
SOME ADDITIVE INEQUALITIES RELATED TO BESSEL�S
RESULT

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we obtain some additive inequalities related to the
celebrated Bessel�s inequality in inner product spaces. They complement the
results obtained by Boas-Bellman, Bombieri, Selberg and Heilbronn, which
have been applied for almost orthogonal series and in Number Theory.

1. Introduction

Let (H; h�; �i) be an inner product space over the real or complex number �eld K.
If (ei)1�i�n are orthonormal vectors in the inner product space H; i.e., hei; eji = �ij
for all i; j 2 f1; : : : ; ng where �ij is the Kronecker delta, then the following inequality
is well known in the literature as Bessel�s inequality :

(1.1)
nX
i=1

jhx; eiij2 � kxk2 for any x 2 H:

For other results related to Bessel�s inequality, see [8] �[11] and Chapter XV in
the book [13].
In 1941, R. P. Boas [2] and in 1944, independently, R. Bellman [1] proved the

following generalization of Bessel�s inequality (see also [13, p. 392]):

Theorem 1. If x; y1; : : : ; yn are elements of an inner product space (H; h�; �i) ;
then the following inequality holds

(1.2)
nX
i=1

jhx; yiij2 � kxk2

264 max
1�i�n

kyik2 +

0@ X
1�i 6=j�n

jhyi; yjij2
1A 1

2

375 :
It is obvious that (1.2) will give for orthonormal families the well known Bessel

inequality.
In [7] we pointed out the following Boas-Bellman type inequalities:

(1.3)
nX
i=1

jhx; yiij2 � kxk max
1�i�n

jhx; yiij

8<:
nX
i=1

kyik2 +
X

1�i 6=j�n
jhyi; yjij

9=;
1
2

;

for any x; y1; : : : ; yn vectors in the inner product space (H; h�; �i) :
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We also have, see [7]

nX
i=1

jhx; yiij2 � kxk
 

nX
i=1

jhx; yiij2p
! 1

2p

(1.4)

�

8><>:
 

nX
i=1

kyik2q
! 1

q

+ (n� 1)
1
p

0@ X
1�i 6=j�n

jhyi; yjijq
1A 1

q

9>=>;
1
2

;

for any x; y1; : : : ; yn 2 H; p > 1; 1p +
1
q = 1:

Further, we recall [7] that

(1.5)
nX
i=1

jhx; yiij2 � kxk2
�
max
1�i�n

kyik2 + (n� 1) max
1�i 6=j�n

jhyi; yjij
�
;

for any x; y1; : : : ; yn 2 H: It is obvious that (1.5) will give for orthonormal families
the well known Bessel inequality.
In 1971, E. Bombieri [3] gave the following generalization of Bessel�s inequality.

Theorem 2. If x; y1; : : : ; yn are vectors in the inner product space (H; (�; �)) ; then
the following inequality holds:

(1.6)
nX
i=1

jhx; yiij2 � kxk2 max
1�i�n

8<:
nX
j=1

jhyi; yjij

9=; :
It is obvious that if (yi)1�i�n are orthonormal, then from (1.6) one can deduce

Bessel�s inequality.
Another generalization of Bessel�s inequality was obtained by A. Selberg (see for

example [13, p. 394]):

Theorem 3. Let x; y1; : : : ; yn be vectors in H with yi 6= 0 (i = 1; : : : ; n): Then
one has the inequality:

(1.7)
nX
i=1

jhx; yiij2Pn
j=1 jhyi; yjij

� kxk2 :

Another type of inequality related to Bessel�s result, was discovered in 1958 by
H. Heilbronn [12] (see also [13, p. 395]).

