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OPERATOR REFINEMENTS OF SCHWARZ INEQUALITY IN
INNER PRODUCT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Some improvements of the celebrated Schwarz inequality in com-
plex inner product spaces in terms of selfadjoint operators 0 < U < 1g are
given. Applications for orthonormal families of vectors are also provided.

1. INTRODUCTION

In the recent paper [13], S. G. Walker has obtained the following refinement
of Cauchy-Bunyakovsky-Schwarz inequality for the n-tuples of real numbers a =
(a1, ...,ap) and b = (by,...,b,) € R"
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and provided some interesting applications for the celebrated Cramer-Rao inequal-
ity.

In order to extend this result for the case of complex inner product spaces
(H, (-,-)) we obtained in [6] the following result

2
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(1.2) l=]® llyl® = e, y)|* = | det >0

wal (i -1war)”

for any x, y, e € H with |le]| = 1.

Let x = (1, .s2n), ¥ = (Y1, Yn), € = (€1,...,€,) € C™ with 22:1 \ek|2 =
1. Then by writing the above inequality (1.2) for the inner product (z,y) :=
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> k=1 TkYy we have [6]

n 2

(13) > el lwwl* -
k=1

k=1

n
E TEYp
k=1

n — n 2 n — 2 1/2
1> k=1 Tk D oiet Tkl = [k Trek|

> | det > 0.
1/2
_ 2 — 2
Srmel (S el = 120wl

If we take e, = 1 for m € {1,...,n} and e = 0 for any k € {1,...,n}, k # m,
then Y7, |ex|? = 1 and by (1.3) we get [6]
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If we take e, = ﬁ for k € {1,...,n}, then > _, lex|* = 1 and by (1.3) we obtain

the following complex version of Walker’s inequality (1.1)
(15) > el Y lywl* = D @t
k=1 k=1 k=1

1 n 1 n 2 1 n 2 1/2
Eiie]  (BXi el - 2T )
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For various results related to Cauchy-Bunyakovsky-Schwarz inequality for the
n-tuples of numbers see the survey [2] and the monograph [3]. For recent results in
connection to Schwarz inequality, see [1], [8] and [10]-[12].

In order to provide an extension and a refinement of (1.2) for operators we need
the following preparations.

2. THE MAIN RESULTS

Let X be a linear space over the real or complex number field K and let us
denote by H (X) the class of all positive semi-definite Hermitian forms on X, or,
for simplicity, nonnegative forms on X, i.e., the mapping (-,-) : X x X — K belongs
to H (X) if it satisfies the conditions

(i) (z,z) > 0 for all z in X;
(ii)) (ax+ Py,2z) = a(x,2)+ B (y,2) for all z,y € X and o, f € K
i) (

(i) (y,z) = (z,y) for all z,y € X.
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If (+,-) € H(X), then the functional |-|| = (-, .)% is a semi-norm on X and the
following equivalent versions of Schwarz’s inequality hold:
2 112 2
(2.1) Izl [lyll” = [(z, )" or |zl llyll = [(z,y)|

for any z,y € X.
Now, let us observe that H (X) is a convez cone in the linear space of all mappings
defined on X? with values in K, i.e.,

<e> ('7 ')1 ’ ('v ')2 €H (X> implies that ('v ')1 + ('7 ')2 €H (X) )
(ee) @ >0 and (+,-) € H(X) implies that « (+,-) € H (X).
We can introduce on H (X)) the following binary relation [7]:
(2.2) (v:)y > (-,-); ifand only if |z|y > ||lzf|; forall z e X.
We observe that the following properties hold:

(b) ()y = (0)y forall (-,) € H(X);
(bb) ('7 ')3 > ('7 ')2 and ('v ')2 2 ('7')1 implies that ('7')3 2 ('v')l;
(bbb> ('7 ')2 > (" ')1 and ('a ')1 2 ('7'>2 implies that ('7')2 = ("')1;

i.e., the binary ” > 7 relation defined by (2.2) is an order relation on H (X).

