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INEQUALITIES OF JENSEN’S TYPE FOR GENERALIZED
k-g-FRACTIONAL INTEGRALS OF FUNCTION f FOR WHICH
THE COMPOSITE fog ! IS CONVEX

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some inequalities of Jensen and Hermite-
Hadamard type for the k-g-fractional integrals of function f for which the
composite function f o g~! is convex. Some examples for the generalized
left- and right-sided Riemann-Liouville fractional integrals of a function f
with respect to another function g on [a,b] are also given. Applications for
Hadamard fractional integrals are provided as well.

1. INTRODUCTION

The following integral inequality

b
(1) 1(50) <52, [ r@as KO0,

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in Theory of Special Means and in Information The-
ory for divergence measures, from which we would like to refer the reader to the
monograph [27], the recent survey paper [19] and the references therein.

In order to extend these type of inequalities for general fractional integrals we
need the following preparations.

Assume that the kernel k is defined either on (0, c0) or on [0, 00) with complex
values and integrable on any finite subinterval. We define the function K : [0, 00) —
C by

fotk(s)ds if 0 < t,
K(t):=

0ift =0.
As a simple example, if k (t) = ¢t*~! then for o € (0,1) the function k is defined on
(0,00) and K (t) := 1t for t € [0,00). If & > 1, then k is defined on [0, 00) and
K (t) :== Lt* for t € [0,00).

Let g be a strictly increasing function on (a,b), having a continuous derivative

¢’ on (a,b). For the Lebesgue integrable function f : (a,b) — C, we define the
k-g-left-sided fractional integral of f by

(1.2) Sk.g.a+f (x) = /I k(g(x)—g(t)g () f(t)dt, € (a,b]
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and the k-g-right-sided fractional integral of f by
b

(1.3) Sk,gp—f (2) =/ k(g(t)—g(2)g () f{t)dt, x € [a,b).

If we take k (t) = ﬁto‘*l, where I' is the Gamma function, then

(1.4) Stgarf () = ﬁ / @) — g1 g () £ (1) de
=1, f(2), a<x <D
and
1 b L
(1.5) Skan-1 @) = £ / () — g ()" ' (8) £ (t)

—Ip @), a<a<b,

which are the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a, b] as defined in [30, p. 100].

For g (t) =t in (1.5) we have the classical Riemann-Liowville fractional integrals
while for the logarithmic function ¢ (¢t) = Int we have the Hadamard fractional
integrals [30, p. 111]

(L6)  HE f(w) = 1/; n (5)]" LY g caca <

I'(a) t t

and
(1.7) H"‘f(x)'_l/b (L BRI 0<a<z<b

) b= T T(a) /, x t T '
One can consider the function g (¢t) = —t~! and define the "Harmonic fractional
integrals” by

e f(t)dt

1.8 Ry, f(x) := / ,0<a<z<b
( ) + ( ) F(Oé) " (:L'ft)liato‘Jrl
and
(1.9) Ry f(x)~—x1a/b St 0<a<z<b

' TN ), e '

Also, for g (t) = exp (Bt), § > 0, we can consider the "3-Exponential fractional
integrals”

(L10)  ES, ,f(x) ::Ffa) / " fexp (Bz) — exp (B0)]* " exp (1) f (t) dt,

fora < x <band

b
(L11) B pf(e) = s [ lexn(80) - exp (8] exp (51) £ ()
for a <z <b.

If we take ¢g(t) = ¢ in (1.2) and (1.3), then we can consider the following k-

fractional integrals

(1.12) Skatf () = /L k(z—t)f(@)dt, z < (a,b]
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and
b
(1.13) Sep—f(x) = / kE(t—2x)f(t)dt, = € [a,b).
In [33], Raina studied a class of functions defined formally by
. 7 = _— th
(1.14) o () kZOF(Pk‘f‘/\)x , |z < R, with R >0

for p, A > 0 where the coefficients o (k) generate a bounded sequence of positive real
numbers. With the help of (1.14), Raina defined the following left-sided fractional
integral operator

(1.15) Tgrnarwl () = /m (x— t))‘_1 o (w(z— ) f(t)dt, > a

where p, A > 0, w € R and f is such that the integral on the right side exists.
In [1], the right-sided fractional operator was also introduced as

b
(116 Tonpf @)= [ -2 E it 2)) SO o< b

where p, A > 0, w € R and f is such that the integral on the right side exists.
Several Ostrowski type inequalities were also established.

We observe that for k (t) = tA’lf,‘)”A (wt”) we re-obtain the definitions of (1.15)
and (1.16) from (1.12) and (1.13).

In [31], Kirane and Torebek introduced the following exponential fractional in-
tegrals

i TEi@ey [

a

xexp{—laa(x—t)}f(t)dt, r>a

and

(1.18) T f () :=;/:exp{—l;a(t—m)}f(t)dt,x<b

where o € (0,1).

