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SOME RESULTS RELATED TO BESSEL’S INEQUALITY IN
INNER PRODUCT SPACES

S.S. DRAGOMIRY2 AND M. ELMURSI?

ABSTRACT. Some inequalities related to the celebrated Bessel’s inequality in
inner product spaces are given. They complement the results obtained by
Boas-Bellman, Bombieri, Selberg and Heilbronn in the middle of the 20t
century that have been applied for almost orthogonal series and in Number
Theory.

1. INTRODUCTION

Let (H;(-,-)) be an inner product space over the real or complex number field K.
If (€;);<;<,, are orthonormal vectors in the inner product space H, i.e., (e;, e;) = d;;
foralli, j € {1,...,n} where §;; is the Kronecker delta, then the following inequality
is well known in the literature as Bessel’s inequality:

(1.1) Z [z, e:))* < ||z for any =€ H.

For other results related to Bessel’s inequality, see [8] — [11] and Chapter XV in
the book [13].

In 1941, R. P. Boas [2] and in 1944, independently, R. Bellman [1] proved the
following generalization of Bessel’s inequality (see also [13, p. 392]):

Theorem 1. If ©, y1,..., yn are elements of an inner product space (H;(-,-)),
then the following inequality holds

|

n

(1.2) >yl <l | max IIszI > eyl

i=1 1<i#j<n

In [7] we pointed out the following Boas-Bellman type inequalities:

[N

n

(13) > eyl < Izl max [(z,y:)] leyzll Yo Hwydlp
i=1 1<i#j<n

for any x, y1,..., yn vectors in the inner product space (H;(-,-)).

If we assume that (e;);,., is an orthonormal family in H, then by (1.3) we
have o

n
D e, < Vel max [(z,e)|, «€ H,
Pt 1<i<n
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We also have, see [7]

a4 3 levl < ol <Z|<x,yi>|2p>

i=1

Q=
Nl

X (Z”%”Qq) +=17 Y )l :

1<i#j<n
for any T, Yi,---, Yn €H7p> 13 %‘i‘%:l
The above inequality (1.4) becomes, for an orthonormal family (€;); <<, s

1

n 2p
Sl e)* < ni ||z (Z |<x,ei>|2p> . weH.
=1

i=1

3

Further, we recall [7] that

15 Yol < ol { gm Il + 0~ 1) _max sl |

1<i#j<n

for any x, y1,..., yn € H. It is obvious that (1.5) will give for orthonormal families
the well known Bessel inequality.
In 1971, E. Bombieri [3] gave the following generalization of Bessel’s inequality.

Theorem 2. Ifx, yi,..., y, are vectors in the inner product space (H;(-,-)), then
the following inequality holds:

n

2 2
(1.6) D y)l* < o) max Z Yir 3)|

. 1<i<n
i=1 -

It is obvious that if (y;),,~, are orthonormal, then from (1.6) one can deduce
Bessel’s inequality. o

Another generalization of Bessel’s inequality was obtained by A. Selberg (see for
example [13, p. 394]):

Theorem 3. Let x, yi,..., yn be vectors in H with y; #0 (i = 1,...,n). Then
one has the inequality:

(1.7) ZZ 7. bi)| |_|| z)?.

(yi> y5)

Another type of inequality related to Bessel’s result, was discovered in 1958 by
H. Heilbronn [12] (see also [13, p. 395]).

Theorem 4. With the assumptions in Theorem 2, one has

[N

n

(1.8) ZI(%WI < el | D Ky i)l

ij=1
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In [8] we obtained the following Bombieri type inequalities

N

n

(1.9) >l yidl* < lloll mmax oyl | 3 1wl |

i=1 ij=1

L10) 3 ey
=1

w
e

1
i n ‘ 27 n
< ol s I yz>|2<z|<x,yi>v) S (Stme) |

1=1 :

1,1
where - + - =1,5>1,

(@, y:)|”

I

(1.11)

=1

max

1<i<n ‘<ylvyj>| ’

3

N——
W=

INgh

1
< Jlall mmax |Gz, i) <Z|<x,yz->

i=1

(112) 3 [l

Q=
W=

N n 2p n n
< o] o)1 (zux,w) S (S ) |

i=1 \j=1

wherep>1,%+é:1and

n

(1.13) > lzya)l* < Jal? z (i ;)]

=1 1,7=1

for any = € H.