While (b) and (bb) are obvious from the definition, we should remark, for (bbb),
that if (-,-), > (+,-); and (-,-); > (-, )5, then obviously |z||, = ||z[|, for all z € X,
which implies, by the following well known identity:

1 2 2 . -2 .12
@)= 1 [le+ ol = lo = vl +i (o + iyl — o — vl

with z, y € X and k € {1, 2}, that (z,y), = (x,y), for all z, y € X.Now consider
the following mapping naturally associated to Schwarz’s inequality, namely [7]
§iH(X) x X2 =Ry, 8((5)52,y) = el lyll* — |, )
It is obvious that the following properties are valid:
(i) d((-,*);x,y) > 0 (Schwarz’s inequality);
(i) 0((,)smy) =6(()5y,2);
(iii) & (a(,);2,y) =a?(();2,y)
forall z,y € X, >0 and (-,-) € H(X).
The following lemma incorporates some further properties of this functional [7]
(see also [5, p. 10]):

Lemma 1. With the above assumptions, we have:
() I () € H(X) (k= 1,2), then

(2.3) () +C)asmy) =0 ()1 52y) =6 ((5 )52, 9)

Izl vl 1)
(o[ 1 B )0
lzlly Iy,

i.e., the mapping § (+;x,y) is strong superadditive on H (X).
(i) If (), € H(X) (k=1,2), with (-,-)y > (-,-); , then

(24) 5((7 ')2 ;xvy) - 6((7 ')1 §337y)
2
[l lwly N,
2 € 2 2 = U;
(et = 11t) ™ (Il =yl

i.e., the mapping 0 (-;x,y) is strong nondecreasing on H (X).
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Proof. For the sake of completeness we give here a simple proof.
(i) For all (+,-), € H(X) (k=1,2) and =, y € X we have

(25) 6((3)1 +(,)2,$,y)
2 2 2 2 2
= (I3 + 1l217) (I3 + w13 = (@) + (@9,
2 2 2 2 2 2 2 2
> 213 13 + =1 s + N3 hyll3 + 3 1yl

— (|(@,9)5] + |(z,9)4])
= 5((7 ')2 733,:1/) + 5((7 ')1 7$7y)
+ )7 ylls + Il IyllT — 212, v)5 (@),

By Schwarz’s inequality we have

(2.6) (@, 9)y (91| < lllly Nylly Nl vl
therefore, by (2.5) and (2.6), we can state that
o ((7 ')1 + ('7 ')2 7x7y) =9 ((7 ')1 ;1’,@/) -0 ((7 ')2 §~T7y)
241,112 2112
> [zl [yl + iz iy = 2l Tylly il vl
2
= (l=lly lylly = lIzll5 [1ll1)

and the inequality (2.3) is proved.
(ii) Suppose that (-,-), > (-,-); and define (-, ~)2’1 = ()3 —(-,-); - Then (-, o
is a nonnegative hermitian form and by (i) we have

0 ((7 )21 ;33,?/) =0 ((-)y5my) =6 ((7 Jag () ;my) ~Ghimy)
. lzll, vl ’
>4 ((a ')2,1 7-T7y) + (det |: ||.%‘||2,1 ||z||2,1 :|>
el lwl, T\
2 (e ol i, 1)

1
Since ||z|ly, = (||z||§ — ||z||?) * for z € X, hence the inequality (2.4) is proved. O

Remark 1. If we consider the functionals
8t H(X) x X2 =Ry, 60 (()32,) = |2 ly]* — [Re (2, )]
and
6 H(X) x X2 SRy, 6 ((4)30,9) i= ol Iyl = [ (2, )]
then we can prove in a similar way the following properties:
(@) If (-,-), € H(X) (k=1,2) and £ € {r,i} then

(2'7) ¢ ((’ ')1 + ('7 ')2 3 Ly y) — 0y ((7 ')1 ;x,y) —dy ((’ ')2 ;.’B,y)

