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SERIES REPRESENTATIONS OF THE REMAINDERS IN THE
EXPANSIONS FOR CERTAIN TRIGONOMETRIC FUNCTIONS AND SOME
RELATED INEQUALITIES, II

CHAO-PING CHEN* AND RICHARD B. PARIS

ABSTRACT. We examine Wilker and Huygens-type inequalities involving trigonometric func-
tions making use of results derived in Part I. The Papenfuss-Bach inequality representing upper
and lower bounds for the function zsec?z — tanx for 0 < = < 7/2 is also investigated. An
open problem posed by Sun and Zhu concerning this last inequality is established.

1. INTRODUCTION

In Part I [6] we derived series representations of the remainders in the expansions of certain
trigonometric and hyperbolic functions and discussed some inequalities involving these functions.
In Part IT we apply some of the results obtained in [6] in the discussion of further trigonometric
inequalities that are related to the Wilker, Huygens and Papenfuss-Bach inequalities.

In [24], Wilker proposed the following two open problems: Show that if 0 < z < 7/2, then

. 2
t
(smx) N anz 59 (11)

T T

and also find the largest constant ¢ when the right-hand side of (1.1) is replaced by 2+ cz3 tan .
This was proved in [22] and further extended by Chen and Cheung in [5], where it was shown
that for 0 < x < /2,

8 16 8 2\°
24—zt + —z’tanzx < ( <24 —at+ () z° tan z,
m

45 315 45

with the constants 16/315 and (2/7)® being the best possible. The Wilker-type inequality (1.1)
has attracted much interest from many mathematicians and has motivated a large number of
research papers involving different proofs, various generalizations and improvements (see [3-5, 8,
11,14-18,21,22,25-29,31,33-35] and the references cited therein).

A related inequality that is of interest to us is Huygens’ inequality [12], which asserts that
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2 (Smx) + 20T 53 0<|2 < I (1.2)
T x 2

Chen and Cheung [5] showed that for 0 < z < 7/2,
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where the constants 3/20 and (2/7)* are the best possible, and obtained a further improvement
with the addition of terms involving 2°tanz. These authors also posed three conjectures on
Wilker and Huygens-type inequalities. As far as we know, these conjectures have not yet been
proved.

Zhu [32] established some new inequalities of the Huygens-type for trigonometric and hyper-
bolic functions. Baricz and Séndor [3] pointed out that inequalities (1.1) and (1.2) are simple
consequences of the arithmetic-geometric mean inequality, together with the well-known Lazare-
vié-type inequality [13, p. 238] given by (cosz)'/? < sinz/z (0 < |z| < 7/2), or equivalently

. 2
t
(S””“) MT g gcjal< T (1.4)
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Wu and Srivastava [27, Lemma 3] established another inequality, in which the trigonometric
ratios in (1.1) are inverted, namely

T \2 x 0
2 — 1.

(sina:) + tan >4 0<lzl < 2 (15)
and Chen and Sdndor [8] established the following inequality chain:

(sinz/z)° + tanz/x sinz\? [ tanz 2 (sinz/x) + tanz/x
2 ~ x T ~ 3

N (sinx>2/3 (tanx)l/?’ - [( z )2+ x } _ 2a/sinz) + o/ tanz w6)

T x 2 sinx tanx 3

for 0 < |z| < w/2. This can be seen to involve the Wilker and Huygens inequalities (1.1) and
(1.2), together with their inverted forms and the inequality (1.4).

The final inequality we consider is the Papenfuss-Bach inequality. In [20], Papenfuss proposed
the following problem to establish the inequality
3

82w
(x2 — 422)”
Bach [2] proved (1.7) and obtained a sharper upper bound in which the numerator 872z is
replaced by 27%/3. Ge [9, Theorem 1.3] presented a lower bound in (1.7) and proved that
6423 27t /3) 23
7m2 < xsec’r —tanzx < L)x?’
(72 — 42?) (72 — 42?)

where the constants 64 and 27%/3 are the best possible.
Sun and Zhu [23, Theorem 1.5] obtained better lower and upper bounds for the Papenfuss-Bach
inequality inequality in the form

27t 3 8t 1672\ .5 27t 3 256 8n2)\ .5
3T+ ( 15 3 )7 317+ Tz a 3 )T
2 2
(7r2 - 4m2) (7r2 - 4x2)

with o = 513/511. They also posed the following open problem:

rsec’z — tanz < 0<z<m/2 (1.7)

0<z<m/2, (1.8)

2

< xsec’xr —tanz < (1.9)

Open problem 1.1. Let 0 < x < w/2. Then (1.9) holds with oo = 1, where the constants

8rt _ 16n2 256 _ 8n® .
e — —3— and 2 — 25— are best possible.

