
IMPROVING SCHWARZ INEQUALITY IN INNER PRODUCT
SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Some improvements of the celebrated Schwarz inequality in com-
plex inner product spaces are given. Applications for n-tuples of complex
numbers are provided.

1. Introduction

Let (H; h�; �i) be an inner product space over the real or complex numbers �eld
K. The following inequality is well known in literature as the Schwarz inequality

(1.1) kxk2 kyk2 � jhx; yij2

for any x; y 2 H: The equality case holds in (1.1) if and only if there exists a
constant � 2 K such that x = �y: This inequality can be written in an equivalent
form as

(1.2) kxk kyk � jhx; yij :

Assume that P : H ! H is an orthogonal projection on H, namely, it satis�es
the condition P 2 = P = P �. We obviously have in the operator order of B(H), the
Banach algebra of all linear bounded operators on H, that 0 � P � 1H .
In the recent paper [5, Eq. (2.6)] we established among others that

(1.3) kxk kyk � hPx; xi1=2 hPy; yi1=2 + jhx; yi � hPx; yij

for any x; y 2 H: Since by the triangle inequality we have

jhx; yi � hPx; yij � jhx; yij � jhPx; yij

and by the Schwarz inequality for nonnegative selfadjoint operators we have

hPx; xi1=2 hPy; yi1=2 � jhPx; yij

for any x; y 2 H; then we get from (1.3) the following re�nement of (1.2)

(1.4) kxk kyk � jhx; yij � hPx; xi1=2 hPy; yi1=2 � jhPx; yij � 0

for any x; y 2 H:
In 1985 the author [1] (see also [2] or [4, p. 36]) established the following in-

equality related to Schwarz inequality

(1.5)
�
kxk2 kzk2 � jhx; zij2

��
kyk2 kzk2 � jhy; zij2

�
�
���hx; yi kzk2 � hx; zi hz; yi���2
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for any x; y; z 2 H and obtained, as a consequence, the following re�nement of
(1.2):

(1.6) kxk kyk � jhx; yi � hx; ei he; yij+ jhx; ei he; yij � jhx; yij
for any x; y; e 2 H with kek = 1:
If we take the square root in (1.5) and use the triangle inequality, we get for x;

y; z 2 H n f0g that�
kxk2 kzk2 � jhx; zij2

�1=2 �
kyk2 kzk2 � jhy; zij2

�1=2
�
���hx; yi kzk2 � hx; zi hz; yi��� � jhx; zi hz; yij � jhx; yij kzk2

which by division with kxk kyk kzk2 6= 0 produces

(1.7)
jhx; yij
kxk kyk �

jhx; zij
kxk kzk

jhz; yij
kzk kyk �

s
1� jhx; zij2

kxk2 kzk2

s
1� jhy; zij2

kyk2 kzk2
:

If the angle between the vectors x; y; 	x;y 2 [0; �=2] ; is de�ned by [8]

(1.8) cos	x;y =
jhx; yij
kxk kyk ; x; y 6= 0;

then the function 	x;y is a natural metric on complex projective space, since is
satis�es the inequality [8]

(1.9) 	x;y � 	x;z +	z;y for any x; y; z 6= 0:
By using (1.8) we have by (1.7) that

cos	x;y � cos	x;z cos	z;x � sin	x;z sin	z;x = cos (	x;z +	z;x) ;
which is equivalent to (1.9) since the function cos is decreasing on [0; �] : This
provides a di¤erent proof of (1.9) than the one from [8] where it was done by
utilising the celebrated Kre¼¬n�s inequality [7], see also [6, p. 56],

(1.10) �x;y � �x;z +�z;y for any x; y; z 6= 0;
obtained for angles �x;y between two vectors x; y, where in this case �x;y is de�ned
by

cos�x;y =
Re hx; yi
kxk kyk ; x; y 6= 0:

The following inequality has been obtained by Wang and Zhang in [10] (see also
[11, p. 195])

(1.11)

s
1� jhx; yij2

kxk2 kyk2
�

s
1� jhx; zij2

kxk2 kzk2
+

s
1� jhy; zij2

kyk2 kzk2

for any x; y; z 2 H n f0g : Using the above notations the inequality (1.11) can be
written as [8]