Izl Iyl 1)
(w1 B )=
lzll, Iyl

i.e., the mapping 0y (-;x,y) is strong superadditive on H (X).
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(aa) If (-,-), € H(X) (k= 1,2), with (-,-)y > (-,-); and £ € {r,i}, then

(28)  8((2 i)~ 80 )
2
(o [Nl Iyl .
Z et 3 1 > 0;
(et = l12l3) " (i3 = 1w}

i.e., the mapping 0y (-;x,y) is strong nondecreasing on H (X).
We have the following refinement of Schwarz inequality:

Theorem 1. Let (H,(-,-)) be a complex Hilbert space and U : H — H a selfadjoint
operator such that 0 < U < 1g. Then for any x, y € H we have

29) el Iyl = 1, w) > Uz, 2) (Uy,y) — Uz, )

+ [le? = e, )] (19l = Uy, )| — () = Uz,
(Uz, )"/ » (Uy,y)'/* »
(el = z,)] " [Iyl® - Wy,

Proof. Consider the nonnegative forms (-,-); and (-,-), on H defined by
(x,y); := (Uz,y) and (z,y), := ((lg —U)z,y), =, y € H.

2

+ | det

Then
(@), + (2,9); = (x,9), el = (Uz,2)
and
l2)l3 = (g = U) z,2) = |a|* - Uz, )
for z, y € H.
Since
5(( )y + ()i m,y) = [l yll* = ),
5 (()y52,y) = Uz, ) (Uy,y) — [(Uz,y)* > 0
and

6 ((+)gimy) = |ll2ll® = U 2)] [I9ll® = Uy 0)] = 1(@,9) = W,y 2 0

where the last two inequalities follow by Schwarz’s inequality for nonnegative op-
erators, then by (2.3) we get (2.9). O

Remark 2. Let U : H — H be a selfadjoint operator such that 0 < U < 1y. We
observe that from (2.9) we get the simpler inequalities that are coarser but may be
more useful for applications such as

(2.10) lall* 9> = Kz, ) = Uz, 2) Uy, ) — (U, p)]* = 0

and

@10l Iyl - ()
> | det (Ux,a:)l/2 1/2 (Uy,y>1/2 1/2 2>0
- (el = Wz a)] (Il - Wy )] -

for any x, y € H.
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For other results connected with Schwarz inequality in inner product spaces see
the monographs [4] and [5].

Assume that P : H — H is an orthogonal projection on H, namely it satisfies
the condition P? = P = P*. We obviously have in the operator order of B (H), the
Banach algebra of all linear bounded operators on H, that 0 < P < 1p.

A family {e;},_; of vectors in H is called orthonormal if

ej L ey for any j, k € J with j # k and |le;j|| = 1 for any j,k € J.

If the linear span of the family {e;},_ ; is dense in H, then we call it an orthonormal
basis in H.
For an othonormal family € = {e;},_; we define the operator Pz : H — H by

(2.12) Pex = Z (x,ej)ej, x € H.
jed
We know that Pg is an orthogonal projection and

(Pex,y) = Z (x,e;) (ej,y), ©,y € H and (Pgz,x) = Z |<33,ej>|2, x € H.
jeJ jeJ

The particular case when the family reduces to one vector, namely £ = {e}, |le|| =
1, is of interest since in this case P,z := (z,e)e, x € H,

(Poz,y) = (z,e) (e,y), z,y € H and (P.x,z) = |(z,e)|*, x € H.