Theorem 4. With the assumptions in Theorem 2, one has

(1.8)
nX
i=1

jhx; yiij � kxk

0@ nX
i;j=1

jhyi; yjij

1A 1
2

:

In [8] we obtained the following Bombieri type inequalities

(1.9)
nX
i=1

jhx; yiij2 � kxk max
1�i�n

jhx; yiij

0@ nX
i;j=1

jhyi; yjij

1A 1
2

;
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nX
i=1

jhx; yiij2(1.10)

� kxk max
1�i�n

jhx; yiij
1
2

 
nX
i=1

jhx; yiijr
! 1

2r

24 nX
i=1

0@ nX
j=1

jhyi; yjij

1As35
1
2s

;

where 1
r +

1
s = 1; s > 1;

nX
i=1

jhx; yiij2(1.11)

� kxk max
1�i�n

jhx; yiij
1
2

 
nX
i=1

jhx; yiij
! 1

2

24 max
1�i�n

0@ nX
j=1

jhyi; yjij

1A35 ;
nX
i=1

jhx; yiij2(1.12)

� kxk max
1�i�n

jhx; yiij
1
2

 
nX
i=1

jhx; yiijp
! 1

2p

264 nX
i=1

0@ nX
j=1

jhyi; yjijq
1A 1

q

375
1
2

;

where p > 1; 1p +
1
q = 1 and

(1.13)
nX
i=1

jhx; yiij2 � kxk2
8<:

nX
i;j=1

jhyi; yjij2
9=;

1
2

for any x 2 H:
It has been shown that for di¤erent selection of vectors the upper bound provided

by the inequality (1.13) is some time better other times worse than the one obtained
by Bombieri above in (1.6).
In this paper we obtain some inequalities related to the celebrated Bessel�s in-

equality in inner product spaces. They complement the results obtained by Boas-
Bellman, Bombieri, Selberg and Heilbronn above, which have been applied for
almost orthogonal series and in Number Theory.

2. Some Results Via CBS Inequality

We have:

Theorem 5. Let x; y1; :::; yn 2 H and �1; :::; �n 2 C. Then

(2.1) Re

0@ nX
j=1

�j hyj ; xi

1A � 1

2

264kxk2 + nX
k=1

j�kj2
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 :
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Proof. We have for any x; y1; :::; yn 2 H and �1; :::; �n 2 C that

0 �








nX
j=1

�jyj � x








2

=








nX
j=1

�jyj








2

� 2Re
*

nX
j=1

�jyj ; x

+
+ kxk2

=

*
nX
j=1

�jyj ;
nX
k=1

�kyk

+
� 2Re

0@ nX
j=1

�j hyj ; xi

1A+ kxk2
=

nX
j;k=1

�j�k hyj ; yki � 2Re

0@ nX
j=1

�j hyj ; xi

1A+ kxk2 ;
which implies the inequality

(2.2) Re

0@ nX
j=1

�j hyj ; xi

1A � 1

2

24kxk2 + nX
j;k=1

�j�k hyj ; yki

35
for which the term

Pn
j;k=1 �j�k hyj ; yki is obviously nonnegative for any y1; :::; yn 2

H and �1; :::; �n 2 C.
By using the Cauchy-Buniakowski-Schwarz�s inequality for double sums,

nX
j;k=1

jajkbjkj �

0@ nX
j;k=1

jajkj2
1A1=20@ nX

j;k=1

jbjkj2
1A1=2

for complex numbers ajk; bjk where j; k 2 f1; :::; ng ; then we have

nX
j;k=1

�j�k hyj ; yki =

������
nX

j;k=1

�j�k hyj ; yki

������ �
nX

j;k=1

j�j�kj jhyj ; ykij(2.3)

�

0@ nX
j;k=1

j�j�kj2
1A1=20@ nX

j;k=1

jhyj ; ykij2
1A1=2

=

0@ nX
j;k=1

j�j j2 j�kj2
1A1=20@ nX

j;k=1

jhyj ; ykij2
1A1=2

=

0@ nX
j=1

j�j j2
nX
k=1

j�kj2
1A1=20@ nX

j;k=1

jhyj ; ykij2
1A1=2

=
nX
k=1

j�kj2
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

for any y1; :::; yn 2 H and �1; :::; �n 2 C.
By making use of (2.2) and (2.3) we get the desired result (2.1). �
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Corollary 1. With the assumptions of Theorem 5 and for p � 1 we have

