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REFINEMENTS OF SCHWARZ INEQUALITY IN INNER
PRODUCT SPACES WITH APPLICATIONS TO INTEGRALS

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Some refinements of the celebrated Schwarz inequality in complex
inner product spaces are given. Applications for integrals of complex-valued
functions are provided as well.

1. INTRODUCTION

Let (H,(-,-)) be an inner product space over the real or complex numbers field
K. The following inequality is well known in literature as the Schwarz inequality in
quadratic form

(1.1) Izl lyll* > |z, y)I”

for any z, y € H. The equality case holds in (1.1) if and only if there exists a
constant A\ € K such that x = Ay. This inequality can be written in an equivalent
form as

(1.2) ] lyll = [z, )] -

For various inequalities in inner product spaces related to this famous result see
the monographs [3] and [4]. For recent results related to Schwarz inequality in
various settings, see [1] and [9]-[14].

In 1985 the author [2] (see also [8] or [4, p. 36]) established the following in-
equality related to Schwarz inequality

13) (Jol 1217 — K 21) (Bl 10 = 10 2)) = [ 0) 1 = o, 2 ¢z,

for any x, y, z € H and obtained, as a consequence, the following refinement of
(1.2):

(1.4) Izl lyll = [z, y) — (. €) (e, y)| + [(z, €} (e, m)] = [(z, )]
for any z, y, e € H with |le|| = 1.
Since, by the triangle inequality for modulus we have

‘<$7y> - <$7e> (e,y>| > |<x,e) (e,y)| - |(x,y)| ’
then by the first inequality in (1.4) we also get the celebrated Buzano’s inequality
1
(1.5) 3 Ul iyl + €z, 9)1) = [z, ) (e, y)]

for any x, y, e € H with |le]| = 1.
In the recent paper [6] we obtained the following generalization of (1.4) as follows

(1.6) Izl llyll = [z, y) — s (x, €) (e, y)] + s [z, ) (e, 9)| = [z, y)],
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2 S.S. DRAGOMIR

where z, y, e € H with ||e]| = 1 and s € [0, 1]. This inequality gives for s = 1 the

inequality (1.4) while for s = 1 we get

1) el 2 [fe) = g Goved )| + 5 Kb )] = o,

for any z, y, e € H with |le|| = 1.
In [5] we obtained the following two refinements of Schwarz inequality in the
quadratic form

1/2
el (el = Kz, ) ?)
(18) el Iyl — e, w2 | det

N (T o

and

ol (lal? - @eP)
19) ol Il — L) > | det

wal (i -1war)”

for any z, y, e € H with |le]| = 1.

We notice that the above inequalities also hold for Re (-, ) instead of (-,-), how-
ever the details are not presented here.

Motivated by the above results, in this paper we establish some new refinements
of the celebrated Schwarz inequality in complex inner product. Applications for
integrals of complex-valued functions are provided as well.

2. THE MAIN RESULTS

We have:
Theorem 1. For any x, y, e € H with |le|| = 1, we have
2
o 2 el o)
(2.1) (I [lyll™ = [{z,»)|” = | det
Iyl [y, el
Proof. By Schwarz’s inequality we have
2 2 2
(2.2) lz = (z,e)ell” ly = (y,e) ell” = [(z = (z,€) e,y — (y, €) €)]
for any z, y, e € H with |le|| = 1.
Since

lz — (@, e) ell® = [ll|* = |, e)*, lly = (y.e) el = Iyll* = (v, e)*
and
(z—(z,e) e,y = (y,€) €) = (z,y) — (x,€) (€,)
for any z, y, e € H with |le]| = 1, then by (2.2) we get

@3) (2l =1 o) (Il = 1w, ) = [(@,9) = (@,e) e, 9)

for any z, y, e € H with |le|| = 1.
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By performing the required calculations, the inequality (2.3) can be written as

el lyll® = [, ) Iyll® = el (g, 1 + ) iy, e
> |(z,y)[* = 2Re ((,9) (@, e} (1)) + (@, ) (e, )

that is equivalent to

(24) I wll” = (. )l
> (. ) Jyll* + 21 [ty ) = 2Re ((2,) 2, €) (e,9))
= |{@ &) Il + llzI1* Ky, e)1° = 2l (=, ) Iy |y, €)]
+2 ([l Iyl 4@, ) (e )] = Re ((@,9) (@,e) e,0)) )

el Ia.e)]