Corollary 1. Let £ = {ej}jeJ be an othonormal family in the Hilbert space
(H,{-,-)). Then for any x, y € H we have

2
(213) 2l [yl = [z )I* > D K en) 3 e = S (wves) ez, )
jeJ JjeJ JjeJ
2
[l = 3 K el | Iyl = 3 Ky en | = [(@,w) = 3 (@) (ess0)
jeJ jeJ jeJ
1/2 1/2
e | [Ssesttaenr’ (e e ]
1/2 1/2
(121 = e lwenP] ™[Il = ey Ity )]
In particular, if e € H, ||e|| = 1, then for any x, y € H we have
(2.14)  lz|* lyl* — e )
> (el = [z e)] [yl = Ky, &)1°] = I 5) = (. €) e, )
2

+(dtl|<sc,e>| L, el /D
Sl = e ] [l - 1]
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Remark 3. Let & = {e; }jeJ be an othonormal family in the Hilbert space (H, (-,-)) .
We observe that, from (2.13) we get the inequalities

(2.15)  zl? lyl? = [z, y) I

2
>N e 1)l = D (@ eg) (ej )| >0,
JjeJ JjEeJ JjEeJ
(2.16)  ll? Iyl — [z, )P
2
> al® =S e en) P | ol =S 1y en) P =@, m) = D (@) {ejm)| >0
jed jeJ jedJ
and
217) |zl lyll* - [(z, »)]?
511/2 ,11/2 2
; T,€; ; , €5
N oger | [Zesl@enr’] [Sies It enl’] s

(217 = e @] Il = e 1) ]

for any x,y € H.
From (2.14) we have

2.18) J2l* Iyl = I(a, )
> [l = Kz, )] [l = g )] = I ) = G, €) (e, )

and
2
o 2 () ,e)]
=" lyll™ = [{z, )| = { det 2 2]1/2 2 2]1/2
[zl = 1z, P] [l = 1y, )]
for any z, y, e € H with |le| = 1 and thus recapture, in a simple way - compare

with the proof in [6], the inequality (1.2) from the introduction.

Corollary 2. Assume that the bounded linear operator A : H — H satisfies the
condition ||Au|| < ||u|| for any w € H. Then we have the inequality

(219) el Iyl — (@, ) = | 42]* || Ay]* - (A, Ay)”
+ [l = 1az)?] [Inll® = 114y)?] = Iz, 5) — (Az, Ay)P

+ (det

Proof. We observe that the condition ||Au| < ||u|| for any u € H is equivalent to
the fact that 0 < A*A < 1 and by writing the inequality (2.9) for U = A*A we
get (2.19). O

2

| Az] L, o
[l = az)?] [yl - I4y)]

for any x, y € H.
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Remark 4. From (2.19) we have the simpler inequalities

2 2 2 2 2 2
(2.20) 2™ [lylI” = Kz, »)" > [|Az]|” | Ay[|” — [(Az, Ay)|" > 0
and

2 2 2
(2.21) )™ llyll” = Kz, y)|

2

| Az L, SIS,
[l = 11421®) ™ [Iwl® = 4yl -

> (det

for any x, y € H.

‘We have:

Lemma 2. If (-,-), € H(X) (k=1,2), with (-, )y, then for any x, y € H

)g =
||fv||1 lylly Kzl
2det

21l 1yl

(2.22)  0(C)g52,9) +0((5)y52,) 2 ,
el Nyl

lzlly Nyl
> 0.

Proof. Since (+,-) > (+,+); , then (-, ), :== (,+), = (+,-); is a nonnegative hermitian
form and by Schwarz inequality for (-,-),; we have

(3 = h13) (hll3 = ) = I ) = (@00,
> [}, )l = (@90, 1

for any z, y € H, where for the last inequality we used the continuity of the modulus

property.
This inequality is equivalent to

2 2 2 2 2 2 2 2
llz 1yllz + Uy 11yl = 21 [yl = [2[3 [yl
2 2
> [(@,9)s|” = 212, y)o| {2, )1 | + (2, )4

or to
(2:23) 0(()g52,) +0 ()15 20) = lalf lwlls — 2@, vyl [, w)y | + 1zl Il

for any x, y € H.
By Schwarz inequality for (-,-), and (-,-); we have

llly 1ylly = [(z, 9| and [, [lyll, = [(2,9),|

which by multiplication gives

llly [[ylly 2l lylly = G2z, 9)y | [z, 9),]
for any z, y € H.
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Therefore