(1.12) sin	x;y � sin	x;z + sin	z;y
for any x; y; z 2 H n f0g : It also provides another triangle type inequality comple-
menting the Kre¼¬n and Lin inequalities above.
The corresponding result for the angle �x;y was obtained by Lin in [8] as

(1.13) sin�x;y � sin�x;z + sin�z;y; for any x; y; z 6= 0;
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or, equivalently, as

(1.14)

s
1� jRe hx; yij

2

kxk2 kyk2
�

s
1� jRe hx; zij

2

kxk2 kzk2
+

s
1� jRe hy; zij

2

kyk2 kzk2

for any x; y; z 6= 0:
In [8] the author has also shown that, in fact, the inequalities (1.11) and (1.14)

can be extended for any power p > 2; namely as

(1.15)
�
1� jhx; yijp

kxkp kykp
�1=p

�
�
1� jhx; zijp

kxkp kzkp
�1=p

+

�
1� jhy; zijp

kykp kzkp
�1=p

and

(1.16)
�
1� jRe hx; yij

p

kxkp kykp
�1=p

�
�
1� jRe hx; zij

p

kxkp kzkp
�1=p

+

�
1� jRe hy; zij

p

kykp kzkp
�1=p

for any x; y; z 6= 0:
In this paper we obtain some improvements of Schwarz inequality in complex

inner product spaces as follows. For various inequalities related to this famous
result see the monographs [3] and [4].

2. Main Results

Employing Lin�s inequalities (1.15) and (1.16) we can obtain the following re-
�nements of Schwarz�s inequality.

Theorem 1. Let x; y; e 2 H with kek = 1 and p � 2: Then we have the following
re�nements of Schwarz inequality

(2.1) kxkp kykp � jhx; yijp �

�������det
264 kxk (kxkp � jhx; eijp)1=p

kyk (kykp � jhy; eijp)1=p

375
�������
p

and

(2.2) kxkp kykp � jRe hx; yijp �

�������det
264 kxk (kxkp � jRe hx; eijp)1=p

kyk (kykp � jRe hy; eijp)1=p

375
�������
p

:

Proof. We observe that, by (1.15) and (1.16)

dp (x; y) :=

�
1� jhx; yijp

kxkp kykp
�1=p

and �p (x; y) :=
�
1� jRe hx; yij

p

kxkp kykp
�1=p

are distances and by the continuity property of the distance d; namely

jd (x; z)� d (y; z)j � d (x; y)
we get

(2.3)

�����
�
1� jhx; eij

p

kxkp
�1=p

�
�
1� jhy; eij

p

kykp
�1=p����� �

�
1� jhx; yijp

kxkp kykp
�1=p

and

(2.4)

�����
�
1� jRe hx; eij

p

kxkp
�1=p

�
�
1� jRe hy; eij

p

kykp
�1=p����� �

�
1� jRe hx; yij

p

kxkp kykp
�1=p
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for any x; y 6= 0 and e 2 H with kek = 1:
If we take the power p in (2.3) and (2.4) and multiply with kxkp kykp > 0; then

we get the desired results (2.1) and (2.2). �

The following similar result can be stated as well:

Theorem 2. Let x; y; e 2 H with kek = 1: Then we have the following re�nement
of Schwarz inequality

(2.5) kxk2 kyk2 � jhx; yij2 �

0BBB@det
26664
jhx; eij

�
kxk2 � jhx; eij2

�1=2
jhy; eij

�
kyk2 � jhy; eij2

�1=2
37775
1CCCA
2

:

Proof. We have by Schwarz�s inequality that

(2.6)
��
x� �e; y � �e���2 � kx� �ek2 

y � �e

2

for any x; y; e 2 H and �; � 2 C:
Since kek = 1; then

(2.7)


x� �e; y � �e

�
= hx; yi � � he; yi � � hx; ei+ ��;

kx� �ek2 = kxk2 �
�
2Re [� hx; ei]� j�j2

�
and 

y � �e

2 = kyk2 � �2Re [� hy; ei]� j�j2� :
This implies that

kx� �ek2


y � �e

2(2.8)