Iyl 1.e)l
+2 (Jlalllyll (2, €) de,9)] = Re ((@,9) Twse) (0] ))

for any z, y, e € H with |le]| = 1.
By the properties of complex numbers we have

Re ((2,9) (@) (e,9) ) < |(@,0) T ) (e, )| = (@, )l (@) (e, )|
and then by (2.4) we get the following inequality of interest:

(2.5) 2l ly* — |4, )|

[zl [, el
> | det +2[{z, ) (e, )| ([ Iyl = [{z, 9)])
Iyl [y, el

for any x, y, e € H with |le]| = 1.
Since, by Schwarz inequality we have ||z|| ||y|]| — |{z,y)| > 0, then by (2.5) we
obtain the desired result (2.1). O

2

Remark 1. Since

l=]* lyl* = [ )1* = 2|z, e) (e )| (I 1yl = [, m)])

= 2(ll=[Hlyll = Kz, v)D) B (Ul gl + [{z; 9)]) = (2, €) <e,y>|} :

hence from (2.5) we get the "Schwarz-Buzano product” type inequality

20 (elllyl =)D |5 el Iyl + L) = o) ()
el )l T\

Iyl ICy:e)]

for any x, y, e € H with ||e]| = 1.

> det

N | =
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A family {e; }j ¢ of vectors in H is called orthonormal if
e;j L ey for any j, k € J with j # k and |le;|| = 1 for any j,k € J.

If the linear span of the family {e; }jeJ is dense in H, then we call it an orthonormal
basis in H.

In [7], Dragomir and Mond (see also [4, p. 17]) obtained the following refinement
of Schwarz inequality:

Lemma 1. Let {e;},.; be an orthonormal family in H. Then

2

(2.7) ||x||2|y||2—|<x,y>2zz\<w,e>j\22)<y,e>jf—|Z<x,e>j<e,y>j >0
jeJ jeJ jeJ

for any x, y € H.
We have:

Theorem 2. Let {ej}je{l ) be an orthonormal family of n vectors in H, then

- , (z,e5)  (z,ex)
(2.8) 1 lyl* = [z 9)* > Y |det
1<h<j<n (.e5)  (y,en)
2
[(z,e)l [z, ex)l
> Z det
1<k<j<n (el [{ysex)l
Proof. Using the symmetry of the indices in the double sum, we have
2
(z,ej)  (@,ex) n (z,ej) (@, ex)
) 1 J
Z det =— Z det
, 2 =
1<k<j<n (y.65)  (y,en) k.j=1 (y.e5) (v, ex)
for any z, y € H.
Also
2
n (z,e;) (x,er)
Z det
k,j=1 <y7 6j> <y7 ek>

‘<.73,6j> <y7€k> - <$7€k> <y’ej>|2

(1@, e5) P (s ) = 2Re (@, ¢5) (y, ex) (o en) 0 e5))
k,j=1
1w, el [y, )]

n

= 3 lwen)P e =2 3 Re ({o,es) (e ) (orea) (e, 0)

k,j=1 k,j=1

+ > N ey el

k.j=1
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n n

= W e iy en)? —2Re | Y (woej) (e, 0) Y {w,ex) (ex, y)
j=1 k=1 j=1 k=1

+) Hzeen) Y 1y e
k=1 j=1

=2 > lwen)* Doy enl” = 3w es) e )

for any z, y € H.
By using the inequality (2.7) for J = {1,...,n}, we get the first inequality in
(2.8).
By the continuity property of modulus, |u — v| > ||u| — |[v|| for u, v € C, we have
(@, e5) (Y ex) — (s e) (y, )| = ([, e5)| [y, ex)| = (2, ex)| [y, €5)
for any j, k € {1,...,n}, which proves the second inequality in (2.8). O

The following particular case is of interest since it provides a simple refinement
of Schwarz inequality in terms of a pair of orthonormal vectors.