Our aim in Sections 2 and 3 is to develop the inverted forms of the Wilker and Huygens
inequalities given in (1.5) and the last inequality in (1.6) to produce sharp inequalities. In
Section 4, we present a series representation of the remainder in the expansion for ¢ sec? t — tant.
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Based on this representation, we establish new bounds for xsec?z — tanz when 0 < z < 7/2.
We also answer the open problem in (1.9).

2. A WILKER-TYPE INEQUALITY

We first consider the Wilker-type inequality in (1.5). It is well known [10, p. 42] that

1 o 2%[Bak| ap
cotx = o _;Tk)'x , |z| < . (2.1)

Differentiating the expression in (2.1), we find

T \? o 225 (2k — 1)| Bag| 22k
=1 Y . 2.2
(sinx) + (2k)! ’ ol < (22)

k=1
From (2.1) and (2.2), we obtain that for |z| < 7,
X 2 x ad k- 22k+3‘B2k+2‘

_9 2k+2 23
(sinx) thanx +k:1 (2k + 2)! v (2:3)

It follows from (2.3) that for every N € N,

N - 22N+3 B2N 9 T 2
| + |x2N+2 < ( )
SN x

(2N + 2)! tan

N—-1
k- 22K43| Bop o] o
) F-o7 T1D%k+2l okt2 ) (94
<+’; P (2:4)

for 0 < |z| < w/2.
In view of (2.4) it is natural to ask: What are the largest number Ay and the smallest number
pn such that the inequality

2

X

>\N$2N+2 < (7 )
S T

(2k +2)!

Uk 2268 Byjyo| o
+2 2N+2
—For v T < x
tanx ( + Z HN

holds for z € (0,7/2) and N € N7 Theorem 2.1 answers this question. In what follows we shall
require the summations

> 1 22n—17.r2n > (_1)k—1 (22n—1 _ ]_)71‘2”
= |B2n|a Z = |B2n|7
2n | 2n |
—k (2n)! =k (2n)!
e 1 (2271 _ 1)7r2n
- Bonl, 2.5
kz::l (2k — 1)2n 2(2n)! [Bznl (25)

where B,;, denote the Bernoulli numbers, defined by the following generating functions:

t —OoBtn t] <2
o1~ X By (il <2m

Theorem 2.1. Let N > 1 be an integer. Then for 0 <t < w/2,

t t J 297 Byjta| o5
At T2 < — -2 e L A I T s i 2.6

N sint + tant * = (25 +2)! N (26)
with the best possible constants

N - 22N+3|B2N+2‘
(2N + 2)!

AN =
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and

oo

64N 1

KN = " 3N+2 2 N2 (4)7 12~ 7T2N+2 Z_: k2N ( 4k2 12 (28)
Proof. 1t follows from [19, p. 118] that
— 2+ 7m2k? 1 - 1
CSC t—*-'-QZ 2]{)2 COttzg—‘erZm (29)
This then yields
2 X 944 27,242
t 2% 4 2w k<t
— ] =1 —s- 2.10
From (2.10) and the second expansion in (2.9), we obtain
t\°, ot e 1
— —— =244 7_2 4t* : 2.11
(sint) T i * Z (m2k2 — + Z kA (1 )2)2 (2.11)
k=1 Trk
Using the following identity:
N-1
) NqN—l qN
-1
= Jj¢ + + g#1 2.12
and the first sum in (2.5), we then have
2 00
4 t 1
(> " =244 t \2)2
sint tant = kA (1 _ (ﬁ)z)
0o N—-1 2j—2 N(L)2N—2 (L)QN
=2+ 4t* < ) + Tk +
> | & N e
N-
Z 2273 By (2542 +Z AN+ +Z 42N+
(2 +2)! T2NE2N (r2)2 — 7T2Nk2N(ﬂ.2k2 12)2
. 2243| By | 442N +2
Z —] 2j+2 + WVN(t)a
=1

where
N Nmw2k% — (N - 1)t2
2N (m2)2 — 12)2

Vn(t) =
k=1

Differentiation yields
%0 2t((N +1)7%k? — (N — 1)t2)

k‘2N(7T2k'2 _ t2)3 > 0.

