (L T 0<a<z<b
. b— xXr) = F (a) . - ¢ y s a X .
One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals” by
i@ /f f@)dt
1.10 Ry f(x) := ,0<a<z<b
( ) + ( ) F(a) o (,’I,‘ _ t)l—(,v ta+1
and
gme b ) dt
1.11 Ry f(z):= / , 0<a<x<h
( ) b f( ) F(Ot) . (tix)lfoztaJrl

Also, for ¢g(t) = exp (Bt), 8 > 0, we can consider the "S-Ezxponential fractional
integrals"

(112) B2y f(x) = Ffa) / " fexp (Bz) — exp (B0)]* " exp (1) f (t) dr,

fora < x <band

B ’ 1
(L13) B f@) = ey [l (80 —exp (82" exp (80 £ (1)t

fora <z < b.
If we take g(t) = t in (1.4) and (1.5), then we can consider the following k-
fractional integrals

(1.14) Skatf () = /x kE(z—t)f(@)dt, z < (a,b]
and

b
(1.15) Sko—f(z) = / k(t—=x)f(t)dt, z € [a,b).

In [28], Raina studied a class of functions defined formally by

= o (k) k .
1.1 o (=S )k .
(1.16) Fox (@) gzol“(pk+/\)x , |z < R, with B> 0
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for p, A > 0 where the coefficients o (k) generate a bounded sequence of positive real
numbers. With the help of (1.16), Raina defined the following left-sided fractional
integral operator

(1.17) Tyrnarwl () = /w (v — t)>‘*1 7 (w(@—t)°) f(t)dt, z>a

where p, A > 0, w € R and f is such that the integral on the right side exists.
In [1], the right-sided fractional operator was also introduced as

b
(1.18) T s i—uf () ;:/ (t— 2 FI\ (w(t—a)’) f(t)dt, = <b

where p, A > 0, w € R and f is such that the integral on the right side exists.
Several Ostrowski type inequalities were also established.

We observe that for k (t) = t’\_lf;h (wt?) we re-obtain the definitions of (1.17)
and (1.18) from (1.14) and (1.15).

In [26], Kirane and Torebek introduced the following exponential fractional in-
tegrals

) 7@ [

a

wexp{l;a(xt)}f(t)dt, z>a

and

(1.20) T f (2) = é/

x

b

exp{—l;a (t—m)} F)dt, x<b

where a € (0,1).

We observe that for k (t) = X exp (—1=%¢) , t € R we re-obtain the definitions of
(1.19) and (1.20) from (1.14) and (1.15).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g’ on (a,b). We can define the more general exponential fractional integrals

(121) T2, f(x) ::;/mexp{—l_a(g(x)—g(t))}gl(t)f(t)dt, r>a

a (07

and

b -«
12 Ty = exp{1 <g(t>g(a:>>}g'<t>f<t>dt,z<b

(&% «

where o € (0,1).
Let g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). Assume that o > 0. We can also define the logarithmic fractional integrals

(1.23) Ly (2) = /m (9(z) = g(#)* " In(g(x) — g (1) g () f (1) dt,

for0 <a<x<band
b

(1.24) Ly f (2) ¢=/ (9(t) =g (@) " In(g(t) —g () g (t) f(¢)dt,

for 0 < a <z < b, where o > 0. These are obtained from (1.14) and (1.15) for the
kernel k (t) =t Llnt, t > 0.
For a =1 we get

T

(125)  Lpurf @)= [ W@~ g0)g ) Odt 0<a<z<b

a
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and
b
(1.26) Lop ] (z) = / In(g(t) — g () g (t) f(#)dt, 0<a<az<b
For ¢ (t) = t, we have the simple forms
(1.27) Lo f(x) = / (z—t)* "In(z—t)f(t)dt, 0<a<xz<b,
b
(1.28) Ly f(x) = / (t—2)* 'In(t—2a)f(t)dt, 0<a<z<b,
(1.29) £a+f(a:)::/gﬁln(as—t)f(t)dt,O<a<az§b
and
b
(1.30) Ly—f(x) ::/ In(t—z)f(t)dt, 0 <a<ax<b.

