
REFINEMENTS OF SCHWARZ INEQUALITY IN INNER
PRODUCT SPACES WITH APPLICATIONS TO INTEGRALS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Some re�nements of the celebrated Schwarz inequality in complex
inner product spaces are given. Applications for integrals of complex-valued
functions are provided as well.

1. Introduction

Let (H; h�; �i) be an inner product space over the real or complex numbers �eld
K. The following inequality is well known in literature as the Schwarz inequality in
quadratic form

(1.1) kxk2 kyk2 � jhx; yij2

for any x; y 2 H: The equality case holds in (1.1) if and only if there exists a
constant � 2 K such that x = �y: This inequality can be written in an equivalent
form as

(1.2) kxk kyk � jhx; yij :
For various inequalities in inner product spaces related to this famous result see

the monographs [3] and [4]. For recent results related to Schwarz inequality in
various settings, see [1] and [9]-[14].
In 1985 the author [2] (see also [8] or [4, p. 36]) established the following in-

equality related to Schwarz inequality

(1.3)
�
kxk2 kzk2 � jhx; zij2

��
kyk2 kzk2 � jhy; zij2

�
�
���hx; yi kzk2 � hx; zi hz; yi���2

for any x; y; z 2 H and obtained, as a consequence, the following re�nement of
(1.2):

(1.4) kxk kyk � jhx; yi � hx; ei he; yij+ jhx; ei he; yij � jhx; yij
for any x; y; e 2 H with kek = 1:
Since, by the triangle inequality for modulus we have

jhx; yi � hx; ei he; yij � jhx; ei he; yij � jhx; yij ;
then by the �rst inequality in (1.4) we also get the celebrated Buzano�s inequality

(1.5)
1

2
(kxk kyk+ jhx; yij) � jhx; ei he; yij

for any x; y; e 2 H with kek = 1:
In the recent paper [6] we obtained the following generalization of (1.4) as follows

(1.6) kxk kyk � jhx; yi � s hx; ei he; yij+ s jhx; ei he; yij � jhx; yij ;
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2 S. S. DRAGOMIR

where x; y; e 2 H with kek = 1 and s 2 [0; 1]. This inequality gives for s = 1 the
inequality (1.4) while for s = 1

2 we get

(1.7) kxk kyk �
����hx; yi � 12 hx; ei he; yi

����+ 12 jhx; ei he; yij � jhx; yij ;
for any x; y; e 2 H with kek = 1:
In [5] we obtained the following two re�nements of Schwarz inequality in the

quadratic form

(1.8) kxk2 kyk2 � jhx; yij2 �

0BBB@det
26664
kxk

�
kxk2 � jhx; eij2

�1=2
kyk

�
kyk2 � jhy; eij2

�1=2
37775
1CCCA
2

and

(1.9) kxk2 kyk2 � jhx; yij2 �

0BBB@det
26664
jhx; eij

�
kxk2 � jhx; eij2

�1=2
jhy; eij

�
kyk2 � jhy; eij2

�1=2
37775
1CCCA
2

for any x; y; e 2 H with kek = 1:
We notice that the above inequalities also hold for Re h�; �i instead of h�; �i ; how-

ever the details are not presented here.
Motivated by the above results, in this paper we establish some new re�nements

of the celebrated Schwarz inequality in complex inner product. Applications for
integrals of complex-valued functions are provided as well.

2. The Main Results

We have:

Theorem 1. For any x; y; e 2 H with kek = 1; we have

(2.1) kxk2 kyk2 � jhx; yij2 �

0@det
24 kxk jhx; eij

kyk jhy; eij

351A2

:

Proof. By Schwarz�s inequality we have

(2.2) kx� hx; ei ek2 ky � hy; ei ek2 � jhx� hx; ei e; y � hy; ei eij2

for any x; y; e 2 H with kek = 1:
Since

kx� hx; ei ek2 = kxk2 � jhx; eij2 ; ky � hy; ei ek2 = kyk2 � jhy; eij2

and
hx� hx; ei e; y � hy; ei ei = hx; yi � hx; ei he; yi

for any x; y; e 2 H with kek = 1; then by (2.2) we get

(2.3)
�
kxk2 � jhx; eij2

��
kyk2 � jhy; eij2

�
� jhx; yi � hx; ei he; yij2

for any x; y; e 2 H with kek = 1:



REFINEMENTS OF SCHWARZ INEQUALITY 3

By performing the required calculations, the inequality (2.3) can be written as

kxk2 kyk2 � jhx; eij2 kyk2 � kxk2 jhy; eij2 + jhx; eij2 jhy; eij2

� jhx; yij2 � 2Re
�
hx; yi hx; ei he; yi

�
+ jhx; ei he; yij2

that is equivalent to

kxk2 kyk2 � jhx; yij2(2.4)

� jhx; eij2 kyk2 + kxk2 jhy; eij2 � 2Re
�
hx; yi hx; ei he; yi

�
= jhx; eij2 kyk2 + kxk2 jhy; eij2 � 2 kxk jhx; eij kyk jhy; eij

+ 2
�
kxk kyk jhx; ei he; yij � Re

�
hx; yi hx; ei he; yi

��
=

0@det
24 kxk jhx; eij

kyk jhy; eij

351A2

+ 2
�
kxk kyk jhx; ei he; yij � Re

�
hx; yi hx; ei he; yi

��
for any x; y; e 2 H with kek = 1:
By the properties of complex numbers we have

Re
�
hx; yi hx; ei he; yi

�
�
���hx; yi hx; ei he; yi��� = jhx; yij jhx; ei he; yij

and then by (2.4) we get the following inequality of interest:

kxk2 kyk2 � jhx; yij2(2.5)

�

0@det
24 kxk jhx; eij

kyk jhy; eij

351A2

+ 2 jhx; ei he; yij (kxk kyk � jhx; yij)

for any x; y; e 2 H with kek = 1:
Since, by Schwarz inequality we have kxk kyk � jhx; yij � 0; then by (2.5) we

obtain the desired result (2.1). �

Remark 1. Since

kxk2 kyk2 � jhx; yij2 � 2 jhx; ei he; yij (kxk kyk � jhx; yij)

= 2 (kxk kyk � jhx; yij)
�
1

2
(kxk kyk+ jhx; yij)� jhx; ei he; yij

�
;

hence from (2.5) we get the "Schwarz-Buzano product" type inequality

(kxk kyk � jhx; yij)
�
1

2
(kxk kyk+ jhx; yij)� jhx; ei he; yij

�
(2.6)

� 1

2

0@det
24 kxk jhx; eij

kyk jhy; eij

351A2

for any x; y; e 2 H with kek = 1:
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4 S. S. DRAGOMIR

A family fejgj2J of vectors in H is called orthonormal if

ej ? ek for any j; k 2 J with j 6= k and kejk = 1 for any j; k 2 J:
If the linear span of the family fejgj2J is dense in H; then we call it an orthonormal
basis in H:
In [7], Dragomir and Mond (see also [4, p. 17]) obtained the following re�nement

of Schwarz inequality:

Lemma 1. Let fejgj2J be an orthonormal family in H: Then

(2.7) kxk2 kyk2 � jhx; yij2 �
X
j2J

���hx; eij���2X
j2J

���hy; eij���2 �
������
X
j2J

hx; eij he; yij

������
2

� 0

for any x; y 2 H:

We have:

Theorem 2. Let fejgj2f1;:::;ng be an orthonormal family of n vectors in H; then

kxk2 kyk2 � jhx; yij2 �
X

1�k<j�n

������det
24 hx; eji hx; eki

hy; eji hy; eki

35������
2

(2.8)

�
X

1�k<j�n

0@det
24 jhx; ejij jhx; ekij

jhy; ejij jhy; ekij

351A2

:

Proof. Using the symmetry of the indices in the double sum, we have

X
1�k<j�n

������det
24 hx; eji hx; eki

hy; eji hy; eki

35������
2

=
1

2

nX
k;j=1

������det
24 hx; eji hx; eki

hy; eji hy; eki

35������
2

for any x; y 2 H:
Also

nX
k;j=1

������det
24 hx; eji hx; eki

hy; eji hy; eki

35������
2

=
nX

k;j=1

jhx; eji hy; eki � hx; eki hy; ejij2

=
nX

k;j=1

h
jhx; ejij2 jhy; ekij2 � 2Re

�
hx; eji hy; eki hx; eki hy; eji

�
+ jhx; ekij2 jhy; ejij2

i
=

nX
k;j=1

jhx; ejij2 jhy; ekij2 � 2
nX

k;j=1

Re
�
hx; eji hej ; yi hx; eki hek; yi

�
+

nX
k;j=1

jhx; ekij2 jhy; ejij2
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=
nX
j=1

jhx; ejij2
nX
k=1

jhy; ekij2 � 2Re

0@ nX
j=1

hx; eji hej ; yi
nX
k=1

hx; eki hek; yi

1A
+

nX
k=1

jhx; ekij2
nX
j=1

jhy; ejij2

= 2

264 nX
j=1

jhx; ejij2
nX
j=1

jhy; ejij2 �

������
nX
j=1

hx; eji hej ; yi

������
2
375

for any x; y 2 H:
By using the inequality (2.7) for J = f1; :::; ng ; we get the �rst inequality in

(2.8).
By the continuity property of modulus, ju� vj � jjuj � jvjj for u; v 2 C, we have

jhx; eji hy; eki � hx; eki hy; ejij � jjhx; ejij jhy; ekij � jhx; ekij jhy; ejijj
for any j; k 2 f1; :::; ng ; which proves the second inequality in (2.8). �

The following particular case is of interest since it provides a simple re�nement
of Schwarz inequality in terms of a pair of orthonormal vectors.

Corollary 1. Let e; f 2 H with e ? f and kek = kfk = 1: Then for any x; y 2 H
we have

kxk2 kyk2 � jhx; yij2 �

������det
24 hx; ei hx; fi

hy; ei hy; fi

35������
2

(2.9)

�

0@det
24 jhx; eij jhx; fij

jhy; eij jhy; fij

351A2

:

3. Applications for Integrals

Let (S;�; �) be a positive measure space and L2 (S;�; �) ; the Hilbert space of
complex-valued 2-�-integrable functions de�ned on S; namely z 2 L2 (S;�; �) if

and only if kzk2 :=
�R

S
jz (t)j2 d� (t)

�1=2
<1: If x; y 2 L2 (S;�; �) then the inner

product hx; yi2 :=
R
S
x (t) y (t)d� (t) generates the norm k�k2 :

If x; y; e 2 L2 (S;�; �) with
�R

S
je (t)j2 d� (t)

�1=2
= 1; then by (1.6), (1.8), (1.9)

and (2.1) we have

(3.1)
�Z

S

jx (t)j2 d� (t)
�1=2�Z

S

jy (t)j2 d� (t)
�1=2

�
����Z
S

x (t) y (t)d� (t)� s
Z
S

x (t) e (t)d� (t)

Z
S

e (t) y (t)d� (t)

����
+ s

����Z
S

x (t) e (t)d� (t)

Z
S

e (t) y (t)d� (t)

����
�
����Z
S

x (t) y (t)d� (t)

���� ; for s 2 [0; 1] ;
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(3.2)
Z
S

jx (t)j2 d� (t)
Z
S

jy (t)j2 d� (t)�
����Z
S

x (t) y (t)d� (t)

����2

�

0BBBBB@det
2666664
�R

S
jx (t)j2 d� (t)

�1=2 �R
S
jx (t)j2 d� (t)�

���RS x (t) e (t)d� (t)���2�1=2
�R

S
jy (t)j2 d� (t)

�1=2 �R
S
jy (t)j2 d� (t)�

���RS y (t) e (t)d� (t)���2�1=2
3777775

1CCCCCA
2

;

(3.3)
Z
S

jx (t)j2 d� (t)
Z
S

jy (t)j2 d� (t)�
����Z
S

x (t) y (t)d� (t)

����2

�

0BBBBB@det
2666664
���RS x (t) e (t)d� (t)��� �R

S
jx (t)j2 d� (t)�

���RS x (t) e (t)d� (t)���2�1=2
���RS y (t) e (t)d� (t)��� �R

S
jy (t)j2 d� (t)�

���RS y (t) e (t)d� (t)���2�1=2
3777775

1CCCCCA
2

and

(3.4)
Z
S

jx (t)j2 d� (t)
Z
S

jy (t)j2 d� (t)�
����Z
S

x (t) y (t)d� (t)

����2

�

0BBB@det
26664
�R

S
jx (t)j2 d� (t)

�1=2 ���RS x (t) e (t)d� (t)����R
S
jy (t)j2 d� (t)

�1=2 ���RS y (t) e (t)d� (t)���

37775
1CCCA
2

:

If x; y; e; f 2 L2 (S;�; �) with
�R

S
je (t)j2 d� (t)

�1=2
=
�R

S
jf (t)j2 d� (t)

�1=2
= 1

and
R
S
e (t) f (t)d� (t) = 0, then by (2.9) we get

(3.5)
Z
S

jx (t)j2 d� (t)
Z
S

jy (t)j2 d� (t)�
����Z
S

x (t) y (t)d� (t)

����2

�

������det
24 R

S
x (t) e (t)d� (t)

R
S
x (t) f (t)d� (t)R

S
y (t) e (t)d� (t)

R
S
y (t) f (t)d� (t)

35������
2

�

0BB@det
2664
���RS x (t) e (t)d� (t)��� ���RS x (t) f (t)d� (t)������RS y (t) e (t)d� (t)��� ���RS y (t) f (t)d� (t)���

3775
1CCA
2

:

Let E be a �-measurable subset of S with 0 < � (E) <1:We de�ne the function
e : S ! R by

e (t) :=

8<:
1

[�(E)]1=2
if t 2 E;

0 if t 2 S n E:
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Then e 2 L2 (S;�; �) andZ
S

je (t)j2 d� (t) = 1

� (E)

Z
E

1d� (t) = 1:

We also have Z
S

x (t) e (t)d� (t) =
1

[� (E)]
1=2

Z
E

x (t) d� (t)

and Z
S

e (t) y (t)d� (t) =
1

[� (E)]
1=2

Z
E

y (t)d� (t)

for any x; y 2 L2 (S;�; �) :
From the inequalities (3.1)-(3.4) we get the inequalities

(3.6)
�Z

S

jx (t)j2 d� (t)
�1=2�Z

S

jy (t)j2 d� (t)
�1=2

�
����Z
S

x (t) y (t)d� (t)� s 1

� (E)

Z
E

x (t) d� (t)

Z
E

y (t)d� (t)

����
+ s

1

� (E)

����Z
E

x (t) d� (t)

Z
E

y (t)d� (t)

����
�
����Z
S

x (t) y (t)d� (t)

���� ; for s 2 [0; 1] ;
(3.7)

Z
S

jx (t)j2 d� (t)
Z
S

jy (t)j2 d� (t)�
����Z
S

x (t) y (t)d� (t)

����2

�

0BBB@det
26664
�R

S
jx (t)j2 d� (t)

�1=2 �R
S
jx (t)j2 d� (t)� 1

�(E)

��R
E
x (t) d� (t)

��2�1=2
�R

S
jy (t)j2 d� (t)

�1=2 �R
S
jy (t)j2 d� (t)� 1

�(E)

��R
E
y (t) d� (t)

��2�1=2
37775
1CCCA
2

;

(3.8)
Z
S

jx (t)j2 d� (t)
Z
S

jy (t)j2 d� (t)�
����Z
S

x (t) y (t)d� (t)

����2

� 1

� (E)

0BBB@det
26664
��R
E
x (t) d� (t)

�� �R
S
jx (t)j2 d� (t)� 1

�(E)

��R
E
x (t) d� (t)

��2�1=2
��R
E
y (t) d� (t)

�� �R
S
jy (t)j2 d� (t)� 1

�(E)

��R
E
y (t) d� (t)

��2�1=2
37775
1CCCA
2

and

(3.9)
Z
S

jx (t)j2 d� (t)
Z
S

jy (t)j2 d� (t)�
����Z
S

x (t) y (t)d� (t)

����2

� 1

� (E)

0BBB@det
26664
�R

S
jx (t)j2 d� (t)

�1=2 ��R
E
x (t) d� (t)

��
�R

S
jy (t)j2 d� (t)

�1=2 ��R
E
y (t) d� (t)

��
37775
1CCCA
2

:
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If � (S) <1 then by taking E = S in (3.6)-(3.9), we get the following inequalities
for integral means

(3.10)
�

1

� (S)

Z
S

jx (t)j2 d� (t)
�1=2�

1

� (S)

Z
S

jy (t)j2 d� (t)
�1=2

�
���� 1

� (S)

Z
S

x (t) y (t)d� (t)� s 1

� (S)

Z
S

x (t) d� (t)
1

� (S)

Z
S

y (t)d� (t)

����
+ s

���� 1

� (S)

Z
S

x (t) d� (t)
1

� (S)

Z
S

y (t)d� (t)

����
�
���� 1

� (S)

Z
S

x (t) y (t)d� (t)

���� ; for s 2 [0; 1]
(3.11)

1

� (S)

Z
S

jx (t)j2 d� (t) 1

� (S)

Z
S

jy (t)j2 d� (t)�
���� 1

� (S)

Z
S

x (t) y (t)d� (t)

����2

�

0BBBBB@det
2666664
�

1
�(S)

R
S
jx (t)j2 d� (t)

�1=2 �
1

�(S)

R
S
jx (t)j2 d� (t)�

��� 1
�(S)

R
S
x (t) d� (t)

���2�1=2
�

1
�(S)

R
S
jy (t)j2 d� (t)

�1=2 �
1

�(S)

R
S
jy (t)j2 d� (t)�

��� 1
�(S)

R
S
y (t) d� (t)

���2�1=2
3777775

1CCCCCA
2

;

(3.12)
1

� (S)

Z
S

jx (t)j2 d� (t) 1

� (S)

Z
S

jy (t)j2 d� (t)�
���� 1

� (S)

Z
S

x (t) y (t)d� (t)

����2

�

0BBBBB@det
2666664
��� 1
�(S)

R
S
x (t) d� (t)

��� �
1

�(S)

R
S
jx (t)j2 d� (t)�

��� 1
�(S)

R
S
x (t) d� (t)

���2�1=2
��� 1
�(S)

R
S
y (t) d� (t)

��� �
1

�(S)

R
S
jy (t)j2 d� (t)�

��� 1
�(S)

R
S
y (t) d� (t)

���2�1=2
3777775

1CCCCCA
2

and

(3.13)
1

� (S)

Z
S

jx (t)j2 d� (t) 1

� (S)

Z
S

jy (t)j2 d� (t)�
���� 1

� (S)

Z
S

x (t) y (t)d� (t)

����2

�

0BBB@det
26664
�

1
�(S)

R
S
jx (t)j2 d� (t)

�1=2 ��� 1
�(S)

R
S
x (t) d� (t)

���
�

1
�(S)

R
S
jy (t)j2 d� (t)

�1=2 ��� 1
�(S)

R
S
y (t) d� (t)

���

37775
1CCCA
2

:

Now, consider the �-measurable subsets E; F of S such that 0 < � (E) ; � (F ) <
1 and � (E \ F ) = 0: We consider the functions e; f : S ! R de�ned by

e (t) :=

8<:
1

[�(E)]1=2
if t 2 E;

0 if t 2 S n E:
; f (t) :=

8<:
1

[�(F )]1=2
if t 2 F;

0 if t 2 S n E:
Then Z

S

je (t)j2 d� (t) =
Z
S

jf (t)j2 d� (t) = 1 and
Z
S

e (t) f (t)d� (t) = 0:
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By the inequality (3.5) we get

(3.14)
Z
S

jx (t)j2 d� (t)
Z
S

jy (t)j2 d� (t)�
����Z
S

x (t) y (t)d� (t)

����2

� 1

� (E)� (F )

������det
24 R

E
x (t) d� (t)

R
F
x (t) d� (t)R

E
y (t) d� (t)

R
F
y (t) d� (t)

35������
2

� 1

� (E)� (F )

0@det
24 ��R

E
x (t) d� (t)

�� ��R
F
x (t) d� (t)

����R
E
y (t) d� (t)

�� ��R
F
y (t) d� (t)

��
351A2

:

If � (S) < 1 and E; F are �-measurable subsets of S such that � (E \ F ) = 0;
then by (3.14) we get the following inequality for integral means

(3.15)
1

� (S)

Z
S

jx (t)j2 d� (t) 1

� (S)

Z
S

jy (t)j2 d� (t)�
���� 1

� (S)

Z
S

x (t) y (t)d� (t)

����2

� � (E)� (F )

[� (S)]
2

������det
24 1

�(E)

R
E
x (t) d� (t) 1

�(F )

R
F
x (t) d� (t)

1
�(E)

R
E
y (t) d� (t) 1

�(F )

R
F
y (t) d� (t)

35������
2

� � (E)� (F )

[� (S)]
2

0BB@det
2664
��� 1
�(E)

R
E
x (t) d� (t)

��� ��� 1
�(F )

R
F
x (t) d� (t)

������ 1
�(E)

R
E
y (t) d� (t)

��� ��� 1
�(F )

R
F
y (t) d� (t)

���
3775
1CCA
2

:

If S = f1; :::; ng and � is the counting measure on S = f1; :::; ng ; then all
the above inequalities may be written for n-tuples of complex numbers in Cn.
As an example we use the inequality (3.5) for the n-tuples of complex numbers
x = (x1; :::; xn) ; y = (y1; :::; yn) ; e = (e1; :::; en) and f = (f1; :::; fn) with

nX
k=1

jekj2 =
nX
k=1

jfkj2 = 1 and
nX
k=1

ekfk = 0

to get

(3.16)
nX
k=1

jxkj2
nX
k=1

jykj2 �
�����
nX
k=1

xkyk

�����
2

�

������det
24 Pn

k=1 xkek
Pn

k=1 xkfkPn
k=1 ykek

Pn
k=1 ykfk

35������
2

�

0@det
24 j
Pn

k=1 xkekj
��Pn

k=1 xkfk
��

j
Pn

k=1 ykekj
��Pn

k=1 ykfk
��
351A2

:
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If m 2 f1; :::; ng with n � 2; then from inequality (3.15) we get for n > m that

(3.17)
1

n

nX
k=1

jxkj2
1

n

nX
k=1

jykj2 �
����� 1n

nX
k=1

xkyk

�����
2

� m (n�m)
n2

������det
24 1

m

Pm
k=1 xk

1
n�m

Pn
k=m+1 xk

1
m

Pm
k=1 yk

1
n�m

Pn
k=m+1 yk

35������
2

� m (n�m)
n2

0BB@det
2664
�� 1
m

Pm
k=1 xk

�� ��� 1
n�m

Pn
k=m+1 xk

���
�� 1
m

Pm
k=1 yk

�� ��� 1
n�m

Pn
k=m+1 yk

���
3775
1CCA
2

for any n-tuples of complex numbers x = (x1; :::; xn) ; y = (y1; :::; yn) :
If we take m = n� 1 in (3.17), then we get

(3.18)
1

n

nX
k=1

jxkj2
1

n

nX
k=1

jykj2 �
����� 1n

nX
k=1

xkyk

�����
2

� n� 1
n2

������det
24 1

n�1
Pn�1

k=1 xk xn

1
n�1

Pn�1
k=1 yk yn

35������
2

� n� 1
n2

0BB@det
2664
��� 1
n�1

Pn�1
k=1 xk

��� jxnj��� 1
n�1

Pn�1
k=1 yk

��� jynj

3775
1CCA
2

;

for any n-tuples of complex numbers x = (x1; :::; xn) ; y = (y1; :::; yn) :
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