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SOME INEQUALITIES FOR SEMI-INNER PRODUCTS ON
COMPLEX BANACH SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some inequalities for two sub-semi-inner
products [-,];, [,-]y for which [-,], > [,-]; that are related to Schwarz’s
inequality. Some applications for particular semi-inner products generated by
an element of norm one in the given Banach spaces as well as for some bounded
operators that satisfy a Schwarz’s type condition are given. Some norm and
numerical radius inequalities for operators acting on smooth uniformly convex
Banach spaces with more sugestive examples in the case of complex Hilbert
spaces are also provided.

1. INTRODUCTION

In what follows, we assume that X is a linear space over the real or complex
number field K.

The following concept was introduced in 1961 by G. Lumer [7] but the main
properties of it were discovered by J. R. Giles [8], P. L. Papini [14], P. M. Mili¢ié¢
[10]-[12], I. Rosca [15], B. Nath [13] and others.

In this introductory section we give the definition of this concept and point out
the main facts which are derived directly from the definition.

Definition 1. The mapping [-, ] : X x X — K will be called the semi-inner product
in the sense of Lumer-Giles or L-G-s.i.p., for short, if the following properties are
satisfied:

(i) [x+y,2l =z, 2]+ [y, 2] forallz, y, z € X;

(ii) [Az,y] = Az, y] for all z, y € X and X a scalar in K;
(ili) [z,z] > 0 for all x € X and [z,z] = 0 implies that x = 0;
(iv) |z y)]” < [w,2] [y, y] for all 2, y € X;

(V) [z, y] = Az, y] for all x, y € X and A a scalar in K.

The following results collects some fundamental facts concerning the connection
between the semi-inner products and norms.

Proposition 1. Let X be a linear space and [-,-] a L-G-s.i.p on X. Then the
following statements are true:

i) The mappin, XagcM> x,x%ER is a norm on X;
g +

(ii) For every y € X the functional X > PR [z,y] € K is a continuous lin-

ear functional on X endowed with the norm generated by the L-G-s.i.p.
Moreover, one has the equality || f,| = ||yl -
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Definition 2. The mapping J : X — 2%, where X* is the dual space of X, given
by:
J (@) :=A{z" € X[ (", ) = [lz" ([ lz[, =" = [[«f]}, z€X

will be called the normalised duality mapping of normed linear space (X, ||-]]).

Definition 3. A mapping J: X — X* will be called a section of normalised duality
mapping if J (z) € J (x) for all z in X.

The following theorem due to I. Rogca [15] establishes a natural connection
between the normalised duality mapping and the semi-inner products in the sense
of Lumer-Giles.

Theorem 1. Let (X, |-||) be a normed space. Then every L-G-s.i.p. which gener-
ates the norm ||-|| is of the form

[z,y] = <j(y) ,x> for all x,y in X,
where J is a section of the normalised duality mapping.

The following proposition is a natural consequence of Rogca’s result.

Proposition 2. Let (X, ||-||) be a normed linear space. Then the following state-
ments are equivalent:

(i) X is smooth;

(ii) There exists a unique L-G-s.i.p. which generates the norm ||-|.

Before we can state a remarkable result due to J. R. Giles [8] that contains a
classical characterization of smooth normed spaces, we need the following definition.

Definition 4. A L-G-s.i.p. [-,-] defined on the linear space X is said to be contin-
uous [8], if for every x, y € X one has the equality:
(1.1) }in%Re [,z + ty] = Rely, z].

Now we can state the following well known result [8].

Theorem 2. Let (X,|]|) be a normed linear space and [-,-] a L-G-s.i.p. which
generates the norm ||-||. Then [-,-] is continuous if and only if the space X is
smooth.
As shown in [2, p. 22 - p. 23], the condition (1.1) can be relaxed to:
(i) The following limit exists:
}irr(l) Re [y, z + ty]

forall xz,y € X.
Another result of this type is embodied in the following theorem [2, p. 23 - p.

24].
Theorem 3. Let (X, ||||) be a normed space and [-,-] a L-G-s.i.p. which generates
the norm ||-||. Then the following statements are equivalent:

(i) X is smooth;

(ii) The following limit exists:

R ty) — |||

t—0 t

forallx, y € X.
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Moreover, if (i) or (ii) hold, then one has the equality

2
t —
t—0 t

= Re[y, ]
forallz, y e X.