2 2 2 2

(2.24) [l 11yl = 2[(z, y)o| [z, w)o | + ll2]l3 [lyll;
2 2 2 2
> [l 1yllz = 2 12l [yl 1212 1yl + )3 vl

2
= (lzlly ylly = Ml lyll,)

for any z, y € H.
By utilising (2.23) and (2.24) we get the second branch in the inequality (2.22).
By the elementary inequality a? 4+ b? > 2ab, a,b € R we have

2 2 2 2
[ Tylls + lzllz [yl = 22l vl 12l llylly

for any z, y € H.
This implies that

2 2 2 2
(2.25) WY 11yll5 = 21z y)ol (2, y)y | + 213 lylly
= 2 ([lzlly llylly l2lly Tylly = ({2, )| 2, 9),]) = 0

for any z, y € H.
By making use of (2.23) and (2.25) we get the first branch of (2.22). O

Corollary 3. If (,-), € H(X) (k=1,2), with (-,-); > (-,-);, then for any x,
y € H we have

(2.26) 5((4 )y + ()ys 2 y) > 2 (det [ Izl vl D2 >0

lzlly vl
and

(2.27) 0(()y52,9)

[ el L, ol »
> — e
2 (hl3 = 1217) " (w3 = Iwl?)
2
+(det[ el vl D ~o.
lall, Iyl J) | =

2

Proof. From the inequality (2.3) we have
2
x
206+ 8 (i + (ae | [ U ]) 20
while from (2.22) we have

(2.29) 5 (()g52,y) +0((50)y52,) = (det{ PO D2

llly Tyl

for any x, y € H, which imply the desired result (2.26).
From (2.4) we also have

(2.30) S(()gs52,9) =0 ()1 52,9)

[ Iyl

= | det 2 2\ 2 2 2
(hel = 12113) " (w3 = i)

Nl
jan}
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for any z, y € H. If we add the inequality (2.29) with (2.30) and divide by 2 we get
(2.27). O

Theorem 2. Let (H,(-,-)) be a complex Hilbert space and U : H — H a selfadjoint
operator such that 0 < U < 1gy. Then for any x, y € H we have

(2.31) 2l lyll* = [z, 9)I* + Uz, 2) Uy, y) = Uz, y)[*

Uz, )" Uy, p)"*  [(Uz,y)]
2 det

(2, y)| 2 Il

v
Y
o

2
Uz, 2)'* Uy, y)"?

det
ol Iyl
(2.32) (el + Wz, 2)) (Iyll* + Uy, 1)) = 1(@,y) + Uz, y)
(Uz,2)'* Uy
> 2| det >0
ol Il

and

(2.33) Izl lyll* - [{z, »)I?
(Uz,z)"/? » Uy, )" .
(el = wz.2)) ™ (Il = Wy.w)

N (det[ (Uz,2)"* Uy, ) m S0

] 1yl

> det

N |

Proof. Consider the nonnegative Hermitian forms
(#,9)y := (2,9) and (z,y), := (Uz,y) for z, y € H.

Then we have
Iz))? = ||| > (U, z) = ||z]|? for = € H.

Then by (2.22), (2.26) and (2.27) we deduce the desired results (2.31)-(2.33). O

Remark 5. Let £ = {e; }jeJ be an othonormal family in the Hilbert space (H, (-,-)) .
If we take U = Pg, where

Pex ::Z(a:,ej>ej ,xeH
JjeJ
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in (2.31), then we get

(2:34) |zl lyll* = e )1+ D Kz, en) Y [ye)” = D (z,e5) ej,9)

jeJ jeJ jeJ

o | Srerlee?) " (Siested) ™ [Sies ) e
e 3) e a1
>
] Setwear)” (Sielmenr)” 2
o] ol

If we take € ={e}, |le|| =1 in (2.34) then we get

(2.35) 21 11y = [z, y) [

[z e) e (@, e) (e, y)]