We observe that for k (t) = L exp (—1=2¢), ¢ € R we re-obtain the definitions of
(1.17) and (1.18) from (1.12) and (1.13).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g’ on (a,b). We can define the more general exponential fractional integrals

119 T f@ =g [Cen{- 06w g0} 07O > a

a (67

and

120 T @ =g e {200 s} O f 0 o <o

z [e%

where a € (0,1).
Let g be a strictly increasing function on (a,b), having a continuous derivative ¢’
on (a,b). Assume that o > 0. We can also define the logarithmic fractional integrals

(1.21) Ly oy f (x) = /L (9(x) = g(#)* " In(g(x) — g (1) g’ () f (1) dt,
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for 0 <a <z <band

b
(1.22) Ly f(x) ;:/ (9(t) =g (x)* " In(g(t) — g (@) g’ () f (1) dt,

for 0 < a <z < b, where o > 0. These are obtained from (1.12) and (1.13) for the
kernel k (t) =t Llnt, t > 0.
For a = 1 we get

(1.23) Lo+ f () = /z In(g(z) —g@®) g (t) f(t)dt, 0<a<z<Db
and
b
(1.24) Loy f(2) = / m(g(t)— g (@) g () f B dt, 0<a<z<b
For g (t) = t, we have the simple forms
(1.25) Lo f (z) = /z (z—t)* "In(z—t)f(t)dt, 0<a<az<b,
b
(1.26) Lo f(z) = / (t— 2" In(t—2) f()dt, 0<a<z<b,
(1.27) E,H_f(a:)::/zln(x—t)f(t)dt,0<a<x§b
and
b
(1.28) Ly f(2) ::/ In(t—2)f(#)dt, 0<a<az<b

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [2]-[22], [28]-[41] and the references therein.
For k and g as at the beginning of Introduction, we consider the mixed operator

(1.29) Sk.garsf ()
= % [Sk,g’aJrf (1‘) + Sk,g,bff (Z‘)}

:% V:k(g(rc)—g(t))g’<t)f(t)dt+/m k(g (t) —g(x)g (t) f(t)dt

for the Lebesgue integrable function f : (a,b) — C and z € (a,b).
Observe that

b
Stard 0) = [ Klg®) =90 ©)F (0)dt, 2 € [ab)
and

Stae-f @ = [ Ko®)=g@)g O F Ot 7€ @bl
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We can define also the dual mixed operator

gk,g,a+,b—f(x)
= % [Sk,g,erf (b) + Sk,g,a:ff (a‘)}

b xr
:;Vr k(g(b)—g(t))g'(t)f(t)dt+/a k(g (t) —g(a) g (t) f(t)dt

for any x € (a,b).
In the recent paper [26] we obtained the following inequalities for convex func-
tions f : [a,b] — R:

Theorem 1. Assume that the kernel k is defined either on (0,00) or on [0,00)
with nonnegative values and integrable on any finite subinterval. Let g be a strictly
increasing function on (a,b), having a continuous derivative g' on (a,b). If f :
[a,b] — R is a convex function, then

(1.30) 5 [K (g () —g(a)) + K (g(b) — g (x))]

DN =

< Sk,g,a+,b—f (x)

< 51K (9(@)— g (@) S @)+ K (g(0) — 9 (@) f O)

—f(a) [* —f(z) [°
g [P [ ko) - gpar - 2O =L K(g(t)—g(m))dt]
and
(131) 31K (9(2) — g (a)) + K (g(6) — g (@)

K (g(x) —g(a)) + K (g(b) —g(x))

31w e | KOO - s@) K 6@ @)

" (H f;’K<g<b>—g(t))dt—ffmg(t)—g(a))dt)
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(132) < S'If,g,a-l-,b—f ($)

< 5K (9(0) — g (@) + K (9(8) — g )] £ &)
— f(z) [P z)— f(a) [*
w3 | PO ko - gwya- HO=LE ] K(g(t)—g(a))dt]
for x € (a,b).

Motivated by the above results, in this paper we establish some inequalities of
Jensen and Hermite-Hadamard type for the k-g-fractional integrals of continuous
functions f : [a,b] — R for which the composite function f o g~! is convex on
[g(a),g(b)]. Some examples for the generalized left- and right-sided Riemann-
Liouwville fractional integrals of a function f with respect to another function g on
[a, b] are also given. Applications for Hadamard fractional integrals are provided as
well.

2. GENERAL RESULTS
We have the following simple representation for the k-g-fractional integrals:

Lemma 1. Assume that the kernel k is defined either on (0,00) or on [0,00) with
complex values and integrable on any finite subinterval. Let g be a strictly increasing
function on (a,b), having a continuous derivative g’ on (a,b) and f : [a,b] — C be
a complex valued Lebesgue integrable function on the real interval [a,b]. Then

(2.1)  Skgatf(2) =/0 k((g(2) —g(a)s) fog™ (sg(a)+ (1~ s)g(x))ds,

for x € (a,b] and

(22)  Spgpf ()= / E((g(8) — g () ) fog (1—s)g (@) + 59 (b)) ds,

for x € [a,b).
We also have

1
(23)  Skgatf(b) :/0 k((g(b) —g(x))s) fog™" (sg(z) + (1 —s)g(b))ds

for x € [a,b) and

1
(24)  Skgoe-f(a) =/ k((g(2) —g(a)s) fog™ ((1—s)g(a)+sg(x))ds

0
for z € (a,b].