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [2]-[18], [23]-[36] and the references therein.
For k and g as at the beginning of Introduction, we consider the mixed operator

(1.31)  Sk.g.atp—f (2)

= % [Sk,g,a-i-f ($) + Sk,g,b—f (Qj)}

z b
;l/ Ho @)~ g @) 05 @+ [ kO - g@)g 07 0)a

for the Lebesgue integrable function f : (a,b) — C and z € (a,b).
Observe that
b

Stgsf (B) = / k(g () — g (8) g (1) f (t)di, x € [a,b)

x

and .
Skt (@) = [ K(g(®) = 9(@)g/ (01 ®)d, € (a0].
We can define also the dual Iilixed operator
Svk,g,aJr,bff(x)
= 5 1Skges f O) 4 Stge [ (a)]

b xr
-2 [/ Fo®) -9 ) O 7O+ [ K0 -g@)d 05

for any x € (a,b).

In this paper we establish some inequalities of Jensen and Hermite-Hadamard
type for the k-g-fractional integrals of convex functions defined an interval [a, b].
Some examples for the generalized left- and right-sided Riemann-Liouuville fractional
integrals of a function f with respect to another function g on [a, b] and for classical
Riemann-Liouville fractional integrals are also given.
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2. THE MAIN RESULTS
We have the following bounds for the operator Sj g a4 5—f:

Theorem 1. Assume that the kernel k is defined either on (0,00) or on [0,00)
with nonnegative values and integrable on any finite subinterval. Let g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b). If f :
[a,b] — R is a convex function, then

1

(21) 1K (9(2) - g(a) + K (9 () - g ()]
(K@ —g@)atE(g®)—g@)b
K(g(@) = g(a)) + K (g() —9(@))
K@) =g @) dt— [ K (g(t) — g (@) dt
K (g (@) =g (@) + K (g(b) — g (@))
1 1 v
<311 (0t g [ K@@ -a@)dt) K@ - g@)
b
+f <b— K (b)l_g(x))/ K(g(t)—g(fﬂ))dt> K (g (b)—g(w))]
S Sk,g,a+,b—f(x)
< SIK (9@) —g(@) f (@) + K (g(8) — g (@) f (0]
_ a T _ T b
w3 P2 o - gy - LO=LE [ —g(w))dt]
for z € (a,b).
Proof. Since f : [a,b] — R is convex, then for xz € (a,b)
(22) JO) <=2 @)+ T f (), b€ [a2]
and
(23) T <2 rm 4 @), te )

By (2.2) and (2.3) we have
(24)  Skgat+p-f(2)

for x € (a,b).
Using the chain rule we have

(K (g(x)—g(®) =~K"(g(x) =g () g (t) =~k (g(x) — g (1)) ¢ (1)
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for t € (a,z) and

)
(K(g(t)=—g(@) =K' (g(t) —g(x))g' (t) =k(9() =g () g’ (1)
for t € (x,b).
Then, integrating by parts, we have

HOZL [ k(g ) - g )
K ()~ g@) 1 @+ LD w0 - g a
and
b o _
[ b0 -9@)g @ [;=2r 0+ ;=1 @]
b _
[ WO -g@) [[ZEr 0+ =i @] ar
b
— K0~ 9@) [[Z2 0+ =21 o)
IO g - g @ an
=K (g0 g @) o) - L0 w0 g () i
for « € (a,b).
Therefore by (2.4) we have
Sk.g,a+,b— f()
_2[ - /K D)dt+ K (g (@) - g(a))f(aﬂ
3 |Kew—g@r 7o - 1O [ ]
=§[K<g<m>—g<a>>f< )4 K (9(8) ~ 9 (@) £ ()]
+% — /K ) dt — bl))_ix/xK(g(t)—

for z € (a, b), which proves the third inequality in (2.1).
We use the Jensen inequality in the form

(2.5) oo () de 2f< R dt)
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where f : [¢,d] — R is convex and w (t) > 0, t € [c, d] is integrable with fcd w(t)dt >
0.
Therefore

@0 [ k@ -g@)g 00
k@) @) @ =
-/ f5k<g<z>g(t))g/(t)dtM’“(g” s

f”k<g<t>—g<x>>g/<t)tdt> b ,
>f|= kE(g(t)—g(x t) dt
(ffkw(t)—g(w))gf(t)dt | o -stng
for x € (a,b).