Further on, we will state a result due to Nath [13] containing a characterization
of strictly convex spaces in terms of semi-inner product in Lumer-Giles’ sense.

Theorem 4. Let (X,|]|) be a normed linear space and [-,-] a L-G-s.i.p. which
generates its norm. Then the following statements are equivalent:

(i) X is strictly convez;
(ii) For every z, y € X, x, y # 0 so that [z,y] = ||z| ||y|| there exists a positive
number \ with x = \y.

A mapping [, ] : X x X — K will be called a sub-semi-inner product in the sense
of Lumer-Giles or s-1-G-s.i.p., for short, if in the Definition 1 instead of condition
(iii) we have the relaxed condition:

(iii") [z,z] >0 for all x € X.
We denote by SS(X) the class of all sub-semi-inner products defined on the

linear space X.

We can introduce the following order relation amongst the elements of SS(X).
For [-,-];, [, ]y € SS(X), we say that

(1.4) Loy = [y 3 L]y = [0y € SS(X).

In this paper we establish some inequalities for two sub-semi-inner products
[-,]y, [+ ]y for which [-,-], = [,-]; that are related to Schwarz’s inequality. Some
applications for particular semi-inner products generated by an element of norm
one in the given Banach spaces as well as for some bounded operators that satisfy a
Schwarz’s type condition are given. Some norm and numerical radius inequalities for
operators acting on smooth uniformly convex Banach spaces with more suggestive
examples in the case of complex Hilbert spaces are also provided.

2. INEQUALITIES FOR SEMI-INNER PRODUCTS
We have the following simple fact related to the structure of SS(X).

Proposition 3. SS(X) is a cone in the linear space of all functions defined on
X x X.

Proof. We observe that if [-,-] € SS(X) and o > 0, then obviously a [, ] € S§(X).
Now, assume that [, ];, [,], € SS(X). In order to prove that [-,-]; + [-,-]; €
SS(X), we must only prove that [-,-]; +[-, -], satisfies the Schwarz’s inequality (iv)

in the Definition 1.
Since [-,];, [-,-], € SS(X), then for any z, y € X we have

e,y | < [za]y? [y, 9])/? and |[z,yl,] < [z,2]3 [y,y

If we add these inequalities we get

]1/2

[z, 9y |+ [ ylol < [z, 2]y [y, yl/? + [z, 2]y [y, 01y

for any z, y € X.
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By the triangle inequality for the modulus, we have

|[a:,yh + [x,y]2| S |[x,y]1| + |[x,y}2|

for any z, y € X.
By the elementary inequality

ab+cd < (a2—|—62)1/2 (b2—|—d2)1/2 fora, b, ¢, d>0

we have
1/2 1/2 1/2 1/2 1/2
R T e s e R e (R M X R (R A TR Y
for any z, y € X.
Therefore

1/2

e, y), + [z yly| < ([, 2], + [2,2]) " ([ o], + [y, 9) ">

for any z, y € X, which proves that [-,]; + [-,], € SS(X). O
We can state the following result connected with the Schwarz’s inequality:

Theorem 5. Let [-,-],, [,-]y € SS(X) with [-,-], = [-,-], . Then for any z, y € X
we have
2

o o 2 Izl ol
2.1) lllz lyllz =z, ylol™ + lll7 [yl = [z, yly[" — | det
lzlly lylls
= 2(llzlly llylly llzlls 1ylly = |z, vl [z, 9l5]) = 0.
In particular, we have
2 12 2 2 112 2
(2.2) (I3 [1yllz = [z, ylol™ + /i [yl — [[=, 9], |
2
lzlly vl
> | det >0
Izl llyll;
and
2 2 2 2 12 2
(2.3) [Ilez lylls = Iz, ylol™ + =7 Iwlly — [z,

1
2
2 lzlly lylly lzlly lylly = |z, vy [2,9]5] = 0.