Proof. Using the change of variable u = g (t), then we have du = ¢’ (t)dt, t =
gt (u) and
9(x) )
25 Staarf@= [ k@) 0 fog™ wdu, v e (o
gla
and
g(b)

(26)  Spgof ()= / L Kl g@) fog (du, e fab)
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Further, if we change the variable u = (1 — s) g (a) + sg (x), with s € [0, 1], then
for a < x < b we have

(2.7) Sk,g,a+f (z)

1
:/O k((g(z) —g(a)(1—s) fog™ (1 —s)g(a)+sg(x))ds, z € (a,0]
:/0 k((g(2) —g(a)s) fog™" (sg(a) +(1—-s)g(z))ds, = € (a,b].

If we change the variable v = (1 —s)g(x) + sg (b), with s € [0,1], then for
a < x < b we also have

(28) Sk,g,b—f (:c)
= /0 k((g(®) —g(2))s) fog™ (1—s)g(x) +sg(b)ds, x € [a,b),

which proves the first part of the lemma.
Further, if we replace z with b and a with 2 in (2.7), then we get

Stgsf (b) = / k(g (8) — g(2))s) fog" (sg () + (1 — 5)g (b)) ds

and if we replace x with a and b with = in (2.8), then we obtain

1

Skga—f(a)= | k((g(x)—g(a))s)fog™ ((1-5)g(a)+sg(x))ds,

0

which proves the last part of the lemma. O

Remark 1. From the above lemma, we have the representations
1 -1
(2.9) Skgatp-f (@ =3/, g(a))s)fog™ (sg(a)+(1—s)g(x))ds

% / g (@)))F o9 (L s)g (a) + 9 (1) ds

and
y 1 (! .
210) Sigaraf @) = [ F(a®) =g @)s)fog™ (s9(a)+ (1= 5)g (b)) ds

/O k((g(2) —g(a)s) fog™ ((1-s)g(a)+sg(x))ds

N —

+

for z € (a,b).
We have:

Theorem 2. Assume that the kernel k is defined either on (0,00) or on [0,00)
with nonnegative values and integrable on any finite subinterval. Let g be a strictly
increasing function on (a,b), having a continuous derivative g' on (a,b) and f :
[a,b] — R be a continuous function on [a,b]. If fog™! is convex on (g(a),qg (b)),
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then for any © € (a,b) we have the inequalities

[K (9(z) —g(a)) LK (g(b) —g(x))
g(z)—g(a) g(b) —g ()

K(g(z)=g(a)) K(g(b)—g(z))
x fog! (9(“) s+ 9 T

DN | =

(2.11)

K(g(z)—g(a)) + K(g(b)—g(x))
g(z)—g(a) g(b)—g(=)

K(g(z)—g(a)) + K(g(b)—g(z))
g(z)—g(a) g(b)—g(=)

+J§K«gu>—gm»@ds—ﬁ<K@a»—gu»@mj

oot (of@ s _d@=gl@ [ 2) — g(a) 5) ds
<g|for (s@+ 210 [k (@) - g(@)s)as)
K(9(@) ~ 9 (@)
g9(x) —g(a)

01 _ g(b) —g(z) ! —a(2) s) ds
#1007 (900 - OIS [ (g 0) - g o)) o))
Koot
g9() —g(x)
< Skt ()

1 1 !
<350 (oot | K@ =g 9as
1 1
b | K0 - g5 as)
1 A 1 X)) — a)) — xXr)— a))s S
3o s [ K@ - g@) - K (0 - g @) 9)la

f(b) !
+ m/o (K (g (b) —g(z) — (K (g(b) —g(x))s)]ds

Proof. By the convexity of fog~! on [g(a),g(b)] we have

fog t(sg(a)+(1—s)g(x)) <sfog ' (g(a)) +(1—s)fog™"(g(x))
=sf(a)+(1-s)f(z)

and

fog (1 —s)g(z)+sg(b) < (1—s)f(z)+sf(b)

for z € (a,b).
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Therefore

1
(2.12)  Skgats-f(z) < ; k((g(x)—g(a))s)[sf(a) + (1 —s) f (z)]ds

+§/0 k(9 (8) =g () ) [(1 = s) f (a) + s (b)) ds

1 1
~ 5@ [ ka@ -g@)9)sis+ 37 @ >/0 E((g () 9 () ) (1~ 5)ds
% /k; s)(1—s)ds+ f /k g(x))s)sds
— B(x)
for x € (a,b).
Using the chain rule for the derivative over s we have
(K ((9(2) — 9(2) 9)) = K (9.2) — 9.(a)) ) (9 (=) — 9 (@)
=k((g(x) —g(a))s)(g(x) —g(a))
and
(K (g(b)—g(x)s) =k((g(b) —g(x))s)(g(b) —g(x))
for « € (a,b).
Therefore
| ke @ =g (@) s)sas
1 ! '
e [, () =g (@) ) sds
1 1
- K@ s @)l - [ Kl - g() 9]
1 1
o K@ s @) - [ K@ - g(@) 9]
K@ -g@) 1 e
=@ @ g@—g@ J, L@@ al@)sd
/Ok«g(x)—g( ))s)(1—s)d
1 1 /
- [ K (@) =g @) 9) (1= ) ds
1
ST | 0@ A e
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| ke -g@) o -9