2 det ;
[(z,y)| |l |yl

> >0,

[z, e}l [y, e)l

det
] [yl

for any x, y € H.
The first inequality can be written as

lz]* 1yl1” = [z, 9)* = 21¢w, e) e, )| (il Nyl = (2. m)]) 5

which produces the Buzano’s inequality

(2.36) Uzl iyl + 1z, 9)]) = [z e) (e, 9)

N |

for any x, y € H.
From the second branch of (2.35) we obtain the following refinement of Schwarz
inequality

(2.37) Izl 111 = Kz, )1 = (Il [(y, )| = ¢z, e [ly])* = 0

forany z,y € H and e € H, |le|| = 1.
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Let € = {e;};c; be an othonormal family in the Hilbert space (H,(-,-)). If we
write the inequality (2.32) for U = Pe, then we have

(2.38) [ llzl® + > Havep)* | { llol® + D Ky el

JjeJ JjeJ

- <£L’,y> +Z<l’,6]’> <ej7y>

JjeJ
1/2 o\ 1/2 2
> jes (@ ep))? 2 jer v, €5l
> 9 | det ( jeJ J ) ( jeJ J ) >0
]| Iyl
for any x, y € H.
In particular, for € ={e}, |le|]| =1 we get
(2.39) (el + 16, e)) (Il + 1t ) ) = Iz, ) + (@, €) e, )
2
[(z,e)l [y, e)l
> 2 | det >0
[l Iyl
for any x, y € H.
From (2.33) we have for U = Pg
(240) la|* llyll* = ¢z, v)|*
o\ 1/2 o\ 1/2 2
U Lo (Zjesl@renl) (Zjeslwen)l)

(1 = Syes leenP) ™ (W = Syeslmen)

1/2 1/2 2
. (det[ (Syesleenf) ™ (Speslwen?)” D ] >0
(] llyll

for any x, y € H.

In particular, for € ={e}, |le|| =1 we get

(241) |l lyll® = (e, 0)P
1 (ml““” ] /D
=2\ (el = 1w ?) T (Il = L)
o[ @l el TY
AR MZ”

Now, consider the operator U : H — H with the property that 0 < U < %11{.
This is equivalent to

for any x, y € H.

1
(2.42) 0< (Uz,2) < 5 |z||* for any = € H
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or, equivalently
(2.43) |z||* = (Uz,z) > (Uz,z) >0 for any = € H.

Consider the hermitian forms (z,y), := (z,y) — (Uz,y) and (z,y), := (Uz,y)
for z, y € H. Then by (2.43) we have that (-,-), > (-,-); >0, (-;-)y + (-,-); = ()
and by (2.22) we get
44)  (Jlall* = Wa,2)) (Iyll* = Uy.9)) = (@ 5) = (Uz,y)

+ Uz, 2) Uy,y) = Uz, y)I’

(Uz,2) (Uy,9)' " (Ua, )l
2det 12 1/
[(@,9) ~ U,)] (el = a,2)) " (Il = Wy, )
>
(Uz, )"/ (Uy,y)"/? i
det 1/2 1/2
(Il = waa)) (Il = Wy, w)

> 0.

Now, let e € H, e # 0 with |e]| < g Consider the operator Uzr = (z,e) e,
x € H. Then

2 21 42 1 2
0< {Uz,a) =z, e)]" < 2] e < 5 ll=l", = € H,

which shows that U satisfies the condition (2.42). By utilising (2.44) for this oper-
ator, we get

245) (1l = Kz ) ) (Il = Ky ) = I ) = (@) e, )

[(@,e) {e,9)] [(@,e) {e,0)]
2 det
1/2 1/2
(@, y) = @ed el (el = Iz, el?) " (Il = 1w e))
>
2
(@) [(y,e)l
det
1/2 1/2
(el = Iz, e)2) ™ (Il = 1w e)*)
>0,
for any z, y, e € H with |le| < %
From the first branch of (2.45) we get

(e = Kz ) (Il = 1y ) ) = I ) = (@, €) (e 9)
> 2f(a.e el ( (Jol = 1) (17 = L ) = o) = (o) el )
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which implies that

210 3 [(1el” 1) " (1l = 1)+ o) ) e
> [{z,¢) (e,1)]

for any z, y, e € H with |le]| < %
From the second branch of (2.45) we have

a1y (Il = Ke o)) (Il = 1w e ) = (@ 5) = (@, €) (e, )

[z, €)] |y )] ?