(2.4)
nX
j=1

jhx; yjijp �
1

2

264kxk2 + nX
k=1

jhx; ykij2(p�1)
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 :
Proof. If we take in (2.1) �j = hx; yji jhx; yjijp�2 then we get

Re

0@ nX
j=1

hx; yji jhx; yjijp�2 hyj ; xi

1A
� 1

2

264kxk2 + nX
k=1

���hx; yji jhx; yjijp�2���2
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 ;
which is equivalent to (2.4). �

Remark 1. If we take in (2.4) p = 1; then we get the following Heilbronn type
inequality

(2.5)
nX
j=1

jhx; yjij �
1

2

264kxk2 + n
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375
for any x; y1; :::; yn 2 H:
If we take in (2.4) p = 2; then we get

(2.6)
nX
j=1

jhx; yjij2 �
1

2

264kxk2 + nX
k=1

jhx; ykij2
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 ;
that is equivalent to (see also [10])

(2.7)

2642�
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 nX
j=1

jhx; yjij2 � kxk2

for any x; y1; :::; yn 2 H:
The inequality (2.7) is meaningful if 2 �

�Pn
j;k=1 jhyj ; ykij

2
�1=2

. Also if 1 ��Pn
j;k=1 jhyj ; ykij

2
�1=2

, then

(2.8)
nX
j=1

jhx; yjij2 �

2642�
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 nX
j=1

jhx; yjij2 � kxk2 ;

for any x 2 H; which improves Bessel�s inequality.
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We observe that if the family of vectors fy1; :::; yng is orthogonal, then
Pn

j;k=1 jhyj ; ykij
2
=Pn

k=1 kyk
4
k ; so, if we assume that

Pn
k=1 kyk

4
k � 1 then by (2.8) we get the re�ne-

ment of Bessel�s inequality

(2.9)
nX
j=1

jhx; yjij2 �

242� nX
k=1

kyk4k

!1=235 nX
j=1

jhx; yjij2 � kxk2 :

Corollary 2. With the assumptions of Theorem 5 we have
nX
j=1

jhx; yjij2Pn
k=1 jhyk; yjij

(2.10)

� 1

2

264kxk2 + nX
j=1

jhx; yjij2

(
Pn

k=1 jhyk; yjij)
2

0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 ;
for any x 2 H:

Proof. We take in (2.1)

�j =
hx; yjiPn

k=1 jhyk; yjij
; j = 1; :::; n

to get (2.10). �

Using the Schwarz�s inequality we get from (2.4) that
nX
j=1

jhx; yjijp(2.11)

� 1

2
kxk2

2641 + kxk2(p�2) nX
k=1

kykk2(p�1)
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 ;
for any x; y1; :::; yn 2 H and p � 1:
For p = 2 we get

(2.12)
nX
j=1

jhx; yjij2 �
1

2
kxk2

2641 + nX
k=1

kykk2
0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 ;
for any x; y1; :::; yn 2 H.
From (2.10) we also get Selberg�s type inequality

nX
j=1

jhx; yjij2Pn
k=1 jhyk; yjij

(2.13)

� 1

2
kxk2

2641 + nX
j=1

kyjk2

(
Pn

k=1 jhyk; yjij)
2

0@ nX
j;k=1

jhyj ; ykij2
1A1=2

375 ;
for any x; y1; :::; yn 2 H.
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Theorem 6. Let x; y1; :::; yn 2 H and �1; :::; �n 2 C. Then

(2.14) Re

0@ nX
j=1

�j hyj ; xi

1A � 1

2

24kxk2 + max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
nX
k=1

jakj2
35 :

Proof. By using the Cauchy-Buniakowski-Schwarz�s weighted inequality for double
sums,

nX
j;k=1

mjk jajkbjkj �

0@ nX
j;k=1

mjk jajkj2
1A1=20@ nX

j;k=1

mjk jbjkj2
1A1=2

for complex numbers ajk; bjk and nonnegative numbers mjk where j; k 2 f1; :::; ng ;
then we have

nX
j;k=1

�j�k hyj ; yki(2.15)