1
e | E O - g @) (- s)as
1 . 1
= m [K((g b)) —g(x)s)(1- s)|0 —|—A K ((g(b)—g(z))s)ds
1 1

and
| ke ® =g @) sis
1 ! /
o ) a0 —a@) s sds
1 1 !
e | KOO g st [ o) -g@)s)as
1 1
e KO0 o) - [ K60 - g@)s i
_K@®)-gE) 1 [ i
SO T ), K0 s@
for x € (a,b).
We have
1 [Elg@) —g(@) 1 ! o) — o lal) 8) ds
B =310 sae@ f, K -a@9
1 1 !
451 @) s [ K (@) =g (@) 9 ds
1 1 !
43 @) s [ K (a0 =g () 9)ds
1 K(g(b)—g(x) 1 ! o(a)) 8 ds
30 S e, Ku® a9

and by (2.12) we get the third inequality in (2.11).
We use Jensen’s inequality to get

(2.13) Ja k(g (x) — g () ) f o g™ (sg(a) + (1 s) g (x)) ds

> fog! (fol’“((g(m) ~g(a)s
Jo E((g(x) —g(a))s)ds
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and
(2.14) Jo k(g () =g (@))s) fog™" (1= s)g(2) + 9 (b)) ds
Jo k(g (6) = g (2)) 5) ds
> fogl (f&k((gb —g(2))s) (1—8)9()+sg(b)}d>
- fo ((g(b) —g(x))s)ds
for z € (a,b).
Observe that
[ E@ = g@ s = -t [ () - g(a) o)) ds
_K(g9(x) —g(a))
9(z) = g(a)

and

~9(0) [ kl(o(0) = g(@)s)sds+9) [ k(o) =a(@)s) (1= s5)ds
—go) [FEEA) L [ K (@) - g@) s
1
o) |t [ R (@ - g @) 9]
— () I [ K (g @)~ g @) )
for x € (a,b).
Then

Sk (g (x) - g(a)) s) [sg (a) + (1 — ) g (2)] ds
Jo k((g(x) = g(a))s)ds

g (a) ELELg “” + fo (9 () — g (a) s)ds

K(g9(z)=g(a))
g(z)—g(a)

vty e 9@ —g(@) 2) — ala)) s\ ds
0@+ s [ K@ —a@) s d

and by (2.13) we get

1
(2.15) /Ok(( (z) —g(a))s) fog™ " (sg(a)+ (1 —s)g(x))ds
oo (o(a) 4+ 9@ —g(@) K (g(x) —g(a))
> oo™ (004 250 2 /K @)
for x € (a,b).
Also

11
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and
.Akwwwwm»@m—aww+wwws
1 1
:gwyéAm@aofguwswlfﬁds+gwyékmwaofgwnﬁs@

g (z)

= s [ K () - g @) s as

Kg®) -g) 1 : e
*g“)[gao—gu> SO ), KO- g@)9d
KB -g@) [ s
=gt G [ (gt =g @) s)a
for « € (a,b).
Then

1

Jo k(g () —g(x)s)[(1—s)g(x)+ sg(b)]ds
Jo k(g (b) — g () s)ds
g (b) ER=dl) — [0 (K (g(b) — g () 5) ds

K(g(b)—g(x))
g(b)—g(z)

90 =g [ (e s)ds
=0t~ s [ (K 0 0) =g @) )

and by (2.14) we have

(2.16) / k(g () — g (@) s) fog ' (1—s)g(x)+sg (b)) ds
il s —g@ [ Y E®) - g@)
= fog (mm R g(0) - g@»A(K@“)g(”>d) 90 9@
for x € (a,b).
Therefore, by (2.9) we have
(2.17)  Skgatsf(x)
3 [ H@) - g@)s) Fog 9@+ 1 - ) g () ds
3 [ R - g@)soa™ (-9 () +s9 ) ds
oot (oig o 9@ —g(@ [ 2 — o () 8 ds
> 5 [foa (004 IO [k (@) - g (@)s) as)
K (g(x) — g (a))
9@ 9@
+rog™ (o0 8 [ o) )as)
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which proves the second inequality in (2.11).
The first inequality is obvious by the convexity of f o g~ !. (]

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers
a,bel as

M, (a,b) = g~ (9(>2+9<b>> |

If I =R and ¢ (t) =t is the identity function, then M, (a,b) = A(a,b) == %b,
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. 1f I = (0,00) and g(¢) = 1, then M, (a,b) = H (a,b) :=

%, the harmonic mean. If I = (0,00) and g (t) = t?, p # 0, then M, (a,b) =

M, (a,b) := (#)1“}7 the power mean with exponent p. Finally, if I = R and
g (t) = expt, then

M‘J (a7b) =LMFE (a, b) = In (expa—i—epr) 7

2
the LogMeanEzp function.