Vi(t) =

k=1

Hence, Vi (t) is strictly increasing for t € (0,7/2), and we have

2 N=1 . goii3
)\NtzN+2<( t > t j-27 ‘B2j+2‘t2j+2

sint 2+ Z

2N+2
* et e (25 +2)!

< UN
1
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with
4 4 T
Direct computations yield
N 1 N - 22NH172N By 4o
Vn(0) = — Z aNt2 1
T =k (2N + 2)!

and

m 16N 1 4(N —1) & 1
Vv (z)= - > :
N (2) w2 = kN2 (4k2 — 1)2 w2 kAN (42 - 1)2

Hence, the inequality (2.6) holds with the best possible constants given in (2.7) and (2.8). The
proof of Theorem 2.1 is complete. U

Remark 2.1. Direct computations yield

2 4(m% - 8)
AN = — = -/
1= 95 H1 v,
and
8 8(—720 + 9072 — 7t)
Ay = ——, 2= 5
945 457
We then obtain from (2.6) that for 0 <t < m/2,
2 t\* ot 4(n? — 8)
24+ —¢t —_— — <24 2.1
* 45t < <sint> Tt St T (2.13)

where the constants 2 and 4(w? — 8)/m* are the best possible, and

2 8 t N\t 2 8(—720 4 9072 — 74)
24+ —tt4 — 0 < [ — <24 —¢t 16
* 45 + 945 sint + tant * 45 + 4576 ’

(2.14)

where the constants 55 and 8(—720 + 9072 — 1) /(457°) are the best possible.

The classical Euler gamma function is defined (for = > 0) by

F(x):/ t* e tdt.
0

Its logarithmic derivative, denoted by t(x) = I'"(x)/T'(z), is called the psi (or digamma) function,
and 1) (z) (k € N) are called the polygamma functions.

Theorem 2.2. Let N > 0 be an integer. Then for 0 < x < /2,

N
4 x )2 x 4 1 4
< —[2+4 — | < 2.15
o (sinx i tanx < A kz::l (m2k2 — x2)2 Pnx ( )
with the best possible constants

8((2N 12N + ) —4(N + 1))
2N 1 1)271 '

B 2,¢///(N+ 1)
N 3t

and [y = (2.16)
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Proof. Write (2.11) as

N
T \?2 T 1
=92+ 4z* - 4 Ar%A
(sin:z:) +tanx o Z(w2k27m2)2+ " A (),

where

oo

1
Ay(@) = > A

k=N+1

Obviously, Ay (z) is strictly increasing for x € (0,7/2). Hence, for 0 < x < 7/2, we have

N
4 z )2 r Azt 4
aNT < (sinx + tan <2+ . Z 7r2k2 2) < Bnw

:1

with

—4AN(O) 4 Z ]:4 and ﬁN_4AN( ):% Z %

m k=N+1 T AN (4k2 = 1)

From the following formula (see [1, p. 260, Eq. (6.4.10)]):

n n 1
M (z) = (=1)"n 'ZW’ z#0,—-1,-2,...,

k=0
we obtain
1 w/// N+1)
BT 6 (2.17)
k=N+1
We find!
S 1 1, 1 N+1
e 3V \Mts) TN e 2.18
k:g\f;rl (4k2 —1)° 5 ( " 2) 2(2N +1)2 (2.18)

Hence, the inequality (2.15) holds with the best possible constants given in (2.16). The proof of
Theorem 2.2 is complete. O

Remark 2.2. The choice N =0 in (2.15) yields (2.13). The choice N =1 in (2.15) yields

4zt 2(r* — 90 2 4zt 4(97? — 88
x (m )x4 (m>+x x +(7T )x4

2
(m2 — 22)? 4574 <t

2+
tan x (w2 — 22)? 9t

sinx
(2.19)

for 0 < x < m/2, where the constants 2(r* — 90)/(457*) and 4(97% — 88)/(97*) are the best
possible.