‘We have

/ k(g(@_g@)g/(t)dt:_/’<K<g(x)_g(t»ydt:K(g@)_g(a))
and

for x € (a,b).
Also

and
b b
[ =gy @y [ (560 - g @)
b
=K<g<t>—g<x>>t|i—/ K (g(t) - g (x)) dt
b
:K<g<b>fg<z>>bf/ K (g(t) - g () dt

for « € (a,b).
Then by (2.6) and (2.7) we have

es kg (@) — g () g (1) f () de
> 1 (o4 gpm =g | K@ -0 Ko@) - 9)
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and

b
@9) [ ke -g@)g O F0d

1 b
>f(b_f((g(z))—g@))L K(g(t)—g(ﬂc))dt>K(g(b)—g(ﬂc))

for x € (a,b).
Using the inequalities (2.8) and (2.9) we have
Sk,g,a+b-f (%)
b
[/ kg (t)f(t)dt+/ k(g(t)—g(w))g’(t)f(t)dt]
22f<a+ i | K@ g0 Ko@) - g ()

1
+§f (b_K(g(b)—g(aJ))/Z K(g(t)—g(m))dt)K(g(b)—g(m)),

which proves the second inequality in (2.1).
By the convexity of f we have for «, 5 > 0 with a + 8 > 0, that

af(c)+Bf(d) ac+ fBd
(2.10) o Zf<a+ﬁ)'
Then for
o Blg(@) —g(a)) 5= K (g() —g(z))
2 ’ 2
and
c o TR
b
T s ), K
we have

z%mm 9(a) + K (g(b) - g())]
Xf(mgu g(@)a+K(g(b) —g(x)b
K (9 () — 9 (@) + K (9(b) — g ())
K (@) — @)t~ [TK (9(t) — g (@) dt
K (g (@)~ g(@) + K (g(b) - g ()

which proves the first inequality in (2.1).

)

O



10 S.S. DRAGOMIR

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers
a,bel as

IR CUEC))

If I =R and g (t) =t is the identity function, then M, (a,b) = A(a,b) = %FL,
the arithmetic mean. If I = (0, 00) and ¢ (t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g(t) = 1, then M, (a,b) = H (a,b) :=

) =

%, the harmonic mean. If I = (0,00) and g (t) = t?, p # 0, then M, (a,b)

MP (a7b) = (%)
g (t) = expt, then

1
/p, the power mean with exponent p. Finally, if I = R and

expa + exp b)

My (a,b) = LME (a,b) := ln( 5

the LogMeanEzxp function.

Corollary 1. With the assumptions of Theorem 1 we have

’ 2
Mgy(a,b a b a
ot b fa g )K (9( );‘Q(b) —g (t)) dt— fMg(a,b) K <g (t) _ g( );g(b)) dt
“F\ Tt 9(b)—g(a)
2k (ele))

1 1 Maleb) (g (a) + g (b)
§§ f G+[(W/a K<2—g(t)>dt

et L - 225220 22522)

< Sk,g,a+,b—f (Mg (CL, b))

<3U@+sox (2052
1f (M, (a,b)) = f(a) M (g(a)+g(b)
T2 M, (@ b) —a / K( 2 g(t))dt
1f(b) = f (Mg (a,b)) [° ~g(a)+g(b)
T2 b— M,(ab) /Mg(a,b) K (g ®) 2 ) d.

For the dual operator S , 4+ 5 f We also have the following bounds:

Theorem 2. Assume that the kernel k is defined either on (0,00) or on [0,00)
with nonnegative values and integrable on any finite subinterval. Let g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b). If f :
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[a,b] — R is a convex function, then

(212) S[K (9(r) g (@) + K (9(0) g ()]

Y Hij(g(b)fg dt— [T K —g(a))dt
K(g(x g(a)+ K (g (b) g(fc))
1
<2[f(x_ /K )K<g<x>—g<a>>

+f<ar+K(g(b)_g(m))/z K(g(b)—g(t))dt>K(g(b)—g(a:))]

< gk,g,a+,b—f (x)
< 5K (9(2) — g (@) + K (9(8) — g )] £ &)

oI | K(g(b)—g(t»dt—W[m(w—g(a»dt}

for x € (a,b).

Proof. Using (2.2) and (2.3) we have

(2.13) Sv’k,g,a#»,bff (z)
b

1/xk(g(t)—g(a))g’()f()dt+ [ ra® -9 0 0 at

x

r—t

Do @) | S5 o)+

Tr—a r—a

<1 /k
+§/$ Fo0) - 905 (0 ;=27 0) + (=2 f )]

for z € (a,b).
Using the chain rule we have

(K (g(b) —g®)) =-K"(g(b) —g(1))g' (1) =~k (g (b) =g (1)) ¢’ (1)

for t € (x,b) and

fort € (a,z).
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Then we have

/’“k(g@)_g(a»g/@ [t_“f<w>+ =

T—a r—a

~ [[® @O -g@) [ @)+ I @) a

@)

a T—a

50 - o) [;:zmwiiiﬂaﬂ ﬁ
- T—a /LK — ot
— K (g(x) — g(a)) f () - xx_a [ Ko

and

for z € (a,b) .
From (2.13) we get

S}vk,g@—&-,b—f (‘T)

