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SOME GENERALIZATIONS OF SCHWARZ INEQUALITY IN
INNER PRODUCT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Some two complex parameters generalizations of the celebrated
Schwarz inequality in inner product spaces are given. Applications for n-tuples
of complex numbers are provided.

1. INTRODUCTION

Let (H,(-,-)) be an inner product space over the real or complex numbers field
K. The following inequality is well known in literature as the Schwarz inequality

(1.1) Izl lyll* > |z, y)I”

for any x, y € H. The equality case holds in (1.1) if and only if there exists a
constant A € K such that x = Ay. This inequality can be written in an equivalent
form as

(1.2) Iyl = [(z, y)!-

Assume that P : H — H is an orthogonal projection on H, namely, it satisfies
the condition P? = P = P*. We obviously have in the operator order of B(H), the
Banach algebra of all linear bounded operators on H, that 0 < P < 1g.

In the recent paper [8, Eq. (2.6)] we established among others that

(1.3) el llyll > (Pz,)""* (Py,y)""* + (@, ) — (Pa,y)]
for any x, y € H. Since by the triangle inequality we have
[(z,y) — (Pz,y)| > [(z,y)| = [(Pz,y)]
and by the Schwarz inequality for nonnegative selfadjoint operators we have
(Pa,x)"/? (Py,y)"? > |(Pa,y)|
for any x, y € H, then we get from (1.3) the following refinement of (1.2)
(1.4) =l Iyl = 14z, 9)] > (Pz,2)!2 (Py, )"/ — |{Pa,y)| > 0

for any z, y € H.
In 1985 the author [2] (see also [3] or [6, p. 36]) established the following in-
equality related to Schwarz inequality

@5) (el 1212 — . 21) (Il 120 = 10 2)) 2 [ 0) 0P — (2.2 ¢z
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for any x, y, z € H and obtained, as a consequence, the following refinement of
(1.2):

(1.6) Il lyll = [z, y) — (2, €) (e, y)| + [(z, €) (e, )] = [z, y)]|

for any x, y, e € H with |le]| = 1.
If we take the square root in (1.5) and use the triangle inequality, we get for x,
y, z € H\ {0} that

(el 120 = 1o 2)P) (1l 121 = 149 2)1°)

> |(@, 9} 1211 = (2. 2) (2, )] 2 1@, 2) €2, 0)] = Gz, D121

1/2

which by division with [|z]|* ||ly]|® ||z||* # 0 produces

(- @)l el [ @Al [ 1wl
D 12l = Tl Tl T o \/1 !

- 2 2 2 2"
[l ||| llylI™ 1=l

For other results connected with Schwarz inequality in inner product spaces see
the monographs [5] and [6]. For various results related to Cauchy-Bunyakovsky-
Schwarz inequality for the n-tuples of numbers see the survey [7] and the monograph
[4]. For recent results in connection to Schwarz inequality, see [1], [11] and [13]-[15].

In this paper we obtain some two complex parameters generalizations of the
celebrated Schwarz inequality in inner product spaces. Applications for n-tuples of
complex numbers are provided.

2. MAIN RESULTS

We can state the following two complex parameters generalization of Schwarz’s
inequality:

Theorem 1. Let x, y, e € H with |le]| =1 and o, 8 € C. Then

1) @y - @e)ley) (1-aB)[’
< [z + (laf* = 1) 16, )| [Iyl* + (187 = 1) [te. ) ?] .

Proof. We start with Schwarz inequality for the vectors x — e and y — de with ~,
0 € C, namely

(2.2) [z = e,y = 8e)|* < |z —yell* [ly — del.
Observe that
lz = vell* = llz|* = 2Re (7 (2, ¢)) + 7/
= ||z|* = |, )" + |{z, €)[* — 2Re (7 (z, &) + [7/*
= ll=]I* = [z, &)* + |y = (2, )

and, similarly
ly = dell* = lyll* = [y, €)* + 16 — (g, e)|*.
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We also have

(x —~e,y —de) = (z,y) —v(e,y) = (z,€) +70
= (z,y) — (z,€) {e,y) + 70 + (x,€) (e,y) — 7 (e,y) — & (z,¢)
= (z,y) — (z,€) {e,y) + (v — (z,€)) (0 — (e, 9))
= (z,y) — (z,€) {e,y) + (v — (z,€)) (6 — (v, €))

Now, if we take
and

then we get
2 2 2 2
I = vell® = ll2ll* + (laf* = 1) [z, ),

Iy = dell® = lyll* + (181 = 1) 1(g, e)?

and
(x —ne,y —de) = (z,y) — (z,¢) (e, y) + (. €) a((y, €) §)
= (z,y) — (z,€) (e, ) + (w,€) (e, ) 0B
— (5,9) — (@,€) (e,) (1 - aB)
and by (2.2) we get (2.1). O

Remark 1. In particular, for f = a we get

(2.9) + (2.¢) (e.) (o 1)
< [l2l® + (Jol® = 1) 1w, )] [lyl* + (laf* = 1) Iy, )]

and by taking t = |0¢|2 — 1€ [-1,00) then we get the simpler inequality of interest

(23)  @,9) + e eyl < [lol + i, )] [l + 1, o]

for any x, y, e € H with |le]| =1 and t € [-1,00).