Corollary 1. With the assumptions of Theorem 2 we have

9K (g(wgg(a))
g9(b) —g(a)

<Nfog gy 2B 9@ A1K<g(b)g(a)s>d$

2K (g(b)gg(a) 2

(2.18) f (Mg (a,b))

N——

K (gw);g(a))
g9(b) —g(a)

+<f(a);f(b)>g(b)2g(a) / [K<g<b>;g<>>_K(<g<b>gg<>) )}d

The following inequalities for the dual operator also hold:

Theorem 3. Assume that the kernel k is defined either on (0,00) or on [0,00)
with nonnegative values and integrable on any finite subinterval. Let g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b) and f :
[a,b] — R be a continuous function on [a,b]. If fog™! is convex on (g(a),g (b)),
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then for any © € (a,b) we have the inequalities

K(g(z)—g(a))  K(g(b)—g(z))
(2.19) [ 9@ 9@ | 90 -9 ]

Xfog_l(g(mf;hf«g(b g(@)s)ds — |y K x)—g(a))s)ds>

K(g(b)—g(z)) + K(g(m) g(a))
g(b)—g(z) g(z)—g(a)

oot (o 9B —g@ [ () 8 ds

<5 |For (s + Fia s [ K (0 ®) - go)s)as)

L K g®) —g(2))
(

(
g(0) —g(x)
1

1 ~_9(®@)—g(a) 2)— ala))s) ds
#1007 (9(0) - I [k (g @) - g@)9)as)
(@)

a))
K(g(z)—g
(z) —g(

X a
X—
g(r)—g(a)

< Svk,g,aJr,bff (z)

[ /K ds+ /K )d]

1

Proof. From the convexity of fog™" we have

1

1
*/O k((g(b) —g(z)s) fog ' (sg(x)+(1—s)g(b))ds

(220) Skgarp-f(2) =3

/k $) fog (1 5)g(a)+ 59 (x)) ds

< 2/ k((g(b) —g(x))s)[sf (x) + (1 —s) f(b)]ds

1 1

A k((g(x) —g(a))s)[(1—s)[f(a) +sf(z)ds

5/ @ [ Ea®) =) sds+ 51 0) [ k(o ®)=g(@)s) (1 s)ds

for any x € (a,b).
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We have
L [Klg(®) —g (@) 1 ' o)) 6 ds
0w =3 @ T sww , KEO-a@9
45/ 0 s [ K () =g () 5) s
1
4310 s [ K () — g (@) ) s
1 K(g(x)—g(a) 1 ! 2) — o () 8 ds
0 S sare@ f, K@ -s@aa
=570 (s [ B 60 ~s@) = 0 @6 =g @) ) ds
1 1
bt [ @) - 9(0) - K (0 0) - g @) )] )
5l [ Ko -g@ysast O [ R - ()]

for any x € (a,b) and by (2.19) we get the third inequality in (2.19).
By Jensen’s inequality we have

- <g<x> Jo k(g () = g (@) 5) sds +g (b) fy &
JoE(g(®) —g(2))s

for any x € (a,b).
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then by (2.21) we have

(2.22) A E((g(b) — g (@))s) fog™ (sg(x) + (1 —5)g (b)) ds

S K 0 g @)+ [y K (9(6) =g (2)s)ds \ K (g(b) - g ())
= fog K(g(b)—g(2) 9(b) —g(2)
g(b)—g(x)
P N Ty ICO N & ot e as) K9 () — g (@)
= fog @”*K@@—mmll“@@ ””)d>g@—(w

for any x € (a,b).
By applying Jensen’s inequality again, we get

(2.23) X 5
fo k((g(z) —g(a))s)ds
> fogt <f01 ((g (z) —1g(a))s) ((1—5)g(a)+ sg (x))ds>
Jo k(g (x) — g(a)) 5) ds
i _1<gwxgk«g@)_gm”5“1‘@d3+g@‘Hk«gu>—gm»@5®>
Jo E((g(x) — g (a) ) ds

for any x € (a,b).
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Since

9@ [ K@) 0 @) (- )ds 490 [ Ko@)~ g(@)9)sas

- g(gj(_a; @ /01 (K ((9(z) —g(a))s) (1—s)ds

S TOE ; @ / (K (9 () = g (@) ))' sds

- K@ g @ 0=l [ K () - gl
+ g(;)](_x)g (@) _(K((g (z) — g (a))s))slg — OIK((g () — g (a)) 5) ds}

- g(xi](_a; @ OIK((g (z) — g (a))s)ds

+ g(;)](x;(a) K ((g(x) —g(a))) - OlK((g (@) — g (a) ) ds}
:g<x§@;<a>K<g<w>—g<a>>— 01K<<g(x>—g(a>>s>ds

and

then by (2.23) we get

(2.24) / k(g (2) —9(@)s) fog™ (1 - 8)g(a) + sg (2)) ds

oot (aip 9@ —gla) [ D atan s ds) Ko@) —g(a))
= Jeg (9” Ko@) —g@) o L@@ -9(@) ”) 9@ 9@
for z € (a,b).
Therefore,
Suguraf @2 37007 (a4 2 [ (g @) g (@) o) as)
K (g () — g (@)
90 —9 @)
O 10 e 10 R A
3fo (90— 1T [k () - g0 o))

which proves the second inequality in (2.19).
The first inequality is obvious by the convexity of f o g~!. O
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Corollary 2. With the assumptions of Theorem 3 we have