Corollary 1. Lete, f € H withe L f and |le| = || f|| = 1. Then for any z, y € H

we have
2

o ) (xe)  (z.f)
(2.9) Iz lyll* — |z, y)]* > |det
(y,e) (. f)
lae)l [z T\
> | det
|y, e)] |y, )]

3. APPLICATIONS FOR INTEGRALS

Let (S,%, 1) be a positive measure space and Lo (S, 3, i), the Hilbert space of
complex-valued 2-p-integrable functions defined on S, namely z € Lo (S, %, ) if

1/2
and only if ||z, := (fs |z ) dps (¢ )) <oo.Ifz,y € Ly (S,%, 1) then the inner
product (z,y), := [z ( y (t)dp (t) generates the norm |-, .
1/2
Ifa,y, ec Ly (5,3 u) with (fs le ()| dy (¢ )) — 1, then by (1.6), (L.8), (1.9)

and (2.1) we have

0 (froran)” (froran)”

/ () g Oy (8) — 5 [ 2 (8) e Dy (8) / e (t)7 B)dp (t)\
S
S

S

+ s

S
[ 0@t ()y(t)du(t)‘
[ =@v@dn o).
S

for s € 10,1],
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32 [lOFao [wokao-|[ 050

(fs\w‘ ) dp () )1/2 (fsx(t)lzdu(?f)—‘fsfﬂ‘(rf)e(z‘)du(t)r)l/2

> | det )
(fs‘y | dp (t ))1/2 (fs (¢ | dut ‘fsy (t)r)

(3.3) /|x|du /\yldu ‘/
‘Lﬂ%ﬂgﬁwu@w (Lﬁx )2 du (t) MQ (ﬂr)u2

> | det |
‘fsy dﬂ()‘ <f5|y )% dp (¢ ’fsy (t)r)

and

B [P [porao-|[ 050

(Ji 0 |du<>)”2 \fs

> | det

(sl @F duw) " \fsya)

/
IfxyefELg(SZu)W1th(fS|e |du() (fs\f N0 =1
and [ge(t) f (t)du(t) = 0, then by (2.9) we get
35 [le@lau [P ‘/

o { @ () e (t)dp (t) @ () f (t)dp (t) }
Jsy@®e®du(t) [y @) f(B)dn(t)
( {)fsw(t)eﬂdu(t) [Jsx 0 F@u () D
> | det .
sy ®@e@dn®)] |5y FOdu)
Let E be a p-measurable subset of S with 0 < p (E) < co. We define the function

e: S —Rby
{ [(E)]I/Q ifte F,

0ifte S\ E.

e(t) :=
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Then e € Ly (S, %, ) and

Jle@Pan() = — [ 1aut
e Oe@ane) - wl)]/ [ a®duy

_ 1 _
[ e®utn ) - O | 5 u e

for any x, y € Lo (S, %, 1) .
From the inequalities (3.1)-(3.4) we get the inequalities

([1eor a <t>)1/2 ([ <t))1/2

/Sasow (t) - %[E ()dm[Ey(t)du(t)\
u()’

We also have

and

>

>

(3.7) /|x|du /\y|du ‘/

(Jsle@Pan®)” (Jule ©F di®) — s [fpw O du®)])

/Sm< >y<t>du<t>\, for s € [0,1],

1/2

(Jsly @F du () )1/2 (Jsly @F du(t) = a7 | fpy ®) u()\)m

38 [lOFa [worao-|[ 050

UEfc(t)du(t)| (fs|x ‘dﬂ UE ‘>1/2

UEy(t)du(t){ (fs|y ‘dﬂ UE?J }2)1/2

(3.9) /|3: )P dp (t ) du (¢ ‘/
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If 11 (S) < oo then by taking E = S in (3.6)-(3.9), we get the following inequalities
for integral means