Remark 2.3. There is no strict comparison between the two lower bounds in (2.14) and (2.19).
Likewise, there is no strict comparison between the two upper bounds in (2.14) and (2.19).

Theorem 2.3 proves Conjecture 2 in [5].

IThe formula (2.18) is established by induction on N in the appendix.
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Theorem 2.3. Let N > 1 be an integer. Then for 0 < x < 7/2, we have

N—-1
k- 22k+3‘B2k+2| x 2 xZ
9 KoaT TIDoky2] ok 2N+1 4 < (7)
+ Pt (2k +2)! +onE e sinx + tanx
N—-1
k - 22k43| Boy 1o
<2+ = ek 4 gva® N tan e 2.20
; (2k + 2)! i (2.20)
with the best possible constants

N - 22N+3 B

py=0 and gy = [Bon 2] (2.21)

(2N +2)!
Proof. By (2.3), for py = 0, the first inequality in (2.20) holds. We now prove the second

inequality in (2.20) with gy = N - 22V*3|Bynio|/(2N + 2)!. Using (2.3) and the following
expansion (see [10, p. 42]):

— 227(22% — 1)|Bop| 95y

T
oh)! x , lz] < =, (2.22)

2

tanx =
k=1
we find

_92N+3 2 N-1, 52k+3
N -2 |BQN+2|x2N+1ta’nx_ (( X ) n X 9 k-2 B2k+2x2k+2>

(2N + 2)! sinx tanx B = (2k +2)!
— N- 22N+3|B2N+2| 22N+1 Z 22k 22k - 1 ‘B%‘xzk 1 _ i (k -1 22’“‘*‘1\3%\33%
(2N +2)! (2k)!
k=N+1
i {N : 22I\[Jr3|B2N+2| 2%72]\[(2%721\[ —1)|Bog-—an|  (k—1)- 2%+ By } 2%
= — X
| — | | ’
i (2N +2)! (2k —2N)! (2k)!
(2.23)
where we note that the term corresponding to £ = N 4 1 vanishes.
We claim that for £k > N + 2,
N - 22N3| By yo| 22072V (22072 — 1) Bopon| (k= 1) - 225! By (2.24)
(2N + 2)! (2k — 2N)! (2k)! '
Using the inequality (see [1, p. 805])
2 Bay, 2
| Ban n>1, (2.25)

> > ,
(2m)*" (1—21=20) = (20)! 7 (2m)™"
it is sufficient to prove that for k > N + 2,
N . 22N+3 .9 22k72N(22k72N _ 1) .92 2(]{3 _ 1) . 92k+1

> )
(27_‘_)2N+2 (27_‘_)214372]\] (27‘_)2]6 (1 _ 21—2k)
which can be rearranged as
22k w2 2
N|—=-1 — (k-1 (14 55— k>N +2.

Noting that 72/2 < 5, it is enough to prove the following inequality:

22k 2
N(22]V_1)>5(k_1)(1+22’€2)’ k>N+2,



8 C.-P. CHEN AND R.B. PARIS

which can be rearranged as
N o
92N 52N 2

10(k — 1)

5(/€—1)>N+W,

k>N +2.

Noting that the sequence
N ok
22—N2 —5(k—-1)

is strictly increasing for £ > N + 2, and the sequence

10(k—1)
22k — 2
is strictly decreasing for k > 2, it is enough to prove the following inequality:

10(N +1)

N ovy2)
—=2 5(N+1)>N+22(N+2)_2

2 2N

which can be rearranged as
(2N —1)22V*3 > 3N, N >1.

Obviously, the last inequality holds. This proves the claim (2.24). From (2.23), we obtain the

second inequality in (2.20) with gy = N - 22V 3| By o]/ (2N + 2)!.
Write (2.20) as

( z )2 _9_ N—1 k-22%¥3| By | 2k+2
sinx tflnx k=1 (2k+2)!