QK( 9(b)= g(a)>

(2.25) f (Mg (a,b))

a — a 1 — a
. [fogl (g< )+a () +2;(E)9<b>§;<ag)/o (10500, d5>

a —gla ! —gla
+fog™! (g( );g(b) - 2;{(5)9@)?;@2) /0 K <g(b)29()5> ds)]

(b)—g(a)
()

* () —g(a)
kagsa+b— f(Mq(a,b

f}u ) (512520

g(b)—g(a)/o

3. APPLICATIONS FOR GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS

If we take k() = ﬁto‘*l, a > 0 where I' is the Gamma function, then

Shguas f (1) = 12, 1 (z) = ﬁ / @) — g W1 g (0) £ (1) de

fora < x <band

b
Skan-! @) =I5, (@) = s / g () — g @) g’ (&) f (t) e

for a < x < b, which are the generalized left- and right-sided Riemann-Liouville

fractional integrals of a function f with respect to another function g on [a,b] as
defined in [30, p. 100].
We consider the mixed operators

(3.1) I oy pf () = [L‘i+ of (@) + I f(2)]
and
(32) I8 iy f (@)= [I§+gf(b)+~’$7,gf(a)}

for « € (a,b).
‘We observe that for @ > 0 we have

K(t) = — /t *~ld C LA
= S S = = .
o al () T(a+1) "~
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In what follows we assume that f : [a,b] — R is a continuous function on [a, b].
If fog~!is convex on [g(a),g(b)], then by using the inequality (2.11) we get

33 ey (0@ o @) + 6 0) g @)

ol (a+ 1
y Ml( T @) )
(9(@) —g(@)* " +(g(b) — g(2))
SR (g (0) — g ()™
[(9@) = g(@)* ™ +(g(0) — g (@)

1 L (90) +ag(a)
< o0 (P2 @) - g 0)

spogt (HEER0E) g) - g )|

<Ig v f(2)
F@) |(g@) = g@)* "+ (g () =g (@)

+

1
< _
2T (a+2)

and

34 ey (0@ - o @) + 6 0) - g @)

Xfog1<g“’>;ff“< g(0) —g(@)" " + W(g(r)g(a))‘“)
T (B) =g (@)

g(a)
1 g(b) +ag(x) a1
< m |:f09 <a+1) (g(b) —g(z))

a+1
<I g,a+,b— f( )
Ty @60 9@ + @) g @)
o (oj o /OGO =g @)™+ @9 @) —g @)

for z € (a,b).
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From (2.18) we also have

59 gy OO -9 0L @)

P () o (12500

L) (@)
2T (e + 1)

< Iy f (Mg (a,b))
(00 = 9(a)" " |74y ) + LTI

_ 1 a—1 f(a) + f(b)
= 201 (a + 1)

1

P —
= 20-1T (a + 2)

while from (2.25) we have

3:9) g @0~ (@) 1 (0, (0.D)

1 (ag(a)+ (a+2)g(b) _1 (ag () + (a+2)g(a)
S[f” ( 2(at 1) )”” ( 2(at 1) ﬂ
L g0) —g@)
2T (e + 1)
< ISy f (Mg (a,b))

)

1

fla)+ f(b)
=% T(at2) }

(9 (®) - g(a))°" [f(zwg (@b)a+ L@

ar f(@) + 1)

(9(8) — g (a)) .

[
— 227D (a+ 1)
The last part is obvious by the fact that

4. APPLICATIONS FOR GA-CONVEX FUNCTIONS

Let I C (0,00) be an interval; a real-valued function f : I — R is said to be
GA-convez (concave) on [ if

(4.1) FE™9Y) < (2) Q=N f (@) +Af (y)
for all z, y € I and X € [0, 1].
Since the condition (4.1) can be written as

(4.2) foexp(1—=A)lnz+Alny) < (Z)(1—-A)foexp(lnz)+ Af oexp(lny),

then we observe that f: I — R is GA-convezr (concave) on I if and only if f o exp
is convex (concave) on Inl :={lnz,z € I} . If I = [a,b] then In] = [Ina,Ind].
It is known that the function f (z) =1In (1 + z) is GA-convex on (0, c0) [7].
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For real and positive values of x, the Fuler gamma function I' and its logarithmic
derivative 1, the so-called digamma function, are defined by

I'(x):= /000 t*te~tdt and ¢ (x) := ?’((f))

It has been shown in [42] that the function f : (0,00) — R defined by

1

f@) =@+

is GA-concave on (0,00) while the function g : (0,00) — R defined by

1 1
Q(I)*¢($)+%+@
is GA-convex on (0,00) .
For some recent inequalities on GA-convex functions see [16]-[18].
Consider the Hadamard fractional integrals [30, p. 111]

H f(x) :_F(la)/j [ln(%)r_l f(i)dt, 0<a<z<b

HE f(x) = F(la)/b {m (Drl f(tt)dt, 0<a<az<b,

where o > 0.
We consider the mixed operators

and

(13) HE, o f () = 5 [Hey f(2) + HE f(@)
and

(14) H T (@)1= 5 [HE, () + HE f(0)
for x € (a,b).