It has been shown that for different selection of vectors the upper bound provided
by the inequality (1.13) is some time better other times worse than the one obtained
by Bombieri above in (1.6).

In this paper we obtain some inequalities related to the celebrated Bessel’s in-
equality in inner product spaces. They complement the results obtained by Boas-
Bellman, Bombieri, Selberg and Heilbronn above, which have been applied for
almost orthogonal series and in Number Theory.

2. THE MAIN RESULTS
The following generalization of Bessel’s inequality may be stated.

Theorem 5. Let z, y; € H\ {0} for j € {1,...,n}, then

n n

CO Y e <5 (el D03 ) ) )

j=1k=1
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Proof. For every scalars A\a, Aa,..., A\, we have:

2

o< o= S| = (+= a3
j=1 j=1 Jj=1
x) — <$72Ajyj> - <Z Ajyj7$> + <Z wzw>
=1 =1 = =

n

n n n
= Hx”2_2>‘7j<$7% Z/\j Yj, T +Zz)\j k ijyk
j=1 j=1

j=1k=1
By choosing A\; = (z,y;) for any 1 < j < n, we get
n n n n
2 2 2
0 < [lz* =Y Ky = D 1y P+ D0 (wyy) (g uw) (s 2)
j=1 j=1 j=1k=1

which implies the desired inequality (2.1). |

Remark 1. If {yj}j:1 is an orthonormal family in H, then we get from (2.1)

that

n 1 9 n 9
Sl < 5 el + 3 Howa)l |
j=1

Jj=1

which is equivalent to Bessel’s inequality (1.1). Also, if n =1 and we take y1 =y,
then we get from (2.1) that

(Il + a9 P 11yl

N =

[z, y)[* <

which is equivalent to

(2.2) o) (2= Iwl?) < le)’?

and by taking y = ”—z”, z # 0, we get the Schwarz inequality

(2, 2)]* < ||l=]® |2)?, @, 2 € H.

Corollary 1. Let z, y; € H\ {0} for j € {1,...,n}, then

n

n 9 1 9
23 Sl <5 |l e ol | 2l

j=1
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Proof. From (2.1) we observe that 22)7:1 (x,y;) (Y, yx) (yk, x) > 0. Therefore we
have ‘

24) > (@) i) ko) = | D> (@) W k) (e @)
k.j=1 k,j=1
< S 1) 52 )]
k=1
= > Ny w5 ve) [ {yn, 7))
k=1

< ) ]
- j7ker?1&}.}.(.,n} i )| Z [(@, yi) | {yw, )|

ij=1
2
= | 3 e
By utilising (2.1) we get the desired result (2.3). O

Remark 2. If the family {y; }j:1 s orthonormal, then max; peq1, .. .y (Y5, yr)| =
1 and from (2.3) we get

2

n n

1

(2.5) D) <5 el + | D2 vl

j=1 j=1
By Cauchy-Schwarz inequality we also have

2
1 n n

(2.6) = Z vyl | <D eyl

i=1

Therefore (2.5) and (2.6) we have the double inequality for the orthonormal family
{yj}j:1 sn

2

1 n n 1 n
27 - Z|<x,yj>| <D Nyl < 5 2l + | D 1)l
j=1 j=1 j=1

We also observe that, if we use Heilbronn’s inequality (1.8) then we get by (2.5)
that

n
2
Zl@,yj)l <3 | el a5, gkl leyj

IN

)+ ll*  max [(y;, ys)] Z (i, i) | 5
j.ke{l,...,n} =
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which gives

= 2 1 2
(2.8) RIERT §§H~TII 1+jk€r?ﬁx (s, ur)| § |(is v
j= ’ i,j=1

for any x € H.
Corollary 2. Let z, y; € H\ {0} for j € {1,...,n}, then

(2.9) <2n, max (g5 u) )Dw 2 < Jlel®.
j=1

Jike{l,...,n}

Proof. Then by (2.3) we get

9 1 2 2
ZI(%%)I <g | lal®+n max el Hey)]

This inequality is equivalent to

j,ke{l,...,n}

n 2 1 2
Doyl =g max (i) Y|y <
j=1

j=1

or to (2.9).