PN < 2N+l tanz <N
We find that
2 N—1 k2222 | Boy o] ) 2k42
lim (siix) + tafxa; —2- k=1 (2k+2)2'k+2 —0
=T 2N+l tanx
and
2 N—1 k22" %|Boyyo|  2k+2
lim (Gli’t) + tanT —2- k=1 (2k+2)2'kJr2 - N - 22N+3|BQN+2|
z—0 2N+l tan x (2N + 2)!
Hence, the inequality (2.20) holds with the best possible constants given in (2.21). The proof of
Theorem 2.3 is complete. t

3. A HUYGENS-TYPE INEQUALITY

We now turn our attention to the inverted form of the Huygens inequality in (1.2). Using
(2.1) and the following expansion (see [10, p. 43]):

2221 —1)|B
cscr = 7+Z @) )| 2k|x2k 1 2| <,
we find
z 2% \B2k| 2%
2(sinx) tan x 73+Z o1 T |z| < . (3.1)

It follows from (3.1) that for every N € N,

N
(22N+2 —4)|Ban 42| 2N+2 - T (2% —4)|Bak| oy,
2(—— — —_— 2

(2N + 2)! * < (sina:> * tanz 3t kZZQ (2k)! v (32)
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for 0 < |z| < w/2.

In view of (3.2) it is natural to ask: What are the largest number an and the smallest number

bysuch that the inequality

N
22k — 4)| Bay|
2N+2 2( z ) z ( 2k| ok by 2N+2
N <*Gine/) " tane 3+Z (2k)! v < ONE

k=2

holds for z € (0,7/2) and N € N? Theorem 3.1 answers this question.
Theorem 3.1. Let N > 1 be an integer. Then for 0 < |z| < 7/2,

N 24
2N+2 (2 - 4)|B2j| 23 2N+2
< 2( - ) - —— 7 | <b
aNT sin x tan x ]; (25)! * N
with the best possible constants

B (22N+2 _ 4)|B2N+2|

anN =
(2N +2)!

and

b 8 ( 1)k+1 Z ( 1)k+1
NT N\ N2k 1) RPN (2h+ 1)

4 1 i 1
mINF2\ L RN (2 — 1) S RPN(2k+1) )

Proof. By [6, Theorems 4, 5], we have

N .
€z (QQJH 4)|Baj| 2 2N 42 4(—1)k+1
2 (sinx) =2+ (25)! ot Z (km)2N (k)2 — 22)

and

N .

x 221 |Byj| . 2
—1_ 127 p2N+2 .
tan z 2 @ " kz_: km)2N (k)2 — 22)

Adding these two expressions, we obtain

T 22] _ |B2]| 2 2N+2
2( i ) tanz _3+Z ’ + 2N Un(2),

sinx s

where

I e s
Un(z) = kzz:l(_l)k+ kQN((,ZCT(')Q _ x2) )

Differentiation yields

U]/V<x) — i(_l)k—i_lak, oL = 2— (_1>k+1

2 P R k2N (k)2 — x2)2.

(3.4)

(3.8)

Then it is easily seen that aj > agyq for k € N, 0 < x < w/2 and N € N; thus for every N > 1,

we have Ujy(x) > 0 for 0 < z < 7/2. Hence, for all 0 < z < 7/2 and N € N, we have

Un(0) < Un(z) < Uy (g) .
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Using (2.5), we find