If we write the inequalities (3.5) and (3.6) for g (¢) = Int, ¢t € [a,b] C (0,00),
then for any function f : [a,b] — R that is GA-convez on [a,b], we have

(4.5) m (ln (Z))a_l f(G(a,b))
b

< 1 (oo 1 g (et )] ()
- 20T (e + 1)
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while from (2.25) we have

(4.6) m (ln (Z))al f(G (a,b))

(n (2)"

< T e arD pIaFD
2(a+1 2(a+1 2(a+1 2(a+1 - %77
*{f(a )+f(“ )} 2T (a+1)

where G (a,b) = Vab.

(1]
2]

[9]

[10]
[11]
[12]

[13]

[14]

[15]

[16]

REFERENCES

R. P. Agarwal, M.-J. Luo and R. K. Raina, On Ostrowski type inequalities, Fasc. Math. 56
(2016), 5-27.

A. Agli¢ Aljinovi¢, Montgomery identity and Ostrowski type inequalities for Riemann-
Liouville fractional integral. J. Math. 2014, Art. ID 503195, 6 pp.

T. M. Apostol, Mathematical Analysis, Second Edition, Addison-Wesley Publishing Com-
pany, 1975.

A. O. Akdemir, Inequalities of Ostrowski’s type for m- and (o, m)-logarithmically convex
functions via Riemann-Liouville fractional integrals. J. Comput. Anal. Appl. 16 (2014), no
2, 375-383

G. A. Anastassiou, Fractional representation formulae under initial conditions and fractional
Ostrowski type inequalities. Demonstr. Math. 48 (2015), no. 3, 357-378

G. A. Anastassiou, The reduction method in fractional calculus and fractional Ostrowski type
inequalities. Indian J. Math. 56 (2014), no. 3, 333-357.

G. D. Anderson, M. K. Vamanamurthy and M. Vuorinen, Generalized convexity and inequal-
ities, J. Math. Anal. Appl. 335 (2007) 1294-1308.

H. Budak, M. Z. Sarikaya, E. Set, Generalized Ostrowski type inequalities for functions
whose local fractional derivatives are generalized s-convex in the second sense. J. Appl. Math.
Comput. Mech. 15 (2016), no. 4, 11-21.

P. Cerone and S. S. Dragomir, Midpoint-type rules from an inequalities point of view.
Handbook of analytic-computational methods in applied mathematics, 135-200, Chapman
& Hall/CRC, Boca Raton, FL, 2000.

S. S. Dragomir, The Ostrowski’s integral inequality for Lipschitzian mappings and applica-
tions. Comput. Math. Appl. 38 (1999), no. 11-12, 33-37.

S. S. Dragomir, The Ostrowski integral inequality for mappings of bounded variation. Bull.
Austral. Math. Soc. 60 (1999), No. 3, 495-508.

S. S. Dragomir, On the midpoint quadrature formula for mappings with bounded variation
and applications. Kragujevac J. Math. 22 (2000), 13-19.

S. S. Dragomir, On the Ostrowski’s integral inequality for mappings with bounded variation
and applications, Math. Ineq. Appl. 4 (2001), No. 1, 59-66. Preprint: RGMIA Res. Rep. Coll.
2 (1999), Art. 7, [Online: http://rgmia.org/papers/v2nl/v2nl-7.pdf]

S. S. Dragomir, Refinements of the generalised trapezoid and Ostrowski inequalities for func-
tions of bounded variation. Arch. Math. (Basel) 91 (2008), no. 5, 450-460.

S. S. Dragomir, Refinements of the Ostrowski inequality in terms of the cumulative variation
and applications, Analysis (Berlin) 34 (2014), No. 2, 223-240. Preprint: RGMIA Res. Rep.
Coll. 16 (2013), Art. 29 [Online:http://rgmia.org/papers/vi6/v16a29.pdf].

S. S. Dragomir, Inequalities of Hermite-Hadamard type for GA-convex functions, RGMIA
Res. Rep. Coll. 18 (2015), Art. 30. [Online http://rgmia.org/papers/v18/v18a30.pdf].



[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

[27]

(28]
[29]

[30]

31]

INEQUALITIES OF JENSEN’S TYPE 23

S. S. Dragomir, Some new inequalities of Hermite-Hadamard type for GA-
convex functions, RGMIA Res. Rep. Coll. 18 (2015), Art. 33. [Online
http://rgmia.org/papers/v18/v18a33.pdf].

S. S. Dragomir, Inequalities of Jensen type for GA-convex functions, RGMIA Res. Rep. Coll.
18 (2015), Art. 35. [Online http://rgmia.org/papers/v18/v18a35.pdf].

S. S. Dragomir, Ostrowski type inequalities for Lebesgue integral: a survey of recent results,
Australian J. Math. Anal. Appl., Volume 14, Issue 1, Article 1, pp. 1-287, 2017. [Online
http://ajmaa.org/cgi-bin/paper.pl?string=v14nl1/V14I1P1.tex] .

S. S. Dragomir, Some inequalities of Hermite-Hadamard type for convex functions and
Riemann-Liouville fractional integrals, Preprint RGMIA Res. Rep. Coll. 20 (2017), Art.
40. [Online http://rgmia.org/papers/v20/v20a40.pdf].