<;[K(g(x)_g(a))f(x)_W/IK(g,(t)—g(a))dt]
+% K(g(b)—g (@) f bz),fic /K ]
1

§[K(g(9ﬂ)— g(a)) + K (g(b) — g ()] f (2)

£(b) - ./K _ 1@ /f(
71: T xia

which proves the third inequality in (2.12).
By Jensen’s inequality (2.5) we also have

ew k() —ga) g (1) f (1) dt

(ff l; (< )>)> g'((tt))tjtt> [ ro@=stns a

1
2
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and

(2.15) /"mww—ga»waaMt

(ff k(g(b)—g(t)g (t)tdt
> f (2
[ k(g(®)—g(t) g (t)dt

b
)/k@@—umywﬁ

for x € (a,b).
Observe that

tfk@m—mmywﬁ:/Wme—mwwsz@m—g@>

and
/mkm@>—gw»g%wMtzjwur@u>—gm»th
KO- g - [ Ko -g@)
K@) -g(@)e— [ Kl -g@a

for « € (a,b).
Also

b b
[ @ - 9@ Wdt=— [ (K (g0 g(0)) dt = K (g(8) - g (@)

b

and
/k@@—gwM%ﬂﬁ=—/(Km@—wawt
=—[K@@—g@n&—/zqwm—wmﬁ]

b
=Kw@—wmm+/zaww—wmﬁ

for x € (a,b).
Therefore, by (2.14) and (2.15) we have
S’k,g,a+,b7f($>

x b
;Lkwm—wwwaww+§Ak@@—wmymfwﬁ

1 1 ®
> f(x—KQmw_gw»[;K@mw—gm»ﬁ)K@ow—gw»

2
1 1 b
if <$+[((g(b)_g(x))/$ K(g(b)—g(t))dt)K(g(b)—g(m)),

which prove the second inequality in (2.12).
Using the inequality (2.10) for

+
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and
1
NSCICETIC 90~
1 b
dz:x*K@@—gmle@“*
we have
L ) K@) o)
f@ RGE s@) ). KOO “)”0 5

o K(g®)-9()
+fG+K@@_g@LAK@@ wmw)

2
> LK (9(x) ~ 9(a)) + K (g(5) — g (x))
i i (as 2K GO —g®)dt— [T K (9(0) —g(a)) dt
K (g(z) —g(a)) + K (g(b) — g () ’
which proves the first inequality in (2.12). O

Corollary 2. With the assumptions of Theorem 2, we have

o) 1 (20500)

oK (g<b> e >)

1 1 Mgy(a,b)
<3 [f (Mg(%b)—K(g(b)Zg(a))/a K(g(t)—g(a))dt)

b (b) — g(a)
+ f (Mg (a,b)‘i‘M/M ) (g(b)—g(t))dt)] K<g)29(>
S

k,g,a+,b— f( (ab))

<
G 2L) f a1, (0.0

lf(b My (a, b)) ' -
L] .( . /(ab)K(g(b) g () dt
a — f(a My (a.b)
e

3. APPLICATIONS FOR GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS

If we take k() = )to‘ 1 where I is the Gamma function, then

1

%MUﬁMWﬂ@ﬂMwWﬁWWﬁ

T'(x
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for a < x < b and

1 b 1
Skgp—f (@) =L f(2) == )/ lg(t) =g ()] ¢ (t) f(t)dt

T (o)

for a < & < b, which are the generalized left- and right-sided Riemann-Liouville
fractional integrals of a function f with respect to another function g on [a,b] as
defined in [25, p. 100].

We consider the mixed operators

(3.1) Iarof (@) = 3 [ F (@) + T, F ()]
and

(32) Iarof () = 5 [12,F () + I, f(a)]
for z € (a,b).