2Un (0 o (—1)FH S 1
N = 7T2N 42 ]m 2N+2 - Z (km)2N+2
k= 1 k=1
- 4(22N+1 1) |B | 2. 22N+1 |B | (22N+2 _ 4)‘B2N+2‘
TN f2) AN N paoy RN (2N +2)!
and
2UN (1/2) = 1)k+1 > 1
b =4 -2
NN = (km) 2N ( — (n/2)?) ; k)2 ( — (7/2)?)
k+1 ( 1)k+1
B 7r2N+2 Z k2N Zk —1) Z < k2N (2k + 1)
B 4 1 _ Z 1
m2N+2 — k2N (2k — 1) = E2N(2k+1) )
The proof of Theorem 3.1 is complete. O
Clearly,
q 1
= — 1 = —.
“T60 MY "7 50
Direct computations yield
k+1 2 > ( 1)k+1 2
=n1—2In2- — ———— =4—-2In2 —
Zk22k T Eme Ty ;k22k+l) " 7TJ’12
= 1 72 = 1 72
=" 1 4m2 = 444ln2+
;m(zk—l) g TAms k;k?(zkﬂ) tamet
o0
(—1)k+1 72 3 7t
=47 —8In2 - — 2¢(3) — —
kz:lk4(2k—1) T 8In2 = =500 — g
= (—1)kH 7 3 7t
——————=16—4r—8In2+ — — =C((3) + =——
;k4(2k+1) T =82+ 5 = 5 CB) + g
o0
1 272 7
———— =16In2 — — —2¢(3) — —
kz::k(%—l) n2- - = X0B) - g5
. 1 272 i
16+ 16In2+ — —2 *
;k(zkﬂ) +16In2 4+ == - 2¢(3) + g5
where ((s) is the Riemann zeta function. Then, we obtain from (3.5)
16(m — 3) 9607 — 7+ — 2880
by = — and by = 56
From (3. 3) we have, for 0 < |z] < 7/2,
x 16(r —3) 4
34— 2 34— 3.9
+ 6096 < (sinx) T ST T T (39)
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where the constants g5 and 16(r — 3) /7 are the best possible, and

1 1 T T 1 96071 — 7 — 2880
34— —6<2(—) <34+ —gt 5 3.10
* 60" + 504 sin x * tan x * 60" * 1576 (3.10)
where the constants =5; and (9607 — 7* — 2880)/(157°) are the best possible.
The formula (3.1) motivated us to establish Theorem 3.2.

Theorem 3.2. Let N > 1 be an integer. Then for 0 < x < 7/2, we have

22J —4 B
3+z EE By ettt <2 (Z) 4 2

N .
927 — 4)|By;| o,
< 3+Z(7,)‘|23|x23 + onz? N tanz (3.11)

= (25!
with the best possible constants
4(2°N —1)|Bon o]

(2N + 2)!

Proof. By (3.1), for pyy = 0, the first inequality in (3.11) holds. We now prove the second
inequality in (3.11) with oy = 4(22" — 1)|Ban12|/(2N + 2)!. Using the expansion [10, p. 44]

pN =0 and on= (3.12)

oo

8t
tant = ; 2ok~ 1) = 42 (3.13)

and (3.1), we find

N

4(2*N —1)|Ban 2| 2N+1 x 22] - |B2 |
t 2 ( ) (27 — 4)1Boj| 5
(2N +2)! “ e sin tanz —3- ]z;
_ 4(22N — 1)|B2N+2| 22N+ Z 22k 22k — 1 |B2k‘ 221 i (22k - 4>|B2k|x2k
(2N + 2)! Mol (2k)!
_ i {4(22N —1)[Ban+2| 2%72]\7(2%72]\[ — 1)[Bap—an|  (2*" —4)|Bay| } L2k
B ! — ! |
Ml (2N +2)! (2k —2N)! (2k)!
(3.14)
We claim that for £k > N + 2,
4(2°N —1)|Bonyo| 22572V (22K 72N —1)| By | S (2% — 4)| Bag| (3.15)
(2N + 2)! (2k — 2N)! (2k)! ’
Using the inequality (2.25), it is sufficient to prove that
4 22N ~1)-2 22k72N 22k72N ~1)-2 22k —4)-2
( 2N+>2 ( 2k—2N ) > (2k ) ’ k> N+2,
(2m) (2m) (2m)"" (1 — 21-2k)

which can be rearranged as

1 22k 2 2

Noting that 72/2 < 5, it is enough to prove the following inequality:

1 92k 2
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which can be written as

1 22k 1 10
(122]\,)22]\7+22N+22k_2>6, k>N +2.
It is enough to prove the following inequality

1 92k 1 -

Clearly,

(3.16)
1 22k 1 1 22N+4
(1_221V>22]V+><1_ )

1 15
In order to prove (3.16), it suffices to show that
15
16 — N > 6, N >1,
that is,
92N+1 5 3

N > 1.

Obviously, the last inequality holds. This proves the claim (3.15). From (3.14), we obtain the
second inequality in (3.11) with on = 4(22Y — 1)|Bany2|/(2N +2)
Write (3.11) as

z (2% - 4)|B2 | 227
P < 2<sinz>+tanz_ _Zj 2 s /
N

2N+ltan g
We find

< ON-

x T N (2 I 4)|BZJ‘ 2]
lim 2 (sin:p) + tanz 3 - Zj:2 (25)!
P 22N+l tan x

=0
and

(2% —4)|Bj| 2§
2 3 _ 7% J
. 2(sinz)+tanz Z] 2

lim

x—0

2N+ltan g

_ 42%Y — 1)|Ban+o|

(2N +2)! '
Hence, the inequality (3.11) holds with the best possible constants given in (3.12). The proof of
Theorem 3.2 is complete.

Remark 3.1. For 0 < |z| < 7/2, we have

O
3 z z 3
3+ azx tanx<2( - >+ <3+bz’tanz (3.17)
sinx tanx
with the best possible constants

1
=0 d b= —.
a an 50

(3.18)
There is no strict comparison between the two upper bounds in (3.9) and (3.17)
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4. THE PAPENFUSS-BACH INEQUALITY

In this section we consider refinements to the Papenfuss-Bach inequality stated in (1.7) and
answer the open problem in (1.9).
It follows from [10, p. 44] that

sec —WQZ{ zk—l—x) +(2k—1+m)2}’

Replacement of = by 2t/ yields

1
sec’t = 22{2k—1 ); +(2k—1+ff)2}' (4.1)

From (3.13) and (4.1), we have

641% 1
tsec’t —tant = 1 . (4.2)

TS k- (1- (#%)2)2

Using (2.12) and the third summation in (2.5), we obtain from (4.2) the series representation of
the remainder in the expansion for sec?t — tant/t:

tsec?t — tant

N—

a1 ( 2t >2j‘2+ MGe=
- —yi [ 2 f k=D 2 ’
oy | 2\ G- L= Gatn)” (1 Gae)?)

1) Baj+2] 2541

)2N—2 )2N

(7er

N-1 2j - 22+2(2%+2 _

= - + kN (t), 4.3
= (2j +2)! ®) (4.3)
where
N - 22N+4t2N+1 o 1
Fvlt) = 2N (2k — 1)2N (2(2k — 1)2 — 4¢2)
k=1
92N+642N+3 1
+ SN 5- (4.4)
m o (2 —1)2N (7r2(2k —-1)2 - 4t2)
Theorem 4.1. Let N > 1 be an integer. Then for 0 <t < w/2, we have
N—-1,. ; ;
2j - 227122542 —1)|Byjya| o5
Ly(t) < tsec’t — tant — - ARV
v (1) ; (2 +2)!
N . 92N+442N+1 92N+642N+3
ey - N < My (t), (4.5)
m2N (72 — 4¢2) 2N (12 — 4¢2)2

where

LN(t) _ N - 22N+4t2N+1 (22N+2 _ 1)772N+2‘B2N+2| 4
n2N+2 2- (2N +2)!
22N+6t2N+3 (22N+4 _ 1)7T2N+4‘B2N+4|
—1
a1
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and
N - 22N+2t2N+1 0 1
My (t) = 2N+2 2N
s P (2k — 1)2NE(k—1)
92N+242N+3 1

TN L k- VR (k- 1)

Proof. Write (4.3) as

N-1,. . .
tsec’t —tant = Z 2 22]+2(22‘]+2 - 1)|B2j+2| $20+1
= (2 +2)!
N'22N+4t2N+1 N_22N+4t2N+1
2N (72 — 412) 12N In(t)
22N+6t2N+3 22N+6t2N+3
4.
72N (72 _ 422 v In(), (4.6)
where
- 1
In(t) =
w(?) 2% — 12N (22(2k — 1)2 — 412
k=2
and
—~ 1
In(t) =

= (2k — 1)2N (72(2k — 1)2 — 4¢2)%

Obviously, In(t) and Jx(t) are both strictly increasing for ¢ € (0,7/2). We then obtain from
(4.6) that

N - 22N+4t2N+1 22N+6t2N+3

N In(0) + = Jn(0)
N-1_. . .
2 .22J+2 22]+2 — DIBs. )
<tsec2tftantfz J ( . ; ) 2J+2|t2j+1
et (25 +2)!
N . 92N+442N+1 92N+642N+3

C mN(x2 —42)  m2N(x2 — 4t2)2
N . 92N +442N+1 - 92N+642N+3 .
T @) ()

2N 2N 9

s 2 ™

Direct computations yield

N . 22N+4t2N+1 22N+6t2N+3
Ly(t) = 7T2—1\,IN(0) + T‘]N(O)
N . 92N+42N+1 2 1 92N 62N 43 1
= +
2N+2 _ 2N+2 2N+4 _ 2N+4
T 22k 1) T 22k~ 1)
_ N - 22N+4t2N+1 (22N+2 _ 1)7T2N+2‘B2N+2| 4
T2NT2 2 (2N 1 2)!

22N+6t2N+3 (22N+4 _ 1)7T2N+4‘BQN+4| 4
72N+ 2. (2N +4)!
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and
N . 92N+442N+1 - 92N+642N+3 .
My(t) = —— I (5) + —av— v (3)
N - 22N+2t2N+1 0 1
T PN 2k 12N k(k— 1)
92N+242N+3 0 1
TN L 2k — 12N R2(k — 1)
The proof of Theorem 4.1 is complete. ]
With the evaluations
= 1 _9 nt  n?
= (2k — 1)*k(k - 1) B 24 2
and
= 1 1372 7t
=594 2" 4=
kZ:Q(%—l)‘lk?(k—l)? Tty
the choice N = 2 in (4.5) yields
P
%<zse(:2xftanx<%, <z <—, (4.7)
(72 — 42?) (72 — 422) 2
where
P(r) = 2t 3 8r2(7? — 10) 54 2(322560 + 16807* — 67275 + 177T8)I7
3 15 31574
L 16168 —177°) o 32(177° — 161280)
315 31578
and
2t 5 32(156 — 672 — 7). 64(—657+ 3772 + 37%)
Q) = 37 + 32 v 3t v
| BI2(285 —19n% — ') o 512(-354+ 26 +7t) 4y
36 38

The inequality (4.7) is an improvement on the inequality (1.9).

Remark 4.1. In fact, the lower bound in (4.7) is larger than the one in (1.9), and the upper
bound in (4.7) is smaller than the one in (1.9). Hence, the inequality (1.9) holds true. If we
write (1.9) as

8rt  16m2  (wsec?z —tanz)(mw? — 42%)? — 2%,:4333 256 82

— - < < = - —,
15 3 xd w2 3
we find that
i (rsec® x — tanx)(r? — 4a?)? — %x‘g 8rt 1672
im =22 _
z—0 xb 15 3
and
y (rsec? x — tanz)(m? — 42%)% — %mg 256 8>
im = =2

z—m/2 xd 2 3
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Hence, the inequality (1.9) holds for 0 < x < 7/2, and the constants gr _ % and 27%6 — %
are the best possible.

15

Appendix: A proof of (2.18)
For N =0 in (2.18), we find that

oo

1 -8 1, (1 1 7*-38
= d ¢/ (z)-== .
; @1 16 " gY (2) 27 16

This shows that the formula (2.18) holds for N = 0.

N

we

Now we assume that the formula (2.18) holds for some N € Ny := N U {0}. Then, for

— N + 1 in (2.18), by using the induction hypothesis and the following relation:
1
VEH) =) - o,

have
oo

1 = 1 1
Z = Z (4k2—1)2_

2 2
Ny (462 —1)7 LS50 (4(N +1)2 — 1)
1 1 N+1 1
=7 (N + ) — _
8 2 2(2N +1)2 (4(N +1)2— 1)2
1, ( N 1) 1 N +2
8 2) 8(N+3)* 202N +3)°

1 3 N +2
oved)o e
8 2) 202N +3)

Thus, by the principle of mathematical induction, the formula (2.18) holds for all N € Ny.
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