We observe that if o, B € C with ||, |B] < 1, then by (2.1) we get the family of
Schwarz inequalities
(2.4) [(z.y) = (z,€) (e,y) (1 — aB)| < [l 9]l
where x, y, e € H with |le|| = 1.

If we take in (2.4) a = 8 =1, then we get the classical Schwarz inequality, while
fora=1, 8=—-1 we get
(2.5) [(z,y) — 2z, €) (e, y)| < [l [[y]l -

By the triangle inequality we have

(2.6) 2[{z, e) (e, y)| = [z, y)| < [(z,y) = 2(z,¢) (e, 9)]
and then by (2.5) and (2.6) we get the celebrated Buzano’s inequality

(2.7) [(z, ) (e, y)] < %[I(iﬁ,yﬂ + Mzl

where x, y, e € H with |le|| = 1.
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We observe that if ||, |8] > 1 then by (2.1) we also get

(2.8) [(z,y) = (z,¢) (e, y) (L= aB)| < lo] |B] ]l |y
where x, y, e € H with |le| = 1.

Corollary 1. With the assumptions of Theorem 1 we have
(2.9) Nz, y)| < Kz,e) (e, )] |1 = B

+ [l + (jof - 1)
and

(2.10) [z, e) (e, y)| |1 — aB| < [(z,9)]
+ il + (1o = 1) @] [l + (181 =1) 1 e)?]

Proof. By taking the square root in (2.1) we get
(2.11) ‘(m,y) — (z,e) (e (1 — aﬁ)|
2 2 211/2 2 9 511/2
< [lle)* + (|a\ =) [z eP] " [l + (187 = 1) 1w e

By the continuity of the modulus inequality we also have
(2.12) (@, 9)| = [{z,e) (e, )] |1 = aB|| < [(z,9) — (z,€) {e.y) (1 — aB)|.
Since, obviously

@) = [z, e) (e, )] 1 — aB| < [l (2, 9)] = [z, €) (e, 9)]
then by (2.11) and (2.12) we get (2.9).

@] [l + (182 1) 1]

Also, since
(@) e, )] [1 — aB| = [, y)] < [[{z, 9)| = [z, €) (e, )| [1 — B
then by (2.11) and (2.12) we get (2.10). O

Remark 2. In particular, if we take 5 = « above, we get
2
[, < I, €) (e, )l ol — 1]
2 2 211/? 2 2 211/?
+ [l + (laf® = 1) 1w, ] gl + (Jef = 1) 1y ]

and

(@ e) (el ol = 1] < (@)

+ il + (1o = 1) 1w P [l + (1o = 1) 1e)?]

and by taking t = |oz|2 —1€[-1,00) then we get the simpler inequalities of interest

(213)  l(a.9)] < lw.e) (ecwd ]+ [l + thw )R] (ol + tlw. o]

and

2 211/2 2 211/2
214) |0 eyl It < @) + [l2]* + iz eF ] Iyl +¢lw.el?]
where x, y, e € H with |le|| =1 and t € [-1, 00).
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Corollary 2. Let x,y, e € H with |le]| =1 and o, 5 € C with |a] <1 and |5] < 1.

Then we have

(2.15)  [{z,y) — (z,€) (e, ) {(1 —af) £ (1 - Ia\z)l/z (1 - |5|2)1/2} ‘
< |(@,y) = (z,€) (e,9) (1 — aB)]
e el (1-1al?) " (1-182) " < el o).

Proof. The first inequality follows by the triangle inequality for modulus.
We use the following elementary inequality

(a*> —b%) (¢ = d?) < (ac— bd)?

for any real numbers a, b, ¢, d.
Therefore

(121 + (jof = 1) [, )] [Il* + (18P = 1) [ty )]
= [l2ll* = (1= la*) [, )] [Igl* = (1= 181) . )]
< |lell ol = o) el (1= lof?) ™ (1= 161%) )
Since by Schwarz’s inequality and the fact that |«| < 1 and |5] < 1, we have

1/2
el = . )| =z, €)| (1= |af?)
and

o\ 1/2
Ioll = [eowl = (1=187) " lte,)]
implying that

@16) [l = (1= 1ef?) e ] [11” = (1 18) 1 07)
< |zl ly|| = |{z, e) (e, y)] (1 B |a|2) 1/2 <1 ~ |5|2)1/2.

1/2 [

From (2.1) we also have
(217) [{e.y) - (@.¢) {e.9) (1~ aB)|
< il - (1= 1) .02 [iol® - (1= 182) 1wed?]

Now, by making use of (2.16) and (2.17) we deduce the second inequality in (2.15).