We observe that for o > 0 we have

Y L te e
K(t)=—=—— Tds = = t>0.
®) /03 "Tal(@ T(at1) "=

In what follows we assume that f : [a,b] — R is a convex function on [a,b]. Using
the inequality (2.1) we get

1

T atl) [(g(x) = g(a)® + (9 (b) — g (2))°]
)

)" at(g(b) — g ()" b+ [, (9 () —

(3.3)
Xf<(g(w)—g(a
1 1 z o o
g[f(ww/a (9(2) — g(1)) dt) (9(2) — g(a))

' (a+1)

+f (b EUIOET I (9(t) —g(x)" dt) (g(0)—g (x))a]

< st (0@ -9 @) £ @+ (6 0) - 9(2)" S O)
x) — a x o x b
o [P [ - gy - 101 <g<t>g<x>)“dt]
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while from (2.12) we get

s (0@~ 9@+ 0 0) ~ g @)

it (o L lo® =g @) dt = [F(g(t) — g (a)" de
(9(x) —9 (@)™ + (g (&) g ()"

(3.4)

1 1 N N N
TS [f<m_(g(m)g(a)a/a (9(t) —g(a)) dt) (9(x) —g(a))

+f<w+

< g 0@ 9@ + a0 -9 @)1 @)
—f(z) [* z)— f(a) [*
+2F(a1+1) f(bz))—i( )/z (g(b)_g(t))adt‘m/a (g(t)—g(a))“dt]
for z € (a,b).

Also, by (2.11) and (2.16) we have

m (g(b) —g(a)®

My(a,b a @ b a a
f (a—|—b + fa ( ) (w —g(t)) dt— f]\fg(a,b) (g (t) — W) dt)
X

(3.5)

2 217 (g (b) — g (a))”

My(ab) /(g o
< m |:f (a+ (g(b);g(a))a/a (g( );g(b) _g(t)> dt)
if (b - (g(b)lg oy /Mb o (g v - 4@ *90) (b))adt)] (9(b) - g(@)°

<Igar v f (Mg (a,b))

< T U@+ Ol 60— g (@)

1 f (Mg (a,b)) = f(a) [M\*P) (g(a)+g(b) “
T ar) M, (ab) —a /a < 2 _g(t)) dt

L ) (M) [ g 9B
T (at1) b M,(ab) /Mg<a,b> (g(t) 2 >dt
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<[ (Mg (a,b)

e 00— g O e [ (9 ) — g @) a
2 (5 5) - 9 )

1 1 My (a,b) N
< 2071 (a + 1) [f (Mg (a,b) — W/“ (9(t) —g(a)) dt)

v (Mg (a.5) + ((b)l()) IR0 dt)] (9(8) — g (a))"

v

< L3 g (M (0,1)
< e @0 9 (@) £ (M ()

L f0) - 01, b)) [ o
T or (a+1)  b—M,(a,b) /M_q(a,b) (g(b) =g ()" dt

a — a My (a,b)
S or (;+ ) (Aﬁg((jg)); _ Z:( ) /a (g(t) —g(a))™dt.

If we take g (¢) =t, t € [a,b] in (3.3) and (3.4), then we get

Mm_aa z+ab b_moz
37 211(01+ 1) [(x_a)a+(b_x)a]f< - Ex—a;ai(gtl;)a ) )

<srary () e o+ (5T 0o o]
< J3+7b—f ()

oy U@ - F@) @0 = (70) - @) -]
while from (2.12) we get

az+ta _aa btax _xa
(3.8) 1[(m—a)a+(b—x)“]f< atr (@—a)"+ T (b — @) )

T (at1) @-a"+ (-2
=91 (oj—i— 1) [f <Cf:1a> (z-a)"+f <ba++a1x> (b- m)a}
< j3+,b—f(33)

1 o o
< S (@ =" + 0 =) @)

1 X )
+m[(f(b)*f(l’))(bfx) —(f (@) = f () (& —a)?]
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for z € (a,b), where

Tt (@)= 3 [Te f(@) + T f(@)]

and
T f (@)= 3 [T (8) + T2 f(a)]
for x € (a,b).
If we take x = %rb in (3.7) and (3.8), then we get, after required calculations
(b—a)”* a+b
B9 Brern’ ( 2 >
(b—a)” 2a+1)a+b a+(2a+1)b
= 20 T (a1 1) {f( 2(a+1) >+f< (a1 1) ﬂ
<ot (“5)
(b—a)” a+b a—a)® f(a)+f(b)
—zar(a+2)f< 2 >+2ar(a+2) 2
(b—a)® f(a)+f(b)
= 20T (a+1) 2
and
(b—a)” a+b
(8100 Zar +1)f( > )
(b—a)”* (a+2)a+ ab aa+ (a+2)b
S 3 T (a1 1) {f 2(at1) >+f< 2(at1) ﬂ

ab—a)® fa+d (b—a)* f(b)+f(a)
SQQF(Q—F?)f( >+2ar(a+2) 2

(b—a)* f(a)+f(D)

~ 20T (a+1) 2 '

The last inequalities follow by the fact that

f<a—2kb>§f(b);f(a).
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