=
h
kxk2 �

�
2Re [� hx; ei]� j�j2

�i h
kyk2 �

�
2Re [� hx; ei]� j�j2

�i
= kxk2 kyk2 � kyk2

�
2Re [� hx; ei]� j�j2

�
� kxk2

�
2Re [� hy; ei]� j�j2

�
+
�
2Re [� hx; ei]� j�j2

��
2Re [� hy; ei]� j�j2

�
= kxk2 kyk2 �

�
kyk2 � jhy; eij2

��
2Re [� hx; ei]� j�j2

�
�
�
kxk2 � jhx; eij2

��
2Re [� hy; ei]� j�j2

�
� jhy; eij2

�
2Re [� hx; ei]� j�j2

�
� jhx; eij2

�
2Re [� hy; ei]� j�j2

�
+
�
2Re [� hx; ei]� j�j2

��
2Re [� hy; ei]� j�j2

�
+ jhy; eij2 jhx; eij2 � jhy; eij2 jhx; eij2

= kxk2 kyk2 �
�
kyk2 � jhy; eij2

��
2Re [� hx; ei]� j�j2

�
�
�
kxk2 � jhx; eij2

��
2Re [� hy; ei]� j�j2

�
+
h
jhx; eij2 �

�
2Re [� hx; ei]� j�j2

�i h
jhy; eij2 �

�
2Re [� hy; ei]� j�j2

�i
� jhy; eij2 jhx; eij2 :
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Observe that

jhx; eij2 �
�
2Re [� hx; ei]� j�j2

�
= jhx; ei � �j2

and

jhy; eij2 �
�
2Re [� hy; ei]� j�j2

�
=
��hy; ei � ���2 :

Therefore, by (2.8) we get

kx� �ek2


y � �e

2(2.9)

= kxk2 kyk2 �
�
kyk2 � jhy; eij2

��
2Re [� hx; ei]� j�j2

�
�
�
kxk2 � jhx; eij2

��
2Re [� hy; ei]� j�j2

�
+ jhx; ei � �j2

��hy; ei � ���2 � jhy; eij2 jhx; eij2 :
Let � 2 C with � 6= hx; ei and put

(2.10) � :=
�hy; ei
�� hx; ei :

Then

jhx; ei � �j2
��hy; ei � ���2 = jhx; ei � �j2

������hy; ei �
 

�hy; ei
�� hx; ei

!������
2

= jhx; ei � �j2
�����hy; ei � � hy; ei

�� hx; ei

�����
2

= jhy; eij2 jhx; ei � �j2
����� hx; ei
�� hx; ei

�����
2

= jhy; eij2 jhx; eij2

and

�� = � he; yi+ � hx; ei :

For these choices of � and � we have by (2.6)-(2.9) that

jhx; yij2 � kxk2 kyk2 �
�
kyk2 � jhy; eij2

��
2Re [� hx; ei]� j�j2

�
(2.11)

�
�
kxk2 � jhx; eij2

��
2Re [� hy; ei]� j�j2

�
:

By (2.10) we also have

(2.12) 2Re [� hy; ei]� j�j2 = jhy; eij2
"
2Re

�
�

�� hx; ei

�
�
���� �

�� hx; ei

����2
#
:

Take

(2.13) � = hx; ei+ t with t 2 R; t 6= 0:
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Then by (2.12) we have

B (x; y; e; t) :=
�
kyk2 � jhy; eij2

��
2Re [� hx; ei]� j�j2

�
+
�
kxk2 � jhx; eij2

��
2Re [� hy; ei]� j�j2

�
=
�
kyk2 � jhy; eij2

��
2Re

h�
hx; ei+ t

�
hx; ei

i
� jhx; ei+ tj2

�
+
�
kxk2 � jhx; eij2

�
jhy; eij2

"
2Re

�
hx; ei+ t

t

�
�
���� hx; ei+ tt

����2
#
:

Since

2Re
h�
hx; ei+ t

�
hx; ei

i
� jhx; ei+ tj2

= 2Re
h
jhx; eij2 + t hx; ei

i
� jhx; eij2 � 2tRe hx; ei � t2

= jhx; eij2 � t2

and

2Re

�
hx; ei+ t

t

�
�
���� hx; ei+ tt

����2
= 2Re

�
hx; ei
t

+ 1

�
�
���� hx; eit + 1

����2
=
2Re hx; ei

t
+ 2� jhx; eij

2

t2
� 2Re hx; ei

t
� 1 = 1� jhx; eij

2

t2
;

then we get

B (x; y; e; t) =
�
kyk2 � jhy; eij2

��
jhx; eij2 � t2

�
+
�
kxk2 � jhx; eij2

�
jhy; eij2

 
1� jhx; eij

2

t2

!
=
�
kyk2 � jhy; eij2

��
jhx; eij2 � t2

�
�
�
kxk2 � jhx; eij2

�
jhy; eij2

 
jhx; eij2 � t2

t2

!

=
�
jhx; eij2 � t2

�24kyk2 � jhy; eij2 �
�
kxk2 � jhx; eij2

�
jhy; eij2

t2

35
for t 2 R; t 6= 0:
Assume that hx; ei ; hy; ei 6= 0 and kxk 6= jhx; eij ; kyk 6= jhy; eij :
If we take t = t0 6= 0 with

t20 = jhx; ei hy; eij

s
kxk2 � jhx; eij2

kyk2 � jhy; eij2
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then we get

B (x; y; e; t0)

=

 
jhx; eij2 � jhx; ei hy; eij

s
kxk2 � jhx; eij2

kyk2 � jhy; eij2

!

�

24kyk2 � jhy; eij2 �
�
kxk2 � jhx; eij2

�
jhy; eij2

jhx; ei hy; eij
q

kxk2�jhx;eij2
kyk2�jhy;eij2

35
=

jhx; eijq
kyk2 � jhy; eij2

�
jhx; eij

q
kyk2 � jhy; eij2 � jhy; eij

q
kxk2 � jhx; eij2

�

�

24 jhx; eij
q
kyk2 � jhy; eij2 �

q
kxk2 � jhx; eij2 jhy; eij

jhx; eij

35qkyk2 � jhy; eij2
=

�
jhx; eij

q
kyk2 � jhy; eij2 � jhy; eij

q
kxk2 � jhx; eij2

�2
:

By using the inequality (2.11) we then have

jhx; yij2 � kxk2 kyk2 �B (x; y; e; t0)

= kxk2 kyk2 �
�
jhx; eij

q
kyk2 � jhy; eij2 � jhy; eij

q
kxk2 � jhx; eij2

�2
;

which proves the desired result (2.5).
Now, if hx; ei = 0 i.e. x ? e, then (2.5) becomes

jhy; eij2 kxk2 + jhx; yij2 � kxk2 kyk2

which is trivial for x = 0 and becomes the Bessel�s inequality

jhy; eij2 +
�����y; xkxk

�����2 � kyk2
for the orthonormal family

n
e; x
kxk

o
:

A similar argument applies for hy; ei = 0:
Also, if kxk2 = jhx; eij2 then by the equality case in Schwarz inequality for the

vectors x and e we get that there exists a constant 
 such that x = 
e: In this
situation (2.5) becomes an equality.
A similar argument applies if kyk2 = jhy; eij2 : �

Remark 1. If (H; h�; �i) is a complex inner product space, then (H; h�; �ir) with

hx; yir := Re hx; yi
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is a real inner product space and hx; xi1=2 = hx; xi1=2r = kxk for x 2 H: Therefore
by (2.5) for h�; �ir we get

(2.14) kxk2 kyk2 � jRe hx; yij2

�

0BBB@det
26664
jRe hx; eij

�
kxk2 � jRe hx; eij2

�1=2
jRe hy; eij

�
kyk2 � jRe hy; eij2

�1=2
37775
1CCCA
2

for any x; y; e 2 H with kek = 1:

3. An Application for n-Tuples of Complex Numbers

Let x = (x1; :::; xn) ; y = (y1; :::; yn) ; e = (e1; :::; en) 2 Cn with
Pn

k=1 jekj
2
=

1: Then by writing the above inequalities (2.1) and (2.5) for the inner product
hx; yi :=