Remark 3. If we take = a above, then we get
2
[(@,9) =2 (@) (e.m) (1= 1) |
(

—2{x,
< |(@y) = @) (ey) (1= [al*)| + @) (e, )] (1= laf®) < Il Iyl
and

@) < [} = (@€ (e,9) (1= ol ) | + 1@, e des)] (1= 1) < o)yl

O
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and by taking s =1 — |a|® € [0,1] we get the following inequalities of interest
(218) [z, y) —2s(z,¢€) (e,y)| < [{z,y) — s(z,€) (e, y)| + s[(z,e) (e, y)] < [[z]| ||y]]
and

(2.19) [z, 9)| < [(@,y) — s (z,e) (e, y)| + s [z, €) (e, )| < [l=]| [[y]l,

where x, y, e € H with |le|| =1 and s € [0, 1].
If we take s = % in (2.18) and (2.19), then we get

220) o)~ (0.ch )] < [fo0) = 5 oebenn)| + 5 m:0) ()] < el o)
and

(2.21) [z, )| <

(229) = 5 (o) e + 5 10.€) el < el ol

where x, y, e € H with |le| = 1.
If we take s =1 in (2.19) then we recapture the inequality (1.6) from the intro-
duction.

3. APPLICATIONS FOR n-TUPLES OF COMPLEX NUMBERS

Let # = (21,1, %), Y = (Y15, Yn), € = (€1,...,€,) € C* with >, _, lex|® =
1. Then by writing the above inequality (2.1) for the inner product (z,y) :=

Y heq TEY), we get
n n n 2
> agp — (1—aB) Y aner »_ ey,
k=1 k=1 k=1
2 n
< |l + (la -1) Zxkek > Il + (187 1)
k=1

k=1 =

)

n 2
E ekYk
k=1

for any «, 8 € C.
If we take e,, = 1 for m € {1,...,n} and e, = 0 for any k € {1,...,n}, k # m,
then Y7, |ex|* = 1 and by (3.1) we get

2

Zxkyk (1—aB) 27,

< [Dm + (laf* - 1) |xm|2] [Z el + (18 -1) |ym|2],
k=1 k=1

for any «, g € C.
If we take ef, = ﬁ for k € {1,...,n}, then >7_, lex|> = 1 and by (3.1) we get

n n n 2
S am- (1-aB) ~ Y me S,
k=1 k=1 k=1

n n 2
< %Z|xk|2+(|a|2—l> %ka Z\yﬂ ‘*‘(W _1)‘ Z
k=1 k=1

k=1

2

for any «, g € C.
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From (3.1) we have the family of Cauchy-Bunyakovsky-Schwarz inequalities

n o n n 2 n n
S owgy = (1—aB) > mner »_el| <Yl Y luwl,
k=1 k=1 k=1 k=1 k=1

for any «, 8 € C with |a], |B] < 1.
From (3.4) we get

(3.4)

n

> wgy — (1= aB) 2,y

k=1

3.5

2 n n
2 2
<Dl Y wel
k=1 k=1

and
I e _ 1< 1
k=1 k=1

for any «, f € C with |a], |5] < 1.
If, for instance we take a = 3 = %2 in (3.4), then we get

2

_ _ _ 2 2
Zxkyk_izxkekzekyk SZ\HJIJ Z\yd ;
k=1 k=1 k=1 k=1 k=1

;?k SE’;WH ﬁ;|yk| )

k=1

[

(3.7)

while for « = -3 = ?, then we get
n 3 n n 2 n n
_ _ _ 2 2
ka’yk_izxkekzekyk SZ@H Z‘yk| )
k=1 k=1 k=1 k=1 k=1

for z = (21, ..y @n), Yy = WY1,y Yn), € = (€1, ..., €,) € C™ with ZZ:I |ek\2 =1.
From the inequality (2.19) we get the following refinement of Cauchy-Bunyakovsky-
Schwarz inequality

n
Z Tk
k=1

(3.8)

(3.9) < +s

n n n n n
Z TEYp — S Z TrEk Z exYk Z Tkek Z €LYk
k=1 k=1 k=1 k=1 k=1
n 2 , ., 1/2
< (Z l’k|2> (Z yk|2> ;
k=1 k=1

for any s € [0,1], where © = (21, ..., Zn), ¥y = (Y1, .., Yn) , € = (€1, ..., ) € C" with

2
D et lex]” = 1.
This implies the following inequalities

n
E TkYp
k=1

n
E TEYE — STmlYm
k=1

(3.10) < + 5|7,

n /2 , ., 1/2
< (Z $k|2> (Z yk|2> ;
k=1

k=1
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and
1 I In 1 Ies 18
(3.11) *Zxkﬂk < *kayk—sfzxkfzyk +s|= fﬁk*Z?k
n k=1 k=1 n k=1 n k=1 " k=1 n k=1
1/2 1/2
I, 2 P 2 /
<= |l =D |l :
n n
k=1 k=1
for any s € [0,1], where = (21, ....,zpn), y = (Y1, .-, yn) € C™.
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