=

������
nX

j;k=1

�j�k hyj ; yki

������ �
nX

j;k=1

j�j�kj jhyj ; ykij =
nX

j;k=1

j�j j jakj jhyj ; ykij

�

0@ nX
j;k=1

jhyj ; ykij jaj j2
1A1=20@ nX

j;k=1

jhyj ; ykij jakj2
1A1=2

=

nX
j;k=1

jakj2 jhyj ; ykij :

Now, observe that

nX
j;k=1

jakj2 jhyj ; ykij =
nX
k=1

jakj2
0@ nX
j=1

jhyj ; ykij

1A
� max

k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
nX
k=1

jakj2 ;

which proves the desired inequality (2.14). �
Corollary 3. With the assumptions of Theorem 6 and for p � 1 we have

(2.16)
nX
j=1

jhx; yjijp �
1

2

24kxk2 + max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
nX
k=1

jhx; ykij2(p�1)
35 :

Proof. If we take in (2.14) �j = hx; yji jhx; yjijp�2 then we get

Re

0@ nX
j=1

hx; yji jhx; yjijp�2 hyj ; xi

1A
� 1

2

24kxk2 + max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
nX
k=1

���hx; yji jhx; yjijp�2���2
35 ;

which is equivalent to (2.16). �
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Remark 2. If we take in (2.16) p = 1; then we get the following Heilbronn type
inequality

(2.17)
nX
j=1

jhx; yjij �
1

2

24kxk2 + max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
35 :

for any x; y1; :::; yn 2 H.
If we take in (2.16) p = 2; then we get

(2.18)
nX
j=1

jhx; yjij2 �
1

2

24kxk2 + max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
nX
k=1

jhx; yjij2
35 ;

which is equivalent to

(2.19)

0@2� max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
1A nX

j=1

jhx; yjij2 � kxk2

for any x; y1; :::; yn 2 H.
The inequality (2.19) is meaningful if 2 � maxk2f1;:::;ng

nPn
j=1 jhyj ; ykij

o
: Also

if 1 � maxk2f1;:::;ng
nPn

j=1 jhyj ; ykij
o
, then

(2.20)
nX
j=1

jhx; yjij2 �

242� max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
35 nX
j=1

jhx; yjij2 � kxk2 ;

for any x 2 H; which improves Bessel�s inequality.
We observe that if the family of vectors fy1; :::; yng is orthogonal, then

max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=; = max
k2f1;:::;ng

kyk2k ;

so, if we assume that maxk2f1;:::;ng kyk2k � 1 then by (2.20) we get

(2.21)
nX
j=1

jhx; yjij2 �
�
2� max

k2f1;:::;ng
kyk2k

� nX
j=1

jhx; yjij2 � kxk2 ;

for any x 2 H:

Corollary 4. With the assumptions of Theorem 6 we have
nX
j=1

jhx; yjij2Pn
k=1 jhyk; yjij

(2.22)

� 1

2

264kxk2 + max
j2f1;:::;ng

(
nX
k=1

jhyj ; ykij
)

nX
k=1

jhx; ykij2�Pn
j=1 jhyk; yjij

�2
375 ;

for any x 2 H:

Proof. We take in (2.1)

�k =
hx; ykiPn

j=1 jhyk; yjij
; k = 1; :::; n
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to get (2.10). �

Using the Schwarz�s inequality we get from (2.16) that

nX
j=1

jhx; yjijp(2.23)

� 1

2
kxk2

241 + kxk2(p�2) max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
nX
k=1

kykk2(p�1)
35 ;

for any x; y1; :::; yn 2 H.
If in this inequality we take p = 2; then we get

(2.24)
nX
j=1

jhx; yjij2 �
1

2
kxk2

241 + max
k2f1;:::;ng

8<:
nX
j=1

jhyj ; ykij

9=;
nX
k=1

kykk2
35 ;

for any x; y1; :::; yn 2 H.
From (2.22) we also get the Selberg type inequality

nX
j=1

jhx; yjij2Pn
k=1 jhyk; yjij

(2.25)

� 1

2
kxk2

2641 + max
j2f1;:::;ng

(
nX
k=1

jhyj ; ykij
)

nX
k=1

kykk2�Pn
j=1 jhyk; yjij

�2
375 ;

for any x; y1; :::; yn 2 H.