Pn
k=1 xkyk we have for p � 2; that

(3.1)

 
nX
k=1

jxkj2
!p=2 nX

k=1

jykj2
!p=2

�
�����
nX
k=1

xkyk

�����
p

�

�����������
det

2666664
�Pn

k=1 jxkj
2
�1=2 ��Pn

k=1 jxkj
2
�p=2

� j
Pn

k=1 xkekj
p
�1=p

�Pn
k=1 jykj

2
�1=2 ��Pn

k=1 jykj
2
�p=2

� j
Pn

k=1 ykekj
p
�1=p

3777775

�����������

p

;

and

(3.2)
nX
k=1

jxkj2
nX
k=1

jykj2 �
�����
nX
k=1

xkyk

�����
2

�

0BBB@det
26664
j
Pn

k=1 xkekj
�Pn

k=1 jxkj
2 � j

Pn
k=1 xkekj

2
�1=2

j
Pn

k=1 ykekj
�Pn

k=1 jykj
2 � j

Pn
k=1 ykekj

2
�1=2

37775
1CCCA
2

:

If we take em = 1 for m 2 f1; :::; ng and ek = 0 for any k 2 f1; :::; ng ; k 6= m;
then

Pn
k=1 jekj

2
= 1 and by (3.1) and (3.2) we get

(3.3)

 
nX
k=1

jxkj2
!p=2 nX

k=1

jykj2
!p=2

�
�����
nX
k=1

xkyk

�����
p

� max
m2f1;:::;ng

�����������
det

2666664
�Pn

k=1 jxkj
2
�1=2 ��Pn

k=1 jxkj
2
�p=2

� jxmjp
�1=p

�Pn
k=1 jykj

2
�1=2 ��Pn

k=1 jykj
2
�p=2

� jymjp
�1=p

3777775

�����������

p

;
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and

(3.4)
nX
k=1

jxkj2
nX
k=1

jykj2 �
�����
nX
k=1

xkyk

�����
2

� max
m2f1;:::;ng

0BBB@det
26664
jxmj

�P
1�k 6=m�n jxkj

2
�1=2

jymj
�P

1�k 6=m�n jykj
2
�1=2

37775
1CCCA
2

:

For p = 2 we get from (3.3) the simpler inequality

(3.5)
nX
k=1

jxkj2
nX
k=1

jykj2 �
�����
nX
k=1

xkyk

�����
2

� max
m2f1;:::;ng

0BBB@det
26664
�Pn

k=1 jxkj
2
�1=2 �P

1�k 6=m�n jxkj
2
�1=2

�Pn
k=1 jykj

2
�1=2 �P

1�k 6=m�n jykj
2
�1=2

37775
1CCCA
2

:

If we take ek = 1p
n
for k 2 f1; :::; ng, then

Pn
k=1 jekj

2
= 1 and by (3.1) and (3.2)

we get

(3.6)

 
nX
k=1

jxkj2
!p=2 nX

k=1

jykj2
!p=2

�
�����
nX
k=1

xkyk

�����
p

� np

�����������
det

2666664
�
1
n

Pn
k=1 jxkj

2
�1=2 ��

1
n

Pn
k=1 jxkj

2
�p=2

�
�� 1
n

Pn
k=1 xk

��p�1=p
�
1
n

Pn
k=1 jykj

2
�1=2 ��

1
n

Pn
k=1 jykj

2
�p=2

�
�� 1
n

Pn
k=1 yk

��p�1=p
3777775

�����������

p

and

(3.7)
nX
k=1

jxkj2
nX
k=1

jykj2 �
�����
nX
k=1

xkyk

�����
2

� n2

0BBB@det
26664
�� 1
n

Pn
k=1 xk

�� �
1
n

Pn
k=1 jxkj

2 �
�� 1
n

Pn
k=1 xk

��2�1=2
�� 1
n

Pn
k=1 yk

�� �
1
n

Pn
k=1 jykj

2 �
�� 1
n

Pn
k=1 yk

��2�1=2
37775
1CCCA
2

:

The inequality (3.7) has been obtained recently for real numbers by S. G. Walker
in [9], where some interesting applications for the celebrated Cramer-Rao inequality
are provided as well.
Acknowledgement. The author would like to thank the anonymous referee for

valuable suggestions that have been implemented in the �nal version of the paper.
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