(1P 1. e0)™ (i = )

for any z, y, e € H with |le|| < g

From the inequality (2.26) for the hermitian forms (z,y), = (z,y) — (Uz,y)
and (z,y); = (Uz,y) with U satisfying (2.42) we have the simple refinement of
Schwarz’s inequality

(248)  Jel*lyl® — e )l
o) ww™
(el = wa.2)) (Il = Uy w)

> | det

2
> 2 | det >0

for any =, y € H.
If we write the inequality (2.48) for the operator Uz = (z,e)e, x € H with
lle|l < ?, then we get

(2.49) Izl lyl|* = ¢, )|

>2<dtl<z,e>| L, el 1/2D2>0
- (hl? = . e)?) ™ (il = 1w e)?) -

for any z, y € H.

3. APPLICATIONS FOR n-TUPLES OF COMPLEX NUMBERS

Let ¢ = (1,0, Tn), ¥ = (Y1, Yn), € = (€1,..., ) € C” with 2221 \ek|2 =
1. Then by writing the above inequality (2.37) for the inner product (z,y) :=
S o, we get

n 2

(3.1) D el sl -
k=1

k=1

n 1/2
k=1

n
g TEY
k=1

n 1/2\ 2
(z w) >0
k=1

n
Z YkCk
k=1

n
E Trek
k=1
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If we take e, = 1 for m € {1,...,n} and e = 0 for any k € {1,...,n}, k # m,
then Y7, |ex|* = 1 and by (3.1) we get

2

2 2 _
(3.2) Z|$k| Zlyk| - Za%yk
k=1 k=1 k=1
n 1/2 n 1/2\ 2
s ((S0) ol (S} ) 20
P\ = k=1

T me{l,..,n

- for k € {1,...,n}, then 7_, |ex|” = 1 and by (3.1) we get

If we take e, = NG

2

n
Z TEYk
k=1
1 n
n ; Yk

2

33) 3w el -
k=1 k=1
1/2
1 n
<nZ|yk|2> > 0.
k=1

1 n 1/2
2 - .2
(5]

Let 2 = (z1,..,2n), ¥ = (Y1,-.,Yn), € = (e1,...,en) € C™ with >, \6k|2 =
Then by writing the above inequality (2.49) for the inner product (x,y) :=

1 n
2T
n

k=1

Y

1

5
m T h

S, @7, we have

2

2

G S > el -
k=1

k=1

n
Z kY
k=1

|2 k—1 Yl

1 >k TC| ) ,
>2 et n 2 n — 2 1/2 n 2 n — 2 1/2
(Zics ol = ISy mel) (i bl = 1wl

> 0.

If we take e, = g forme {1,...,n} and e, =0 for any k € {1,...,n}, k #m,

then S°4_, lex|* = & and by (3.4) we have

2

2

(3.5) Z\$k|22|yk|2— Zﬂfk?k
k=1 k=1 k=1
det |$nz‘ 12 |ynz‘ 12
€ n
(Zhs lel? = 3 lyml?)
0.

> max
= melion) (S ol = & o)
>
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If we take e = % for k € {1,...,n}, then >}'_, lex]” = 1 and by (3.4) we get

n n n 2
2 2 _
(3.6) Z\$k| Zlyk| - vakyk
k=1 k=1 k=1
n n 2
k=1 Tk k=1 Yk
9 n ’ n
>n” | det 1/2 1/2
= <zzlm-|2 R 2) (zzlyk,"’ by 2)
n 2n n 2n
> 0.
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