Remark 3. This is an inequality of interest if the family of vectors {yj}j:1
satisfies the condition

2—n max |<yjayk>|2]~a

Jke{l,...,n}
namely
1
2.10 i < .
0] ol 0w <

In this situation from (2.9) we get

Q1) 3 )P (2—n.max yg,yk)D:cyg < o),

7,ke{1,...
= J.ke{1,

for any x € H.

If the family of vectors {yj}j=1 ., satisfies the condition
2— ; >0
nodmax gl >0,

namely

2

2.12 ma i < —,
(2.12) ME{L{W}I(% yr)| <

3

then we also have the meaningful inequality

n

2.13 0<(2- . Ll < =)l
213) <(2n sl yk>|>j2_;|<sc u)l < o]

for any x € H.



SOME RESULTS RELATED TO BESSEL’S INEQUALITY

Corollary 3. Let z, y; € H\ {0} for j € {1,...,n}, then

- 2 (1 Lo
1) 1l (54 g U0l 5 )
j:
2
1 ) n
< = )
<5 (el max e e} { D@y

Proof. We observe that

> (@ys) (Wi uk) (e @)
k=1

n

k—j—1
n
= (@,y5) (W5, v5) (@)
j=1
n
2 2
= @y llys 1 +
i=1 k.=

This implies that

D (@ys) (wuw) (e ) +

2.

Jj=1

Do (@) (W uk) (k@)
k,j=1,k#j
+ Z <$,yj> <y7ayk> <yk,l‘>
k,j=1,k#j
n

(@, y5) (Wi yr) (Yr> ) -
k)

)

n

>

ko j=1,k#j

(T, 95) (Vs> ) (Y, )

n

k,j=1,k#j

n

2.

(z,y5) Wi k) (Y, )

(@, y5) (3> yn) (Y, )] -

(2.15) > (@ ys) (i un) (e
k=1
= Z (T, 95) Wi> k) (Y )
kj—1
2 2
=) W, yi) P llysll* +
i=1
2 2
< Ky P llyi 1 +
j=1
2 2
< Ky llyi 1 +
j=1

kj=1,kj
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By using (2.1) we then get

n n n
2 1 2 2 2
> ) S35 Il + > Ky Pl + >0 [ ys) W5, u) (e, @)
=1 j=1 kj=1k#j
1 n
2 2 2
S35 2 + > K, yi) 1 s |
j=1

+ o max  {[weyn)} D, @y (ks o)l

k. l=1,...,n,k#L . .
k,j=1,k#j

1 T 2 2
=5 | Izl ) W y) P sl
j=1

n

+ o omax  {[eyol} [ [ Do 1@yl | =D )l

kt=1,...,n,k#L
N 0 = =

<
3

1 T~ 2 2 1
= 3 | St (ol = o G
=

yees Ty ki
2
n
+eomax e vl ;l(x,yﬁl
which produces the desired result (2.14). O

Remark 4. If the family of vectors {yj}jzlw "
k,0=1,..,nk# L and by (2.14) we have

n 2
(2.16) >oltes)? (3 = 1sl?) < ol o€ 1
j=1

is orthogonal then (ye,yx) = 0 for

This inequality is meaningful if ||yj||2 <2 foranyj=1,..,n.

From a different perspective, we have by (2.4) that

> @) W) (e x) < 0> K y) (W5, uk) (e, @)
kyj=1 kyj=1
= > Wy s wed | (e )]
k=1
< max Z,Y; , T i
_kJe{l’.“,n}{\( Yid | Ky >}k;1|<yg Y|
p— 2 .
= max { Il kz (OS]

for any =z € H.
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By using the inequality (2.1) we can state the following corollary as well:

Corollary 4. Let z, y; € H\ {0} for j € {1,...,n}, then

- 2 _ 1 2 2
@11 Yle < g (el 4 max {leu} 3 1wl
i=1 k,j=1

1 2 2w
<slz 1+ max |[Jyk Yis Yk
el (1 g Tl 3 )
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