S. S. Dragomir, Ostrowski type inequalities for Riemann-Liouville fractional integrals of
bounded variation, Hélder and Lipschitzian functions, Preprint RGMIA Res. Rep. Coll. 20
(2017), Art. 48. [Online http://rgmia.org/papers/v20/v20a48.pdf].

S. S. Dragomir, Ostrowski type inequalities for generalized Riemann-Liouville fractional in-
tegrals of functions with bounded variation, RGMIA Res. Rep. Coll. 20 (2017), Art. 58.
[Online http://rgmia.org/papers/v20/v20a58.pdf].

S. S. Dragomir, Further Ostrowski and trapezoid type inequalities for the generalized
Riemann-Liouville fractional integrals of functions with bounded variation, RGMIA Res.
Rep. Coll. 20 (2017), Art. 84. [Online http://rgmia.org/papers/v20/v20a84.pdf].

S. S. Dragomir, Ostrowski and trapezoid type inequalities for the generalized k-g-fractional
integrals of functions with bounded variation, RGMIA Res. Rep. Coll. 20 (2017), Art. 111.
[Online http://rgmia.org/papers/v20/v20alll.pdf].

S. S. Dragomir, Some inequalities for the generalized k-g-fractional integrals of functions
under complex boundedness conditions, RGMIA Res. Rep. Coll. 20 (2017), Art. 119. [Online
http://rgmia.org/papers/v20/v20a119.pdf].

S. S. Dragomir, Inequalities of Jensen’s type for generalized k-g-fractional integrals, RGMIA
Res. Rep. Coll. 20 (2017).

S. S. Dragomir and C. E. M. Pearce, Selected  Topics on  Hermite-
Hadamard  Inequalities and  Applications, RGMIA  Monographs, 2000.[0nline
http://rgmia.org/monographs/hermite_hadamard.html] .

A. Guezane-Lakoud and F. Aissaoui, New fractional inequalities of Ostrowski type. Transylv.
J. Math. Mech. 5 (2013), no. 2, 103-106

A. Kashuri and R. Liko, Ostrowski type fractional integral inequalities for generalized
(s, m, p)-preinvex functions. Aust. J. Math. Anal. Appl. 13 (2016), no. 1, Art. 16, 11 pp.
A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differen-
tial Equations. North-Holland Mathematics Studies, 204. Elsevier Science B.V., Amsterdam,
2006. xvi+523 pp. ISBN: 978-0-444-51832-3; 0-444-51832-0.

M. Kirane, B. T. Torebek, Hermite-Hadamard, Hermite-Hadamard-Fejer, Dragomir-Agarwal
and Pachpatte type Inequalities for convex functions via fractional integrals, Preprint
arXiv:1701.00092.

M. A. Noor, K. I. Noor and S. Iftikhar, Fractional Ostrowski inequalities for harmonic
h-preinvex functions. Facta Univ. Ser. Math. Inform. 31 (2016), no. 2, 417-445

R. K. Raina , On generalized Wright’s hypergeometric functions and fractional calculus op-
erators, Fast Asian Math. J., 21(2)(2005), 191-203.

M. Z. Sarikaya and H. Filiz, Note on the Ostrowski type inequalities for fractional integrals.
Vietnam J. Math. 42 (2014), no. 2, 187-190

M. Z. Sarikaya and H. Budak, Generalized Ostrowski type inequalities for local fractional
integrals. Proc. Amer. Math. Soc. 145 (2017), no. 4, 1527-1538.

E. Set, New inequalities of Ostrowski type for mappings whose derivatives are s-convex in
the second sense via fractional integrals. Comput. Math. Appl. 63 (2012), no. 7, 1147-1154.
M. Tung, On new inequalities for h-convex functions via Riemann-Liouville fractional inte-
gration, Filomat 27:4 (2013), 559-565.

M. Tung, Ostrowski type inequalities for m- and («, m)-geometrically convex functions via
Riemann-Louville fractional integrals. Afr. Mat. 27 (2016), no. 5-6, 841-850.

H. Yildirim and Z. Kirtay, Ostrowski inequality for generalized fractional integral and related
inequalities, Malaya J. Mat., 2(3)(2014), 322-329.



24 S.S. DRAGOMIR

[40] C. Yildiz, E, Ozdemir and Z. S. Muhamet, New generalizations of Ostrowski-like type in-
equalities for fractional integrals. Kyungpook Math. J. 56 (2016), no. 1, 161-172.

[41] H. Yue, Ostrowski inequality for fractional integrals and related fractional inequalities. Tran-
sylv. J. Math. Mech. 5 (2013), no. 1, 85-89.

[42] X.-M. Zhang, Y.-M. Chu and X.-H. Zhang, The Hermite-Hadamard type inequality of GA-
convex functions and its application, Journal of Inequalities and Applications, Volume 2010,
Article ID 507560, 11 pages.

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE, IN THE MATHEMATICAL AND STATISTICAL SCIENCES,
ScHOOL OF COMPUTER SCIENCE & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATERSRAND,
PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA





