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SOME ADDITIVE INEQUALITIES RELATED TO BESSEL’S
RESULT

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we obtain some additive inequalities related to the
celebrated Bessel’s inequality in inner product spaces. They complement the
results obtained by Boas-Bellman, Bombieri, Selberg and Heilbronn, which
have been applied for almost orthogonal series and in Number Theory.

1. INTRODUCTION

Let (H; (-,-)) be an inner product space over the real or complex number field K.
If (¢;);<;<,, are orthonormal vectors in the inner product space H, i.e., (e;, e;) = d;;
foralli, j € {1,...,n} where §;; is the Kronecker delta, then the following inequality
is well known in the literature as Bessel’s inequality:

n

(1.1) Z [z, e))* < ||z for any =€ H.
i=1
For other results related to Bessel’s inequality, see [8] — [11] and Chapter XV in
the book [13].

In 1941, R. P. Boas [2] and in 1944, independently, R. Bellman [1] proved the
following generalization of Bessel’s inequality (see also [13, p. 392]):

Theorem 1. If x, y1,..., yn are elements of an inner product space (H;(-,-)),
then the following inequality holds

N|=

n

2 2 2 2
12 Y lawlP < ol | max ol + |3 1)

i=1 1<i#j<n

It is obvious that (1.2) will give for orthonormal families the well known Bessel
inequality.
In [7] we pointed out the following Boas-Bellman type inequalities:

Nl

n

2 2
. . < . . . .
A9 Nl wl < ol e Vel | oIl + 32 Tl

i=1 1<i#j<n

for any z, y1, ..., y, vectors in the inner product space (H;{-,)).
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We also have, see [7]

a4 3 leyl < ol <Z|<m,yz—>|2p>

i=1

Q=
Nl

X (Z”%’”Qq) +-07 Y )l :

1<i#j<n

for any z, y1,..., yn € H,p > 1, %"‘%:1
Further, we recall [7] that

<i< 1<i#j<n

15 Yol < ol { gm Il + 0~ 1) max sl |

for any x, y1,..., yn € H. It is obvious that (1.5) will give for orthonormal families
the well known Bessel inequality.
In 1971, E. Bombieri [3] gave the following generalization of Bessel’s inequality.

Theorem 2. Ifx, yi,..., y, are vectors in the inner product space (H;(-,-)), then
the following inequality holds:

n

2 2
(1.6) D Ny < llz)® max Z YirYs)|

2 1<i<n
i=1 -

It is obvious that if (y;),,~, are orthonormal, then from (1.6) one can deduce
Bessel’s inequality. o

Another generalization of Bessel’s inequality was obtained by A. Selberg (see for
example [13, p. 394]):

Theorem 3. Let x, yi,..., yn be vectors in H with y; #0 (i = 1,...,n). Then
one has the inequality:

(1.7) Zz (. vl |_|| o]

Iy, y5)

Another type of inequality related to Bessel’s result, was discovered in 1958 by
H. Heilbronn [12] (see also [13, p. 395]).

Theorem 4. With the assumptions in Theorem 2, one has

n 2

(1.8) ZI(%MI < el | D Ky i)l

4,J=1

In [8] we obtained the following Bombieri type inequalities

n

(1.9) > Hya)l® < el max |(z,y:)] Z i yi)l |

i=1 i,j=1
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n

(1.10) > [,y

=1

w
e

1
1 n 2r n n
< |l max [(2, yi)|? (Z |<a?,yi>r> S i w)) ;

i=1

Where%+%:1,s>1,

n

2
(1.11) > i)l
=1
1
. n 2 n
1= J=
2
(L12) Y [,
=1
. 193
L n 2p n n a
< A [P Ve
< llzll max |{z,y:)l (;I(w,yzﬂ ) 2 Z;I(yz,ygﬂ ;
i= i= ji=

Wherep>1,%+ =1 and

1
q

n 2

(1.13) Y ey <Dzl D o vl

i=1 ij=1

for any z € H.

It has been shown that for different selection of vectors the upper bound provided
by the inequality (1.13) is some time better other times worse than the one obtained
by Bombieri above in (1.6).

In this paper we obtain some inequalities related to the celebrated Bessel’s in-
equality in inner product spaces. They complement the results obtained by Boas-
Bellman, Bombieri, Selberg and Heilbronn above, which have been applied for
almost orthogonal series and in Number Theory.

2. SOME REsuLTs ViA CBS INEQUALITY

We have:

Theorem 5. Let z, y1,...,yn € H and aq,...,a, € C. Then

1/2
n

n 1 n
@1 Re|Yaitma) | <5 | lel”+ D laal [ 3 1wl
j=1 k=1

Ji:k=1
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Proof. We have for any z, y1,...,y, € H and a4, ..., a,, € C that

2

2
0< Zozjyj —z|| = Zajyj —2Re <Zajyj,m>+x||
=1 j=1 j=1

n n n

2

<Zajijzakyk>_2Re Do ajlyja) | +llz]
j=1 k=1 j=1

2
Z O[]Oék yjayk: _2Re ZOK] Y5, x +||.13||
7,k=1

which implies the inequality
n 1 n
2 _
(2:2) Re | Y a;(y;,) | < 3 [lel”+ > agag (g, ux)
j=1 k=1

for which the term Z?,k:l a0 (y;, yx) is obviously nonnegative for any yq, ..., y, €
H and aq,...,a, € C.
By using the Cauchy-Buniakowski-Schwarz’s inequality for double sums,

1/2 1/2
n n n
2 2
S lajebiel < [ D2 lagil > Ibjxl
=1 Jk=1 J=1

for complex numbers a;i, bjr where j, k € {1,...,n}, then we have

(2.3) > aar (i k) = | > ejan (v, ue)| < Y logal (), vl

Jk=1 J,k=1 j,k=1
1/2 1/2
n n
—2 2
< | X loyaxl > i)l
g, k=1 4, k=1
1/2 1/2
n n
2 1—2 2
= D loyl* o] > 1w uw)]
k=1 k=1
1/2 1/2
n
= Z|a3| Z\au > Hysouml?
j=1 J k=1
1/2
n n
2 2
:Z\OLH Z (Y5, Y)|
k=1 j,k=1

for any y1,...,yn € H and ay, ..., a,, € C.
By making use of (2.2) and (2.3) we get the desired result (2.1).
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Corollary 1. With the assumptions of Theorem 5 and for p > 1 we have

1/2

- 1 2 v 2(p—1 - 2
e SNl < g el + e PO 3 )

j=1 k=1 jk=1
Proof. If we take in (2.1) a; = (z,y;) \(m,yj>|p72 then we get

Z ;) 2, y) "2 (g5, @)
1/2
1 ) n . 9 n
<5 [l + 3 @ w2 |3 s ,
k=1 J,k=1

which is equivalent to (2.4). O

Remark 1. If we take in (2.4) p = 1, then we get the following Heilbronn type
inequality

1/2

- 1 2 - 2
(25 Sl < 4 (Il 4m [ 3 g
j=1

J,k=1

for any x, y1,...,yn € H.
If we take in (2.4) p = 2, then we get

1/2
n

2 2 2
ll® + > ey P | D 1w ,
k=1

J,k=1

[N

(26) > [(wy))* <
j=1

that is equivalent to (see also [10])

1/2
n

(2.7) 2 >l ue)l? > )P <
=1

Jik=1

for any x, y1,...,yn € H.
1/2
The inequality (2.7) is meaningful if 2 > (Z?,k:1 \<yj,yk>|2> . Also if 1 >

N 1/2
(S o) 7)) then

1/2
2 2 2 2
(2.8) S eyl < (2= D0 1w m)l > Ky < ll=)f?,
j=1 jk=1 j=1

for any x € H, which improves Bessel’s inequality.
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We observe that if the family of vectors {yi, ..., yn } is orthogonal, then Z;L’k:l I{yj Z/k>|2 =

Sorey ||y||i, so, if we assume that >, _, ||y||i <1 then by (2.8) we get the refine-
ment of Bessel’s inequality

n n 1/2 n

2 4 2 2

(2.9) Dozl < |2 (Z ||y||k> Dyl < Jlz)”.
j=1 k=1 j=1

Corollary 2. With the assumptions of Theorem 5 we have

(2.10) Z Zk B LY 7)]

1 <yk7yj>‘
2 1/2
1 (z,y5) - 2
<5 |l +Z : s | D [ uw)] ;
2 Zk 1 |<yk7yj>|) G k=1
for any x € H.
Proof. We take in (2.1)
<1',yj> -
Qj = ~n |/ _\? ] = 17"'7”
T ke [k )]
to get (2.10). O
Using the Schwarz’s inequality we get from (2.4) that
n
(2.11) >yl
j=1
1/2
1 2(p—2) 2(p—1 S
e o R L i S 7 el W SR (7R 78] ,
k=1 J,k=1
for any z, y1,...,yn € H and p > 1.
For p = 2 we get
1/2
2
(2.12) > )] \fﬂll 1+Z\kall > 15, ue)] :
Jj=1 Jrk=1
for any z, y1,...,yn € H.
From (2.10) we also get Selberg’s type inequality
(x yj
(2.13)
Z Zk 1 Ky )|
1/2

n

1 ly; 11 2
< 5 [l=ff? 1+Z s | D0 Hwiwe)l ;
2 Zk 1 |<yk7yj>|) j k=1

for any x, y1,...,yn € H.
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Theorem 6. Let x, y1,...,y, € H and aq,...,a, € C. Then
1

(214) Re (s fe) | < [l + max Z|yj,yk > ol
j=1 k=1

Proof. By using the Cauchy-Buniakowski-Schwarz’s Welghted inequality for double
sums,

1/2 1/2
n n 1
> mgklagebiel < | D myklajil® > e bl
jk=1 j k=1 j k=1

for complex numbers a;i, b;, and nonnegative numbers m i where j, k € {1,...,n},
then we have

(215) > aya (g5, uk)

k=1
n
= Z o (Y5, Yr) Z ook [y )| = Z o lak| [(y5, yx)|
J,k=1 j,k=1 7,k=1
1/2 1/2
2
< Z [y we)| s > 1y ) lax]
g,k Jik=1
n
2
= > lal* ;v -
Jk=1

Now, observe that

n

n n
> lanl ysue)) =) lael® ZI (W5 )|
k=1

Jik=1

n

n
2
< .
pemax > Nyiuedl ¢ > laxl®,

j=1 k=1
which proves the desired inequality (2.14). |
Corollary 3. With the assumptions of Theorem 6 and for p > 1 we have

n

1 _
(2.16) Z| nll” < 5 (el + | _max Z| yiue)| o D lw,ye) 070
k=1
Proof. If we take in (2.14) o; = (z,y,) |{z, yj>|p_ then we get

n

Re [ Y (o) o) P72 (yy. )

Jj=1

n n

2
-2
<5 |lal*+  max 3 sl ¢ 3 ) [P
S P k=1

—_

which is equivalent to (2.16). O
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Remark 2. If we take in (2.16) p = 1, then we get the following Heilbronn type
inequality

n

<1 2
(2.17) E eyl < 5 [l + max  §> " |(y;,u0)]
2 ke{lin} | =
for any x, y1,...,yn € H.
If we take in (2.16) p = 2, then we get

n n

2 _ 1 S 2
(218) Y [(w )| < 3 Il ]* + pemax > i )] [z, )7
j=1 e j=1 k=1
which is equivalent to
2
(2.19) 2 max ¢ [(yun)] (@, y5)* < [l
ke{1,..., n} = =

for any x, y1,...,yn € H.
The inequality (2.19) is meaningful if 2 > maxye(1,... n} {Z;—;l |<yj7yk>|} . Also

if 1> maxeeq oy {z;;l (i)l | then

n

2
(2.20) E [z, y;)|” < *ke?llax , E |(ys )| E [z, y;)]* < |||,
=1 LA j=1

for any x € H, which improves Bessel’s inequality.
We observe that if the family of vectors {y1,...,yn} is orthogonal, then

2
ia j = ma
re B ;|<yg,yk>| syl

s0, if we assume that maxyeqy,.. n ||y||i <1 then by (2.20) we get

@20 Sl < |2 x| 3l < ol

ke{l,...,n} =
for any x € H.

Corollary 4. With the assumptions of Theorem 6 we have
- |<$7 yj>|2

(2.22) _ YL
; >t [ Wrs )|

1 2 - - |z, yw)|?
< 3 [l —I—jeglaxn} Z 1Y yr)| - 7|
""" =1 (2 eyl

for any x € H.
Proof. We take in (2.1)

<x’yk>

TL—7 k = 1, ...7n
> =1 (Y 95)|

o =
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to get (2.10).

Using the Schwarz’s inequality we get from (2.16) that

@223 3 I,y
j=1

1 2 2 2) - - 2(p—1
< g llal® |12l max 3wl o D Il PV
k=1

ke{l,...
cllon} | S

for any z, y1,...,yn € H.
If in this inequality we take p = 2, then we get

n n
2
(2.24) > i)l <3 [Els 1+ max ZI i vl o D lluell” |
j=1 k=1

for any x, y1,...,yn € H.
From (2.22) we also get the Selberg type inequality

i y_]
(2.25) sz NIRRT

1 ) n n ||yk||2
< §Hx|| 1+ _eglaxn} {ZK%JM)}Z - AR
It ‘ =1 (2 e )l

for any =, y1,...,yn € H.

3. RELATED INEQUALITIES
‘We have:

Theorem 7. Let x, y1,...,yn € H and aq,...,a, € C. Then

1

(1) Re| Doty | < |l +  max {0 Z|aj|
i=1 ’

and

n 1 n
32 Re Yoo | <5 |l + max {jen’} D (.m0
j=1

m} j,k=1
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Proof. From (2.3) we have

n n n
> @k (i k) = | Y @k (Wi,ue)| < Y gkl (s, vk

Jk=1 Jrk=1 Gk=1
n
< max ; Z 0
= kel n) {|<yjai‘/k>|}J — | J k|

max : ol e
j,ke{l,.”,n}{“yj yk)l}j;1| il o]

2

= max  {[(y;,yp)[} Zlajl ,

J:ke{l,...,n}

for any z, y1,...,yn € H and ay, ..., a,, € C, which proves (3.1).
Similarly, we have

D gk (i) = | Y @ (Wi, ue)| < Y o] (s, vk
jok=1 Jok=1 jrk=1
< ma o;a ,
7j,ke{1,?.(4 {loy kl}]kz1| Yi» Yi)|
2
= max { Qg } Yk
e {onl®} 32l
Jok=
for any z, y1,...,yn € H and ag, ..., a,, € C, which proves (3.2). O
Corollary 5. With the assumptions of Theorem 7 and for p > 1 we have
2
]. 2 - -1
(3.3) ZI zyp)l” < 5 el +  max  {l{y;, ye)l} > gl
J.ke{l,...,n} =
and
B4 P leul" <5 [lel*+ max {lu) POV ) ST )
j=1 " jyk=1

for any x, y1,...,yn € H.
Proof. If we take in (3.1) and (3.2) a; = (,y;) \(J;,yj>|p—2 then we get (3.3) and

(3.4). O
Remark 3. If we take in (3.8) and (3.4) p =1, then we get
n 1 ) )
(35) >l < ERE
and
n 1 n
(3.6) > ) < 3 1%+ > 15, ve)]

Jj=1 7,k=1
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for any x, y1,...,yn € H.
If we take in (3.8) and (8.4) p = 2, then we get

2
3.7 <z Yk ;
0 Mawlf < (lelt s e () { Dl
and
38) Dl <5 [lal®+ _max {le P} D gl
j=1 €t} k=1
for any x, y1,...,yn € H.
Using Schwarz’s inequality we have from (3.3) and (3.4) that
(3.9) >yl
J=1
2
1 2(p—2) - p—1
L ER S (OR71) 3 O Y
and
(3.10) > e, y))l
j=1
1 n

2(p—2 2(p—1
< Sl |1+ 12?7 max {7} S 1w we)l

2 ked{l,...,
€{1,...,n} =

for any z, y1,...,yn € H.
For p = 2 we get

n
1 2
(3.11) > eyl < 5 el |1 + {1 0] Z [l

S A AL S

and

n n

1
(12 Pl < gl (1 max {ulP} ST K]
i=1 ot Jk=1

for any =, y1,...,yn € H.
We observe that if yq,...,y, € H are such that
2

max  {[(yy, o} [ DIyl | <L,

i ke{l,...
J.ke{l,...,n} =

then (3.1) provides a refinement of Bessel’s inequality. Also, if

; <1
R (73 DN (ATSIESE

Jik=1

11
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then (3.12) also provides a refinement of Bessel’s inequality.
By using Holder’s inequality we can provide other inequalities as follows:

Theorem 8. Let x, y1,....,yn € H and ay,....,an, € C. Then for r,q > 1 with
1,1

=4 == 1

T q

1/r 2/q
n

1 2 - T -
(3.13) Za] vie) | <5 el + [ 3 M) | Dty
j=1

k=1

Proof. From (2.3) and Holder’s inequality we have

n n n
Z o (Ys, Yr) = Z o0 (Y5, Yr) | < Z e [(yj, yi)|

jik=1 jk=1 jk=1
n 1/, n 1/q
<Y Kwi el > oy
jk=1 jk=1
" 1/r " 1/q
= > )l D oyl o
jik=1 jk=1
" 1/r " 2/q
= > i w)l S o],
jik=1 j=1
for any x, y1,...,yn € H and ay, ..., a,, € C, which proves (3.13). |
Corollary 6. With the assumptions of Theorem 8 and for p > 1 we have
1/r 2/q
- <1 2 - r - -1
(314) Y[ < 5 {lal®+ | D2 Hugow) PR K
j=1 Jk=1 j=1
for any x, y1,...,yn € H. In particular, we have
1/r
1 2 - r
(3.15) ZI (@ ypl < 5 |zl +n® N (g0
J k=1
and
1/r 2/q
g 2 1 2 = r = 2
(3.16) Y [(w,y)|* < 3 (=l + > K o)l > U,y
j=1 Jok=1 j=1

We observe that, by Schwarz’s inequality we get for p > 1

(317) D Iyl

1/r 2/q

1 2 2(p—2 - . -1
S i el U W (75 75T i B S (71 i B
j=1

7,k=1



SOME ADDITIVE INEQUALITIES 13

for any z, y1,...,yn € H, where r, ¢ > 1 with } + % =1
For p = 2, we get
1/r 2/q
n

2 1 2 - r -
(3.18) > [a,y)l < 3 ™ 1+ > 1y )] > il ;
i=1

j=1 jk=1

for any z, y1,...,yn € H, where r, ¢ > 1 with % + % =1.
We observe that if ¥, ...,y, € H are such that
1/r 2/q

n n
Sl | [ lwlt] <t
G k=1 j=1

where r, ¢ > 1 with % + % = 1, then (3.18) provides a refinement of Bessel’s
inequality.
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