3. Related Inequalities

We have:

Theorem 7. Let x; y1; :::; yn 2 H and �1; :::; �n 2 C. Then

(3.1) Re

0@ nX
j=1

�j hyj ; xi

1A � 1

2

264kxk2 + max
j;k2f1;:::;ng

fjhyj ; ykijg

0@ nX
j=1

j�j j

1A2
375

and

(3.2) Re

0@ nX
j=1

�j hyj ; xi

1A � 1

2

24kxk2 + max
k2f1;:::;ng

n
j�kj2

o nX
j;k=1

jhyj ; ykij

35 :
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Proof. From (2.3) we have

nX
j;k=1

�j�k hyj ; yki =

������
nX

j;k=1

�j�k hyj ; yki

������ �
nX

j;k=1

j�j�kj jhyj ; ykij

� max
j;k2f1;:::;ng

fjhyj ; ykijg
nX

j;k=1

j�j�kj

= max
j;k2f1;:::;ng

fjhyj ; ykijg
nX

j;k=1

j�j j j�kj

= max
j;k2f1;:::;ng

fjhyj ; ykijg

0@ nX
j=1

j�j j

1A2

;

for any x; y1; :::; yn 2 H and �1; :::; �n 2 C, which proves (3.1).
Similarly, we have

nX
j;k=1

�j�k hyj ; yki =

������
nX

j;k=1

�j�k hyj ; yki

������ �
nX

j;k=1

j�j�kj jhyj ; ykij

� max
j;k2f1;:::;ng

fj�j�kjg
nX

j;k=1

jhyj ; ykij

= max
k2f1;:::;ng

n
j�kj2

o nX
j;k=1

jhyj ; ykij

for any x; y1; :::; yn 2 H and �1; :::; �n 2 C, which proves (3.2). �
Corollary 5. With the assumptions of Theorem 7 and for p � 1 we have

(3.3)
nX
j=1

jhx; yjijp �
1

2

264kxk2 + max
j;k2f1;:::;ng

fjhyj ; ykijg

0@ nX
j=1

jhx; yjijp�1
1A2
375

and

(3.4)
nX
j=1

jhx; yjijp �
1

2

24kxk2 + max
k2f1;:::;ng

n
jhx; yjij2(p�1)

o nX
j;k=1

jhyj ; ykij

35
for any x; y1; :::; yn 2 H.

Proof. If we take in (3.1) and (3.2) �j = hx; yji jhx; yjijp�2 then we get (3.3) and
(3.4). �
Remark 3. If we take in (3.3) and (3.4) p = 1; then we get

(3.5)
nX
j=1

jhx; yjij �
1

2

�
kxk2 + n2 max

j;k2f1;:::;ng
fjhyj ; ykijg

�
and

(3.6)
nX
j=1

jhx; yjij �
1

2

24kxk2 + nX
j;k=1

jhyj ; ykij

35
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for any x; y1; :::; yn 2 H.
If we take in (3.3) and (3.4) p = 2; then we get

(3.7)
nX
j=1

jhx; yjij2 �
1

2

264kxk2 + max
j;k2f1;:::;ng

fjhyj ; ykijg

0@ nX
j=1

jhx; yjij

1A2
375

and

(3.8)
nX
j=1

jhx; yjij2 �
1

2

24kxk2 + max
k2f1;:::;ng

n
jhx; ykij2

o nX
j;k=1

jhyj ; ykij

35
for any x; y1; :::; yn 2 H.

Using Schwarz�s inequality we have from (3.3) and (3.4) that
nX
j=1

jhx; yjijp(3.9)

� 1

2
kxk2

2641 + kxk2(p�2) max
j;k2f1;:::;ng

fjhyj ; ykijg

0@ nX
j=1

kyjkp�1
1A2
375

and
nX
j=1

jhx; yjijp(3.10)

� 1

2
kxk2

241 + kxk2(p�2) max
k2f1;:::;ng

n
kykk2(p�1)

o nX
j;k=1

jhyj ; ykij

35
for any x; y1; :::; yn 2 H.
For p = 2 we get

(3.11)
nX
j=1

jhx; yjij2 �
1

2
kxk2

2641 + max
j;k2f1;:::;ng

fjhyj ; ykijg

0@ nX
j=1

kyjk

1A2
375

and

(3.12)
nX
j=1

jhx; yjij2 �
1

2
kxk2

241 + max
k2f1;:::;ng

n
kykk2

o nX
j;k=1

jhyj ; ykij

35
for any x; y1; :::; yn 2 H.
We observe that if y1; :::; yn 2 H are such that

max
j;k2f1;:::;ng

fjhyj ; ykijg

0@ nX
j=1

kyjk

1A2

� 1;

then (3.1) provides a re�nement of Bessel�s inequality. Also, if

max
k2f1;:::;ng

n
kykk2

o nX
j;k=1

jhyj ; ykij � 1;
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then (3.12) also provides a re�nement of Bessel�s inequality.
By using Hölder�s inequality we can provide other inequalities as follows:

Theorem 8. Let x; y1; :::; yn 2 H and �1; :::; �n 2 C. Then for r; q > 1 with
1
r +

1
q = 1

(3.13) Re

0@ nX
j=1

�j hyj ; xi

1A � 1

2

264kxk2 +
0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j=1

j�j jq
1A2=q

375
Proof. From (2.3) and Hölder�s inequality we have

nX
j;k=1

�j�k hyj ; yki =

������
nX

j;k=1

�j�k hyj ; yki

������ �
nX

j;k=1

j�j�kj jhyj ; ykij

�

0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j;k=1

j�j�kjq
1A1=q

=

0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j;k=1

j�j jq j�kjq
1A1=q

=

0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j=1

j�j jq
1A2=q

;

for any x; y1; :::; yn 2 H and �1; :::; �n 2 C, which proves (3.13). �
Corollary 6. With the assumptions of Theorem 8 and for p � 1 we have

(3.14)
nX
j=1

jhx; yjijp �
1

2

264kxk2 +
0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j=1

jhx; yjijq(p�1)
1A2=q

375
for any x; y1; :::; yn 2 H. In particular, we have

(3.15)
nX
j=1

jhx; yjij �
1

2

264kxk2 + n2=q
0@ nX
j;k=1

jhyj ; ykijr
1A1=r

375
and

(3.16)
nX
j=1

jhx; yjij2 �
1

2

264kxk2 +
0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j=1

jhx; yjij2q
1A2=q

375 :
We observe that, by Schwarz�s inequality we get for p � 1

nX
j=1

jhx; yjijp(3.17)

� 1

2
kxk2

2641 + kxk2(p�2)
0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j=1

kyjkq(p�1)
1A2=q

375 ;
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for any x; y1; :::; yn 2 H; where r; q > 1 with 1
r +

1
q = 1:

For p = 2; we get

(3.18)
nX
j=1

jhx; yjij2 �
1

2
kxk2

2641 +
0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j=1

kyjkq
1A2=q

375 ;
for any x; y1; :::; yn 2 H; where r; q > 1 with 1

r +
1
q = 1:

We observe that if y1; :::; yn 2 H are such that0@ nX
j;k=1

jhyj ; ykijr
1A1=r0@ nX

j=1

kyjkq
1A2=q

� 1;

where r; q > 1 with 1
r +

1
q = 1; then (3.18) provides a re�nement of Bessel�s

inequality.
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