310 (g [loF )/2 (H(IS)/Swu)qu(t))m

S)
> ]u(ls)[sxu)y(wdu(t)—s@Awmmo@émwuﬂ
bl (200 Syt)du(t)‘
z‘u(ls) [ @)y @dn (0). for s € 0.1
31 i [P /S|y<t>|2du<t>—]MIS)/Sm(t)y(wdu(t)2
e 0P an®)” (s L P - |k fr@ao])
(s ) (
> | det )
(s Js @ an0)™ (s Sl @F dut) - | s S @ an o))
312 i [P dnt —S/| (0) du(t)—]@/sxa)y(t)dmwz
o\ 1/2 2
‘ﬁfsfﬁ( ( (t)]* dp (¢ ’ (S)fS /‘()’>
> | det s
it Fer@ano)] (s Sl OF du®) - [osy fsv@au o] )
and
(3.13) /|:c )2 du /| ()1 dpe (1) - l@/gmmwf
( s>fs|x Fan®)” | fer@duo] |
> | det
(it s O an®) ™ [ S ® du o)

Now, consider the p-measurable subsets F, F of S such that 0 < p (E), u(F) <
oo and g (E N F) = 0. We consider the functions e, f : S — R defined by

HEHI/Q iftek, [(F)]1/2 ift € F,
e(t) == , f(E) =
Oifte S\ E. 0ifte S\ E.

Jle@Pant) = [ 17OP du® =1 aa [ e Fwduo ~o.

Then
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By the inequality (3.5) we get

1) [l @Pdu) [wOF duto ‘/

[ fEm dp (t) fo dp (t) ]
det

~ w(B)u(F) Jey@du(t)  [py(t)du(t)

1 ( [\fmwdu(t)} | [ (£) dpe (1)
> —————— | det

n(E) u(F) ey @ dn®)] oyt du(t)]

2

2

) 2
If p(S) < oo and E, F are p-measurable subsets of S such that u(ENF) = 0,
then by (3.14) we get the following inequality for integral means

(3.15) /l )L/Iy(t)l2

1 2

G

/ = (t)y Dy (1)
S

2

5 K )u(f) dot ey Jpr W dn(®) ey fpe dﬂ()]
#(5)] L uE)ny dp (t) F)fpy dp (t)

Z% et ‘ ) Je “()‘ ‘#(F Jr( /«L()‘
H) I ‘M(E Jpu(t du()‘ ‘uw) [py(t du()‘

If S ={1,..,n} and p is the counting measure on S = {1,...,n}, then all
the above inequalities may be written for n-tuples of complex numbers in C™.
As an example we use the inequality (3.5) for the n-tuples of complex numbers

= (21, Tn) s Y= (Y1, Yn), € = (€1, ...,ey) and f = (f1, ..., fr) with

Z\ek|2:Z\fk|2:1 and Zekﬁzo

k=1 k=1 k=1

to get

>

n — n —_ 2
> k=1 TkCk > k=1 Tk Sk
(3.16) Z NS Z ly]® — det

Z};l Yk€k ZZ=1 Uk fr

n _ n 7 2
|Zk:1 Trek| |Zk:1 xkfk|
> | det o
> 51 Yrer| 1> he Y S|
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If m € {1,...,n} with n > 2, then from inequality (3.15) we get for n > m that

1 — 1 — 1 — ’

2 2 N

(3.17) g2|$k| 52|yk| - gzxkyk
k=1 k=1 k=1

r 1 m 1 n 2
m(n —m) dot m 2k=1 Tk e Qk=mi1 Tk
—— |d€e
- 2
n
| w2k Dk Y
2
Al R i
m(n—m)
> 5 det
n

’% > i yk|

1 n
n—m Zk:m+1 Yk ‘

for any n-tuples of complex numbers © = (1, ..., Zn), Yy = (Y1, s Yn) -

If we take m =n — 1 in (3.17), then we get

1 — 1 — 1 — ?

2 2 —

(3.18) EZL’EH EZ|yk| - szkyk
k=1 k=1 k=1

_ 2
n—1 ﬁ 22:11 Tk Tn
> det
TL2 1 n—1
T 2k=1 Yk Yn
1 n—1 2
01 a1 k=1 k| @l
> det
TL2 1 n—1
T Dokt yk‘ |Yn|

for any n-tuples of complex numbers = = (1, ..., %), ¥y = (Y1, s Yn) -

(1]
2]

(3]

(4]
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