Proof. Since [,-], — [-,-]; € S§(X), then by Schwarz’s inequality we have for any
xz,y € X that

(2.4) (h12 = 1217 (gl = Wl?) > Il ks — L2 90, *-
Observe that
2,9l — [o, 9, = Il ylal? = 2Re [l ), Ty | + [[o 9], P
and
(ol = 217 (Nl = W) = Ul 3 + Dl Wil = Wil W3 = D13 W
and by (2.4) we get
L e T Y e P

> |[w,ylul” — 2Re [, ], o, oT, ] + o, 9],
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for any z, y € X, which is equivalent to

(2.5) 113 13 = 1w, a1 + il i — 1o, |
> JJoll gl + all3 g1} — 2Re [, 1, o0
= U2l i3 + I3 Ny = 2l Nyl el Dol
+2lelly Iyl 2l Nyl = 2Re [[z 9l, [o, o
=zl gl = Nzl Iyl )
+2 (Jlzll, Nl ol Iyl — Re [, ), B9 )

2

for any z, y € X.
By the properties of the modulus we have

Re [z, 1, 2,91, ] < [Re ([ 9)s ol || < w290
and by (2.5) we get
13 13 = 112 w1l + Il Nyl = 1o, ),

2
> (lzlly llylly = ll=ll lyll,)
+ 2l lylly lly ylly = s gl | 1z ylol)

for any z, y € X.
Since by Schwarz’s inequality for each of the sub-semi-inner products we have

lzlly lylly = [z, y],] and [[zlly [yl > [z, 9,
then

[l ylly llly wlly = M yly [z, yla] = 0,
which proves the last part of (2.1). O

For [-,-] € S§(X) and e € X, e # 0 we consider the functional [-,-], : X x X — K

defined by
[z,y], = [z, €] [y, €] for x, y € X.
We observe that [-, -], is linear in the first variable, anti-homogeneous in the second
variable and
[z,2], = |[z,€]|* > 0 for any = € X.

Also, we have
|

9l = |l el foel| = Il el el = o], Dol

for z, y € X, which shows that the Schwarz’ s inequality (iv) is verified with equality.
Therefore we conclude that [-,-], € SS(X).

Corollary 1. Let [-,-] € SS(X) and e € X with the associated norm || = 1.
Assume that [-,-] = [-,-]., then for any x, y € X we have

(2.6) <; Wyl + [, yll] = [, €] [y,6]|> (U [Hlyll = [l 1)

2
] lyl

> det

N =

[z el lyell
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In particular, we have

o ) lel Myl ]
(2.7) ol lyll* — [l )|* > | det >0
.l el
and
(2:8) 5 izl gl + 162,511 iz, ] 9, ]

for any x, y € X.

Proof. If we write the inequality (2.1) for [-,-], = [-,] and [-,-]; = [-,-],, then we
get

Izl lyl1* = 1[z, 9]1* = (2 €]l Iyl = [l 1[y e])*

2 2|[z, el |y, ell (=l lyll = Il yll) = 0,
for any z, y € X.
This is equivalent to

Iz ly11* = [z, 9]I* = 2 [z, €]l [y, ell (lell Nyl = 1l y]1)

> (|l el lyll = llll [y, el))*,

which proves the desired result (2.6).
The inequality (2.7) follows by (2.2) for [-, ]
From (2.3) we get for [-,-], = [-,-] and [, -],

= [" } and [" ']1 = ['7']e :
[-,-], that

7 I A e e D

2

namely

W lHyll + [Tz, yll] Al iyl = [l ¥l])

|z, ell [y, ]l (lz [ Iyl = [l y]1) = 0,
and, since ||z|| ||y|| — |[z,y]| > 0, it implies that the inequality (2.8) holds true. O

1
2
>

The following result also holds:

Theorem 6. Let [-,-],, [,-], € SS(X) with [-,-], = [-,-], . Then for any z, y € X
we have

(2.9) [z, yly = [z, gl | < [llly lylly = lllly yll; -
We also have the refinement of Schwarz’s inequality
(2.10) [z, ylo| < [l yly — [z, )y + [z, 4|

<z, yly = [yl + =l vl < lllly [yl
and the inequality

(.11) o wh] < 5 e 8hy ol + 16,81+ [l el
< 5 U,y = Lo kel + el ol + el
< 3 el gl + llz, ),
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for any x, y € X.
Proof. We use the following elementary inequality
(2.12) (a*> — %) (b* — d?) < (ab— cd)?
that is equivalent to
a?b? + Ad* - *b* — a*d* < a®b® — 2abed + Ad?

or to (¢b — ad)2 > 0, which holds for any real numbers a, b, ¢ and d.
If we use the inequality (2.12) then we have

13)  (Jl2l3 — Io0?) (i3 = 1wl < Azl lylls = N2l o)

for any z, y € X.
Also by (2.4) we get

(2.14) o9y = s P < (Jally = ) (il — i)
for any z, y € X.
From (2.13) and (2.14) we then get
2 2
(2.15) 2,9y = [ 5> < (lally Iyl = 2l Dyl)

for any z, y € X.

Since [-,-], = [,-]; it follows that |z||, > ||z|; and |ly|l, > ||y|l; which imply

that |||y |yl — |||/, [l¥ll; = 0. By taking the square root in (2.15) we get
[z, yly — [yl < Ml lylly = Nzl lyll ) = llzls lylly =zl vl
which proves the required result (2.9).

We observe that the first inequality (2.10) follows by the triangle inequality
for modulus, the second inequality by Schwarz’s inequality while the third one is
equivalent to (2.9).

From the continuity of modulus we have

[z, 9]y | = [[z,yls| < [l ylol = [z, gl < 2, yly = [yl
which implies that
2|[z,yli | = Mz, ylol < 2yl — [z 9]+ [z, 9]
<|lz,yly = [yl [+l [lylly < lllly [yl
for any z, y € X.
If we add in all terms of this inequality the same quantity |[z,y],| then we get
[z, yly | < s yly = [yl + syl + [z, 9],
<l yly = s yly [+ 2l lylly + s ylol < Dl lylly + (2, vl

which by division with 2 produces the desired result (2.11). O

Corollary 2. Let [,-] € SS(X) and e € X with the associated norm |le|| = 1.
Assume that [-,-] = [-,],, then for any x, y € X we have

(2.16) 12,1 = . el Ty ]| < eyl = [z} el

(2.17) o9l < [l 9] = [, ] Ty ]| + Il €l el < ]
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and

(2.18) lo,el .l < 5 [[[e 9] = [ el Tyl + o] [y el] + 1o ] ]

IN
N — N~

Wz lHyll + [l yll] -

3. INEQUALITIES FOR SCHWARZ TYPE OPERATORS

Following [5], on operator A on a complex Banach space (X, |-||) is said to be
Hermitian if [Az, z] is real for any « € H, where [+, ] is a s-L-G-s.i.p. that generates
the norm ||-]| .

Definition 5. Let (X, ||-||) be a complex Banach space and [-,-] a s-L-G-s.i.p. that
generates the norm ||-||. We say that the Hermitian operator A : X — X is of
Schwarz type related to |-, -] if [Axz,z] > 0 for any x € X and

(3.1) [Az,y]|* < [Az, 2] [Ay,y]
for any x, y € X. We write that A € Sp. ;(X).

We observe that the Hermitian operator A : X — X is of Schwarz type related
to [-,-] if and only if the functional [,-], : X x X — C, [z,y], = [Az,y] is a
s-L-G-s.i.p. on X.

We observe that the identity operator I is of Schwarz type for any s-L-G-s.i.p.
[-,-] that generates the norm.

We observe that if A, B € S j(X), then A+ B € S (X) and a4 € S} ) (X)
for any @ > 0. This shows that S[. . (X) is a cone in the Banach algebra B (X) of
all bounded linear operators acting on X.

We can define on Sj. ) (X) the following order relation A = B for A, B € S}, ;) (X)
if A—B € S 1(X). We observe that for A, Be€ S j(X), A= Biff [-,-], = [-,-]5
in the sense of the definition (1.4).

Theorem 7. Let (X, | ||) be a complex Banach space and [-,] a s-L-G-s.i.p. that
generates the norm ||-||. Assume that A, B € S}. ) (X) with A = B. Then

(3-2) [Az, 2] [Ay,y] — |[Az,y]|* + [Be, 2] [By,y] - |[Bz,y]|”

[Bx,z]'*  [By,y]'?
— |det
[Az, z]'/? [Ay,y]'/?

> 2 ([Br.a]'/* [By,y)/* [Av.a]/* |4y, )" — |[Aw,y] [Ba,y][) = 0

for any x, y € X.
In particular, we have

(3.3) [Az, 2] [Ay,y] — |[Az,y]|* + [Bz, 2] [By,y] — |[Bz,y]|*

[Bz,z]"*  [By,y)"?
> |det >0
[Az, 2] [Ay,y)"?
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and
(3.4) % [Az, 2] [Ay, y) — |[Az, y]|” + [Bx, 2] [By,y] — |[Bx,y]|*

> [Bx,2)"/? By, y]"/? [Az, 2]"/? [Ay,y]"* — |[Az,y] [Bz,y]| > 0.

for any x, y € X.
We also have

(3.5) [Az — Ba,y]| < [Ax,2]"? [Ay,y]"/* — [Bx,z]"/? By, y]'/*

for any x, y € X.
Moreover, we have the refinement of Schwarz’s inequality

(3.6)  |[Az,y]| < |[Az — Bx,y]| + [[Bz,y]|
< |[Az — Bz, y]| + [Bz,2]"? [By,y]"? < [Az, 2] [Ay,y)"/?
and the inequality

(37 |Bryll < 511147 - Br,yll + [[Be.yl] + [z, ]
< 3 1142 ~ Bagll + [Bw, 2] [By, o1 + |[Ax, 4]
< ¢ [t 2]"2 Ay, o2 + (e, )]

for any x, y € X.

The proof follows by Theorems 5 and 6 for the s-L-G-s.i.p.s [z,y], = [Az,y]
and [z,y] 5 = [Bz,y], , y € X which satisfy the condition [-,], = [-,"]5-

Corollary 3. Let (X, |||) be a complex Banach space and [-,-] a s-L-G-s.i.p. that
generates the norm ||-|| . Assume that A € S 1(X) and a > 0 with A = ol. Then

(3.8) (A, 2] [4y, 3] - [[Az, 9] + a2 (|le) yl* - [z y]F)

2
] Iyl

— « | det
[Az,2]'? Ay, y)"?

> 20 (|lalllyll [Az, 2] [Ay, 5> — [ Az, ] [2,9]]) > 0

for any x, y € X.
In particular, we have

(3.9) Az, 2] [Ay,y]  [[Az,y)* + o () ) = lfw, 0]

[ ( [ ly| )]
> o | det >0
[Az, 2] [Ay,y]'?

(42, ] [y, 5] - |[Az, )" + o (2] Iy)* = |[z,0]?)]

(Il (A, 2] [Ay, 5]/ = |[ Az, 9] [, 5]1) > 0.

and

1
3.10 —
(310)
>

@
for any x, y € X.
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We also have
(3.11) [Az — az,y]| < [Az,2]"* [Ay,y]'/* — allz]| |y]

for any x, y € X.
Moreover, we have the refinement of Schwarz’s inequality

(3.12) [Az, y]| < |[Az — az, ]| + a|[z,y]]
< |[Az — az,y)| + a||z|| |ly]| < [Az, 2] [Ay,y]'"
and the inequality

1
(3.13) alfz,y]l < 5 [I[Az - ez, y]| + o[z, y]| + [[Az, y]|]
1
< 5 Az —az, gl + a |zl ly]| +[[Az, y]|]
1
< 5 (4w, 212 Ay, + Az, 9]
for any x, y € X.
Let X be a smooth uniformly convex Banach space and let [-,-] be the unique

semi-inner-product generating the norm ||-|| of X. If T' is a bounded linear operator
on X, namely T € B(X), then the operator TT mapping X to X is called the
generalized adjoint of T if and only if [Tx,y] = [x,TTy] for all z and y in X [6].
We shall call TT the generalized adjoint of T. In the case X is a Hilbert space the
generalized adjoint is the usual Hilbert space adjoint. In the above more general
setting this operator is not usually linear.

Corollary 4. Let X be a smooth uniformly convexr Banach space and let [-,] be
the unique semi-inner-product generating the norm ||-|| of X. Assume that A, B €
S, (X) with A= B and let T' a bounded linear operator on X, then

1 1/2
(3.14) [7Bay)| < 5 |[Aw, 2]/ [TATYy,y) 7 4 [T Az, ]|
for any x, y € X.

The inequality (3.14) follows from (3.7) by taking 7Ty instead of y.
A fundamental result due to Lumer [7], in the theory of complex Banach spaces,
is that if T' € B(X), then

(3.15) w(T) < T < 4w (T)
where w (T') := sup, =1 |[I'z, 7]| is the numerical radius of the operator 7" and [, ]
is a s-1-G-s.i.p. that generates the norm ||-||. As shown by Glickfeld, the second

inequality in (3.15) holds with e = exp (1) instead of 4 and e is the best possible
constant.

Now if [-,] is a s-L-G-s.i.p. that generates the norm ||-||, then
(3.16) sup |[z,y]| = ||z| for any z € X.
lyll=1

If x = 0 the equality is obvious. If z # 0, then by Schwarz’s inequality we have
[z, 9]l < l[=][ [ly]| for any y € X.
By taking the supremum in this inequality we have

sup [z, y]| < ||
lyll=1
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On the other hand by taking yo := 73 we have that llyol| = 1 and since
oup [0l 2 ol = | o 25 ]| = B =
lyl|=1 - [z ]

we get the desired equality (3.16).

Proposition 4. Let (X,||-]|) be a complex Banach space and [-,-] a s-L-G-s.i.p.
that generates the norm ||| .

(i) If T € B(X), then

(3.17) 1T = sup [T, y]|;
lel=lyll=1

(ii) If A€ 8. (X), then
(315) 4] = w(4).
Proof. (i) We have by (3.16) that

sup |[Tz,y]| = sup <Sup [Tm,y“) = sup ||T=z| =|T|.
llzl=llyll=1 llzll=1 \llyll=1 llzll=1
(ii) By (3.1) we have
IAIP = sup  |[Az,y]l* < sup  ([Aw,a][Ay.y))
llzll=llyll=1 llzll=llyll=1
= sup ([Az,z]) sup [Ay,y] =w? (A),

llzll=1 llyll=1

namely ||A]| < w (A) . Since the reverse inequality holds for any operator, we obtain

the desired result (3.18). O
Corollary 5. Let X be a smooth uniformly convex Banach space and let [-,] be
the unique semi-inner-product generating the norm ||-|| of X. Assume that A, B €

81,1 (X) with A = B and let T a bounded linear operator on X, then
1
(3.19) |78 < 3 [[A:c,x]l/zwl/z (TAT') + ||TA1:||} ,
for any x € X, where w (TATT) 1= SUP||y|=1 |[TATTy,y]| as in the case of linear
operators.

We also have

(3.20) ITB| < 5 [I1AI"* '/ (TAT") + |74l

N —

and

(3.21) w(TB) <

1
<3 {||A||1/2w1/2 (TAT') +w(TA)} .



12 S.S. DRAGOMIR

Proof. If we take the supremum in the inequality (3.14) then we get by (3.16) that

ITBz| = sup |[TBz,y]l
lyll=1

IN

1 1/2
3 o [[Ae ) [PAT ] T A
y||=1

[Az,2]"? sup [TATy, 4" + sup |[TAz,y]]

llyll=1 llyll=1

1
< — sup
2 y=1

1
=3 [[A:z:,:r]l/2 w'/? (TATY) + HTACC”:|
for any x € X, which proves (3.19).
Now, if we take the supremum in (3.19), then we get
ITB| = sup |TBz|

llzll=1

< 1 sup [[Am,z]l/z w'/? (TATT) + ||TA3:||]

IN

l sup [Ax,x]1/2 w'/? (TAT') + sup ||TAz||

llzll=1 llzll=1

(1A w2 (pAT") + A

since, by (3.18) supj ;=1 [Ax,x]1/2 =w(A)=|A4].
From (3.14) we have for y = z that
1
(3.22) [T Bz, z]| < 3 {[Aav,ac]l/2 [TATT$,$]1/2 + |[TA3:,$]|} )
for any = € X.
Taking the supremum in (3.22) we get

w(TB) = sup |[TBz,z]|

llzll=1
1
< 5 sup [[Ax,x]1/2 [TATTx,x}l/Q + \[TAJ:,J:H]
llzll=1
<~ | sup ([Amw}l/z [TATTx,x]l/z) + sup |[TAz,z]|
Llzll=1 lz||=1
1 1/2 t 1/2
< 3 | sup [Az,2]"/" sup [TAT'z,z] "~ + sup |[TAz,z]|
LI=l=1 llzll=1 llzll=1
1 -
= 5 [Il4I172 w2 (TAT) 4w (TA)} :
which proves (3.21). O

4. THE CASE OF HILBERT SPACES

Let (H,{-,-)) be a complex Hilbert space and e € H with |e]| = 1. If we take
[,-]=(,-) and [-,-], = (-,e) (e,-) then we observe that

(Z’,y)e = [l',y] - [1’7y}e = <£L',y> - <£L',€> <eay>a T,y €< H
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is linear in the first variable and anti-linear in the second and, by Schwarz’s in-
equality in the Hilbert space (H, (-,-)),

(z,2), = [z,2] — [z,2], = |=|> = |(z,e)|> > 0 for any = € H.

Therefore (-,-), is a nonnegative Hermitian from on the complex linear space H
and thus satisfy the Schwarz inequality

(2.).” < (z,2), (y,9). -

Using the terminology introduced above, we then have [-, -] > [-,-]_ and by Corollary
1 we have for any z, y, e € H with ||e|| = 1 that

(4.1) <; Wzl lyll + [, )] = [z, e) <y,e>l> (U lHyll = [z, v)])

2
1 ] [yl
25 det
[z, e)l [y, e)l
In particular, we have
2
o 2 el el
(4.2) =" lyll™ = [{z, )| > |det >0

and the Buzano’s well known inequality

(43) = el sl + 1, 530) > 1) )

for any z, y, e € H with |le]| = 1.
The inequality (4.2) has been obtained in [3].
From Corollary 2 we also have for any z, y, e € H with |le|| =1 that

(4.4) [z, y) — (@, e) (e, y)| < llzll lyll = [(z. €) {e; )],

(4.5) [z, 9)| < (z,y) — (@, €) (e, )| + [(z, €) {e; )| < [[z] [yl

and

(4.6) [(z,€) {e, )| < % [[{z,y) — (z,e) (e;y)| + [{z,€) (e, )| + [z, y)]
1

IN

5 el Iyl + 1€z, )]

The refinement of Schwarz’s inequality (4.5) was obtained in 1985 by the author,
see [1] or [4].

We recall the selfadjoint operator P : H — H is called nonnegative if (Pz,z) > 0
for any z € H. If A, B are nonnegative operators with A > B, namely A — B > 0,
then all inequalities in Theorem 7 hold with the inner product (-,-) instead of the
[-,:] the s-L-G-s.i.p. that generates the norm ||| .

Proposition 5. Let (H,(-,-)) be a complex Hilbert space and A > B > 0. Then for
any T,V € B(H), we have

47)  (TBV*z,y)| < = [(VAV*z,2) > (TAT*y,y)"* + (TAV*z,y)|| ,

N[ =

for any x, y € H.
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We have the vector norm inequality
(4.8) ITBV*z| < % [<VAv*x,x>1/2 |TAT* ||/ + ||TAV*3:H} ,
for any x € H, the operator norm inequality
(4.9) ITBV*|| < 5 [IVAV* /2 [T AT* 2 4 |7 AV
and the numerical radius inequality

1
(4.10) w(TBV") < 5 [||VAV*H1/2 |TAT* |/ +w(TAv*)] .
Proof. The inequality (4.7) follows by (3.14) by replacing x with V*x and using
the properties of the adjoint operator in Hilbert spaces.
The rest follows by (4.7) by a similar approach outlined in the proof of Corollary

5. O
If we take V' = T™ then we get by (4.9) and (4.10) that
1
(4.11) ITBTI| < 5 [ITAT|? |TAT*|? + | T AT
and
1
(4.12) w(TBT) < 5 [||T*AT||1/2 ITAT*||'? + w (TAT)} :

Moreover, if we take A = I and B = C with 0 < C < I, then by (4.9) and (4.10)
we get

* 1 *
(4.13) ITevl < S IVIIITT + 1T V=]
and the numerical radius inequality

* 1 *
(4.14) w(TCV®) < S IVIHTI +w (V]

forany T, V € B(H).
From (4.11) and (4.12) we get

(4.15) irer) < 5 (I + |72]))
and
(1.16) w(TCT) < 5 [IT) +w (1%)]

forany T € B(H).
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