
SOME INEQUALITIES FOR SEMI-INNER PRODUCTS ON
COMPLEX BANACH SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we establish some inequalities for two sub-semi-inner
products [�; �]1 ; [�; �]2 for which [�; �]2 � [�; �]1 that are related to Schwarz�s
inequality. Some applications for particular semi-inner products generated by
an element of norm one in the given Banach spaces as well as for some bounded
operators that satisfy a Schwarz�s type condition are given. Some norm and
numerical radius inequalities for operators acting on smooth uniformly convex
Banach spaces with more sugestive examples in the case of complex Hilbert
spaces are also provided.

1. Introduction

In what follows, we assume that X is a linear space over the real or complex
number �eld K.
The following concept was introduced in 1961 by G. Lumer [7] but the main

properties of it were discovered by J. R. Giles [8], P. L. Papini [14], P. M. Miliµcíc
[10]�[12], I. Roşca [15], B. Nath [13] and others.
In this introductory section we give the de�nition of this concept and point out

the main facts which are derived directly from the de�nition.

De�nition 1. The mapping [�; �] : X�X ! K will be called the semi-inner product
in the sense of Lumer-Giles or L-G-s.i.p., for short, if the following properties are
satis�ed:

(i) [x+ y; z] = [x; z] + [y; z] for all x; y; z 2 X;
(ii) [�x; y] = � [x; y] for all x; y 2 X and � a scalar in K;
(iii) [x; x] � 0 for all x 2 X and [x; x] = 0 implies that x = 0;
(iv) j[x; y]j2 � [x; x] [y; y] for all x; y 2 X;
(v) [x; �y] = �� [x; y] for all x; y 2 X and � a scalar in K.

The following results collects some fundamental facts concerning the connection
between the semi-inner products and norms.

Proposition 1. Let X be a linear space and [�; �] a L-G-s.i.p on X. Then the
following statements are true:

(i) The mapping X 3 x k�k��! [x; x]
1
2 2 R+ is a norm on X;

(ii) For every y 2 X the functional X 3 x fy��! [x; y] 2 K is a continuous lin-
ear functional on X endowed with the norm generated by the L-G-s.i.p.
Moreover, one has the equality kfyk = kyk :
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2 S. S. DRAGOMIR

De�nition 2. The mapping J : X ! 2X
�
, where X� is the dual space of X, given

by:
J (x) := fx� 2 X�j hx�; xi = kx�k kxk ; kx�k = kxkg , x 2 X

will be called the normalised duality mapping of normed linear space (X; k�k).
De�nition 3. A mapping ~J : X ! X� will be called a section of normalised duality
mapping if ~J (x) 2 J (x) for all x in X.
The following theorem due to I. Roşca [15] establishes a natural connection

between the normalised duality mapping and the semi-inner products in the sense
of Lumer-Giles.

Theorem 1. Let (X; k�k) be a normed space. Then every L-G-s.i.p. which gener-
ates the norm k�k is of the form

[x; y] =
D
~J (y) ; x

E
for all x; y in X,

where ~J is a section of the normalised duality mapping.

The following proposition is a natural consequence of Roşca�s result.

Proposition 2. Let (X; k�k) be a normed linear space. Then the following state-
ments are equivalent:

(i) X is smooth;
(ii) There exists a unique L-G-s.i.p. which generates the norm k�k.
Before we can state a remarkable result due to J. R. Giles [8] that contains a

classical characterization of smooth normed spaces, we need the following de�nition.

De�nition 4. A L-G-s.i.p. [�; �] de�ned on the linear space X is said to be contin-
uous [8], if for every x; y 2 X one has the equality:

(1.1) lim
t!0

Re [y; x+ ty] = Re [y; x] :

Now we can state the following well known result [8].

Theorem 2. Let (X; k�k) be a normed linear space and [�; �] a L-G-s.i.p. which
generates the norm k�k. Then [�; �] is continuous if and only if the space X is
smooth.

As shown in [2, p. 22 - p. 23], the condition (1.1) can be relaxed to:
(ii�) The following limit exists:

lim
t!0

Re [y; x+ ty]

for all x; y 2 X.
Another result of this type is embodied in the following theorem [2, p. 23 - p.

24].

Theorem 3. Let (X; k�k) be a normed space and [�; �] a L-G-s.i.p. which generates
the norm k�k. Then the following statements are equivalent:

(i) X is smooth;
(ii) The following limit exists:

(1.2) lim
t!0

Re [x; x+ ty]� kxk2

t
for all x; y 2 X.
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Moreover, if (i) or (ii) hold, then one has the equality

(1.3) lim
t!0

Re [x; x+ ty]� kxk2

t
= Re [y; x]

for all x; y 2 X.

Further on, we will state a result due to Nath [13] containing a characterization
of strictly convex spaces in terms of semi-inner product in Lumer-Giles�sense.

Theorem 4. Let (X; k�k) be a normed linear space and [�; �] a L-G-s.i.p. which
generates its norm. Then the following statements are equivalent:

(i) X is strictly convex;
(ii) For every x; y 2 X, x; y 6= 0 so that [x; y] = kxk kyk there exists a positive

number � with x = �y.

A mapping [�; �] : X�X ! K will be called a sub-semi-inner product in the sense
of Lumer-Giles or s-L-G-s.i.p., for short, if in the De�nition 1 instead of condition
(iii) we have the relaxed condition:

(iii�) [x; x] � 0 for all x 2 X.
We denote by SS(X) the class of all sub-semi-inner products de�ned on the

linear space X:
We can introduce the following order relation amongst the elements of SS(X):

For [�; �]1 ; [�; �]2 2 SS(X); we say that
(1.4) [�; �]2 � [�; �]1 i¤ [�; �]2 � [�; �]1 2 SS(X):
In this paper we establish some inequalities for two sub-semi-inner products

[�; �]1 ; [�; �]2 for which [�; �]2 � [�; �]1 that are related to Schwarz�s inequality. Some
applications for particular semi-inner products generated by an element of norm
one in the given Banach spaces as well as for some bounded operators that satisfy a
Schwarz�s type condition are given. Some norm and numerical radius inequalities for
operators acting on smooth uniformly convex Banach spaces with more suggestive
examples in the case of complex Hilbert spaces are also provided.

2. Inequalities for Semi-Inner Products

We have the following simple fact related to the structure of SS(X):

Proposition 3. SS(X) is a cone in the linear space of all functions de�ned on
X �X:

Proof. We observe that if [�; �] 2 SS(X) and � � 0; then obviously � [�; �] 2 SS(X).
Now, assume that [�; �]1 ; [�; �]2 2 SS(X). In order to prove that [�; �]1 + [�; �]2 2

SS(X); we must only prove that [�; �]1+ [�; �]2 satis�es the Schwarz�s inequality (iv)
in the De�nition 1.
Since [�; �]1 ; [�; �]2 2 SS(X); then for any x; y 2 X we have

j[x; y]1j � [x; x]
1=2
1 [y; y]

1=2
1 and j[x; y]2j � [x; x]

1=2
2 [y; y]

1=2
2 :

If we add these inequalities we get

j[x; y]1j+ j[x; y]2j � [x; x]
1=2
1 [y; y]

1=2
1 + [x; x]

1=2
2 [y; y]

1=2
2

for any x; y 2 X.
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By the triangle inequality for the modulus, we have

j[x; y]1 + [x; y]2j � j[x; y]1j+ j[x; y]2j
for any x; y 2 X.
By the elementary inequality

ab+ cd �
�
a2 + c2

�1=2 �
b2 + d2

�1=2
for a; b; c; d � 0

we have

[x; x]
1=2
1 [y; y]

1=2
1 + [x; x]

1=2
2 [y; y]

1=2
2 � ([x; x]1 + [x; x]2)

1=2
([y; y]1 + [y; y]2)

1=2

for any x; y 2 X.
Therefore

j[x; y]1 + [x; y]2j � ([x; x]1 + [x; x]2)
1=2
([y; y]1 + [y; y]2)

1=2

for any x; y 2 X, which proves that [�; �]1 + [�; �]2 2 SS(X): �
We can state the following result connected with the Schwarz�s inequality:

Theorem 5. Let [�; �]1 ; [�; �]2 2 SS(X) with [�; �]2 � [�; �]1 : Then for any x; y 2 X
we have

kxk22 kyk
2
2 � j[x; y]2j

2
+ kxk21 kyk

2
1 � j[x; y]1j

2 �

24det
0@ kxk1 kyk1

kxk2 kyk2

1A352(2.1)

� 2 (kxk1 kyk1 kxk2 kyk2 � j[x; y]1 [x; y]2j) � 0:
In particular, we have

kxk22 kyk
2
2 � j[x; y]2j

2
+ kxk21 kyk

2
1 � j[x; y]1j

2(2.2)

�

24det
0@ kxk1 kyk1

kxk2 kyk2

1A352 � 0
and

1

2

h
kxk22 kyk

2
2 � j[x; y]2j

2
+ kxk21 kyk

2
1 � j[x; y]1j

2
i

(2.3)

� kxk1 kyk1 kxk2 kyk2 � j[x; y]1 [x; y]2j � 0:

Proof. Since [�; �]2 � [�; �]1 2 SS(X); then by Schwarz�s inequality we have for any
x; y 2 X that

(2.4)
�
kxk22 � kxk

2
1

��
kyk22 � kyk

2
1

�
� j[x; y]2 � [x; y]1j

2
:

Observe that

j[x; y]2 � [x; y]1j
2
= j[x; y]2j

2 � 2Re
h
[x; y]2 [x; y]1

i
+ j[x; y]1j

2

and�
kxk22 � kxk

2
1

��
kyk22 � kyk

2
1

�
= kxk22 kyk

2
2 + kxk

2
1 kyk

2
1 � kxk

2
1 kyk

2
2 � kxk

2
2 kyk

2
1

and by (2.4) we get

kxk22 kyk
2
2 + kxk

2
1 kyk

2
1 � kxk

2
1 kyk

2
2 � kxk

2
2 kyk

2
1

� j[x; y]2j
2 � 2Re

h
[x; y]2 [x; y]1

i
+ j[x; y]1j

2
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for any x; y 2 X, which is equivalent to
kxk22 kyk

2
2 � j[x; y]2j

2
+ kxk21 kyk

2
1 � j[x; y]1j

2(2.5)

� kxk21 kyk
2
2 + kxk

2
2 kyk

2
1 � 2Re

h
[x; y]2 [x; y]1

i
= kxk21 kyk

2
2 + kxk

2
2 kyk

2
1 � 2 kxk1 kyk2 kxk2 kyk1

+ 2 kxk1 kyk2 kxk2 kyk1 � 2Re
h
[x; y]2 [x; y]1

i
= (kxk1 kyk2 � kxk2 kyk1)

2

+ 2
�
kxk1 kyk1 kxk2 kyk2 � Re

h
[x; y]2 [x; y]1

i�
for any x; y 2 X:
By the properties of the modulus we have

Re
h
[x; y]2 [x; y]1

i
�
���Re h[x; y]2 [x; y]1i��� � j[x; y]1j j[x; y]2j

and by (2.5) we get

kxk22 kyk
2
2 � j[x; y]2j

2
+ kxk21 kyk

2
1 � j[x; y]1j

2

� (kxk1 kyk2 � kxk2 kyk1)
2

+ 2 (kxk1 kyk1 kxk2 kyk2 � j[x; y]1j j[x; y]2j)
for any x; y 2 X:
Since by Schwarz�s inequality for each of the sub-semi-inner products we have

kxk1 kyk1 � j[x; y]1j and kxk2 kyk2 � j[x; y]2j ;
then

kxk1 kyk1 kxk2 kyk2 � j[x; y]1j j[x; y]2j � 0;
which proves the last part of (2.1). �
For [�; �] 2 SS(X) and e 2 X; e 6= 0 we consider the functional [�; �]e : X�X ! K

de�ned by
[x; y]e = [x; e] [y; e] for x; y 2 X:

We observe that [�; �]e is linear in the �rst variable, anti-homogeneous in the second
variable and

[x; x]e = j[x; e]j
2 � 0 for any x 2 X:

Also, we have

j[x; y]ej
2
=
���[x; e] [y; e]���2 = j[x; e]j2 j[y; e]j2 = [x; x]e [y; y]e ;

for x; y 2 X; which shows that the Schwarz�s inequality (iv) is veri�ed with equality.
Therefore we conclude that [�; �]e 2 SS(X):

Corollary 1. Let [�; �] 2 SS(X) and e 2 X with the associated norm kek = 1:
Assume that [�; �] � [�; �]e, then for any x; y 2 X we have�

1

2
[kxk kyk+ j[x; y]j]� j[x; e] [y; e]j

�
(kxk kyk � j[x; y]j)(2.6)

� 1

2

24det
0@ kxk kyk

j[x; e]j j[y; e]j

1A352 :
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In particular, we have

(2.7) kxk2 kyk2 � j[x; y]j2 �

24det
0@ kxk kyk

j[x; e]j j[y; e]j

1A352 � 0
and

(2.8)
1

2
[kxk kyk+ j[x; y]j] � j[x; e] [y; e]j

for any x; y 2 X:
Proof. If we write the inequality (2.1) for [�; �]2 = [�; �] and [�; �]1 = [�; �]e ; then we
get

kxk2 kyk2 � j[x; y]j2 � (j[x; e]j kyk � kxk j[y; e]j)2

� 2 j[x; e]j j[y; e]j (kxk kyk � j[x; y]j) � 0;
for any x; y 2 X:
This is equivalent to

kxk2 kyk2 � j[x; y]j2 � 2 j[x; e]j j[y; e]j (kxk kyk � j[x; y]j)
� (j[x; e]j kyk � kxk j[y; e]j)2 ;

which proves the desired result (2.6).
The inequality (2.7) follows by (2.2) for [�; �]2 = [�; �] and [�; �]1 = [�; �]e :
From (2.3) we get for [�; �]2 = [�; �] and [�; �]1 = [�; �]e that

1

2

h
kxk2 kyk2 � j[x; y]j2

i
� j[x; e]j j[y; e]j (kxk kyk � j[x; y]j) � 0;

namely
1

2
[kxk kyk+ j[x; y]j] (kxk kyk � j[x; y]j)

� j[x; e]j j[y; e]j (kxk kyk � j[x; y]j) � 0;
and, since kxk kyk � j[x; y]j � 0; it implies that the inequality (2.8) holds true. �
The following result also holds:

Theorem 6. Let [�; �]1 ; [�; �]2 2 SS(X) with [�; �]2 � [�; �]1 : Then for any x; y 2 X
we have

(2.9) j[x; y]2 � [x; y]1j � kxk2 kyk2 � kxk1 kyk1 :
We also have the re�nement of Schwarz�s inequality

j[x; y]2j � j[x; y]2 � [x; y]1j+ j[x; y]1j(2.10)

� j[x; y]2 � [x; y]1j+ kxk1 kyk1 � kxk2 kyk2
and the inequality

j[x; y]1j �
1

2
[j[x; y]1 � [x; y]2j+ j[x; y]1j+ j[x; y]2j](2.11)

� 1

2
[j[x; y]1 � [x; y]2j+ kxk1 kyk1 + j[x; y]2j]

� 1

2
[kxk2 kyk2 + j[x; y]2j] ;
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for any x; y 2 X:

Proof. We use the following elementary inequality

(2.12)
�
a2 � c2

� �
b2 � d2

�
� (ab� cd)2 ;

that is equivalent to

a2b2 + c2d2 � c2b2 � a2d2 � a2b2 � 2abcd+ c2d2

or to (cb� ad)2 � 0; which holds for any real numbers a; b; c and d:
If we use the inequality (2.12) then we have

(2.13)
�
kxk22 � kxk

2
1

��
kyk22 � kyk

2
1

�
� (kxk2 kyk2 � kxk1 kyk1)

2
;

for any x; y 2 X:
Also by (2.4) we get

(2.14) j[x; y]2 � [x; y]1j
2 �

�
kxk22 � kxk

2
1

��
kyk22 � kyk

2
1

�
for any x; y 2 X:
From (2.13) and (2.14) we then get

(2.15) j[x; y]2 � [x; y]1j
2 � (kxk2 kyk2 � kxk1 kyk1)

2

for any x; y 2 X:
Since [�; �]2 � [�; �]1 it follows that kxk2 � kxk1 and kyk2 � kyk1 which imply

that kxk2 kyk2 � kxk1 kyk1 � 0: By taking the square root in (2.15) we get
j[x; y]2 � [x; y]1j � jkxk2 kyk2 � kxk1 kyk1j = kxk2 kyk2 � kxk1 kyk1 ;

which proves the required result (2.9).
We observe that the �rst inequality (2.10) follows by the triangle inequality

for modulus, the second inequality by Schwarz�s inequality while the third one is
equivalent to (2.9).
From the continuity of modulus we have

j[x; y]1j � j[x; y]2j � jj[x; y]2j � j[x; y]1jj � j[x; y]2 � [x; y]1j ;
which implies that

2 j[x; y]1j � j[x; y]2j � j[x; y]2 � [x; y]1j+ j[x; y]1j
� j[x; y]2 � [x; y]1j+ kxk1 kyk1 � kxk2 kyk2

for any x; y 2 X:
If we add in all terms of this inequality the same quantity j[x; y]2j then we get
2 j[x; y]1j � j[x; y]2 � [x; y]1j+ j[x; y]1j+ j[x; y]2j

� j[x; y]2 � [x; y]1j+ kxk1 kyk1 + j[x; y]2j � kxk2 kyk2 + j[x; y]2j ;

which by division with 2 produces the desired result (2.11). �

Corollary 2. Let [�; �] 2 SS(X) and e 2 X with the associated norm kek = 1:
Assume that [�; �] � [�; �]e, then for any x; y 2 X we have

(2.16)
���[x; y]� [x; e] [y; e]��� � kxk kyk � j[x; e] [y; e]j ;

(2.17) j[x; y]j �
���[x; y]� [x; e] [y; e]���+ j[x; e] [y; e]j � kxk kyk



8 S. S. DRAGOMIR

and

j[x; e] [y; e]j � 1

2

h���[x; y]� [x; e] [y; e]���+ j[x; e] [y; e]j+ j[x; y]ji(2.18)

� 1

2
[kxk kyk+ j[x; y]j] :

3. Inequalities for Schwarz Type Operators

Following [5], on operator A on a complex Banach space (X; k�k) is said to be
Hermitian if [Ax; x] is real for any x 2 H; where [�; �] is a s-L-G-s.i.p. that generates
the norm k�k :

De�nition 5. Let (X; k�k) be a complex Banach space and [�; �] a s-L-G-s.i.p. that
generates the norm k�k : We say that the Hermitian operator A : X ! X is of
Schwarz type related to [�; �] if [Ax; x] � 0 for any x 2 X and

(3.1) j[Ax; y]j2 � [Ax; x] [Ay; y]

for any x; y 2 X: We write that A 2 S[�;�] (X) :

We observe that the Hermitian operator A : X ! X is of Schwarz type related
to [�; �] if and only if the functional [�; �]A : X � X ! C, [x; y]A := [Ax; y] is a
s-L-G-s.i.p. on X:
We observe that the identity operator I is of Schwarz type for any s-L-G-s.i.p.

[�; �] that generates the norm.
We observe that if A; B 2 S[�;�] (X) ; then A+B 2 S[�;�] (X) and �A 2 S[�;�] (X)

for any � � 0: This shows that S[�;�] (X) is a cone in the Banach algebra B (X) of
all bounded linear operators acting on X:
We can de�ne on S[�;�] (X) the following order relation A � B for A; B 2 S[�;�] (X)

if A�B 2 S[�;�] (X) : We observe that for A; B 2 S[�;�] (X), A � B i¤ [�; �]A � [�; �]B
in the sense of the de�nition (1.4).

Theorem 7. Let (X; k�k) be a complex Banach space and [�; �] a s-L-G-s.i.p. that
generates the norm k�k : Assume that A; B 2 S[�;�] (X) with A � B. Then

[Ax; x] [Ay; y]� j[Ax; y]j2 + [Bx; x] [By; y]� j[Bx; y]j2(3.2)

�

24det
0@ [Bx; x]

1=2
[By; y]

1=2

[Ax; x]
1=2

[Ay; y]
1=2

1A352

� 2
�
[Bx; x]

1=2
[By; y]

1=2
[Ax; x]

1=2
[Ay; y]

1=2 � j[Ax; y] [Bx; y]j
�
� 0

for any x; y 2 X:
In particular, we have

[Ax; x] [Ay; y]� j[Ax; y]j2 + [Bx; x] [By; y]� j[Bx; y]j2(3.3)

�

24det
0@ [Bx; x]

1=2
[By; y]

1=2

[Ax; x]
1=2

[Ay; y]
1=2

1A352 � 0
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and
1

2

h
[Ax; x] [Ay; y]� j[Ax; y]j2 + [Bx; x] [By; y]� j[Bx; y]j2

i
(3.4)

� [Bx; x]1=2 [By; y]1=2 [Ax; x]1=2 [Ay; y]1=2 � j[Ax; y] [Bx; y]j � 0:
for any x; y 2 X:
We also have

(3.5) j[Ax�Bx; y]j � [Ax; x]1=2 [Ay; y]1=2 � [Bx; x]1=2 [By; y]1=2

for any x; y 2 X:
Moreover, we have the re�nement of Schwarz�s inequality

j[Ax; y]j � j[Ax�Bx; y]j+ j[Bx; y]j(3.6)

� j[Ax�Bx; y]j+ [Bx; x]1=2 [By; y]1=2 � [Ax; x]1=2 [Ay; y]1=2

and the inequality

j[Bx; y]j � 1

2
[j[Ax�Bx; y]j+ j[Bx; y]j+ j[Ax; y]j](3.7)

� 1

2

h
j[Ax�Bx; y]j+ [Bx; x]1=2 [By; y]1=2 + j[Ax; y]j

i
� 1

2

h
[Ax; x]

1=2
[Ay; y]

1=2
+ j[Ax; y]j

i
;

for any x; y 2 X:

The proof follows by Theorems 5 and 6 for the s-L-G-s.i.p.s [x; y]A := [Ax; y]
and [x; y]B := [Bx; y] ; x; y 2 X which satisfy the condition [�; �]A � [�; �]B :

Corollary 3. Let (X; k�k) be a complex Banach space and [�; �] a s-L-G-s.i.p. that
generates the norm k�k : Assume that A 2 S[�;�] (X) and � > 0 with A � �I. Then

[Ax; x] [Ay; y]� j[Ax; y]j2 + �2
�
kxk2 kyk2 � j[x; y]j2

�
(3.8)

� �

24det
0@ kxk kyk

[Ax; x]
1=2

[Ay; y]
1=2

1A352

� 2�
�
kxk kyk [Ax; x]1=2 [Ay; y]1=2 � j[Ax; y] [x; y]j

�
� 0

for any x; y 2 X:
In particular, we have

[Ax; x] [Ay; y]� j[Ax; y]j2 + �2
�
kxk2 kyk2 � j[x; y]j2

�
(3.9)

� �

24det
0@ kxk kyk

[Ax; x]
1=2

[Ay; y]
1=2

1A352 � 0
and

1

2

h
[Ax; x] [Ay; y]� j[Ax; y]j2 + �2

�
kxk2 kyk2 � j[x; y]j2

�i
(3.10)

� �
�
kxk kyk [Ax; x]1=2 [Ay; y]1=2 � j[Ax; y] [x; y]j

�
� 0:

for any x; y 2 X:
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We also have

(3.11) j[Ax� �x; y]j � [Ax; x]1=2 [Ay; y]1=2 � � kxk kyk
for any x; y 2 X:
Moreover, we have the re�nement of Schwarz�s inequality

j[Ax; y]j � j[Ax� �x; y]j+ � j[x; y]j(3.12)

� j[Ax� �x; y]j+ � kxk kyk � [Ax; x]1=2 [Ay; y]1=2

and the inequality

� j[x; y]j � 1

2
[j[Ax� �x; y]j+ � j[x; y]j+ j[Ax; y]j](3.13)

� 1

2
[j[Ax� �x; y]j+ � kxk kyk+ j[Ax; y]j]

� 1

2

h
[Ax; x]

1=2
[Ay; y]

1=2
+ j[Ax; y]j

i
;

for any x; y 2 X:
Let X be a smooth uniformly convex Banach space and let [�; �] be the unique

semi-inner-product generating the norm k�k of X. If T is a bounded linear operator
on X, namely T 2 B (X) ; then the operator T y mapping X to X is called the
generalized adjoint of T if and only if [Tx; y] =

�
x; T yy

�
for all x and y in X [6].

We shall call T y the generalized adjoint of T . In the case X is a Hilbert space the
generalized adjoint is the usual Hilbert space adjoint. In the above more general
setting this operator is not usually linear.

Corollary 4. Let X be a smooth uniformly convex Banach space and let [�; �] be
the unique semi-inner-product generating the norm k�k of X: Assume that A; B 2
S[�;�] (X) with A � B and let T a bounded linear operator on X; then

(3.14) j[TBx; y]j � 1

2

h
[Ax; x]

1=2 �
TAT yy; y

�1=2
+ j[TAx; y]j

i
;

for any x; y 2 X:
The inequality (3.14) follows from (3.7) by taking T yy instead of y:
A fundamental result due to Lumer [7], in the theory of complex Banach spaces,

is that if T 2 B (X) ; then
(3.15) w (T ) � kTk � 4w (T )
where w (T ) := supkxk=1 j[Tx; x]j is the numerical radius of the operator T and [�; �]
is a s-L-G-s.i.p. that generates the norm k�k : As shown by Glickfeld, the second
inequality in (3.15) holds with e = exp (1) instead of 4 and e is the best possible
constant.
Now if [�; �] is a s-L-G-s.i.p. that generates the norm k�k ; then

(3.16) sup
kyk=1

j[x; y]j = kxk for any x 2 X:

If x = 0 the equality is obvious. If x 6= 0; then by Schwarz�s inequality we have
j[x; y]j � kxk kyk for any y 2 X:

By taking the supremum in this inequality we have

sup
kyk=1

j[x; y]j � kxk :
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On the other hand by taking y0 := x
kxk we have that ky0k = 1 and since

sup
kyk=1

j[x; y]j � j[x; y0]j =
�����x; xkxk

����� = kxk2

kxk = kxk

we get the desired equality (3.16).

Proposition 4. Let (X; k�k) be a complex Banach space and [�; �] a s-L-G-s.i.p.
that generates the norm k�k :

(i) If T 2 B (X) ; then

(3.17) kTk = sup
kxk=kyk=1

j[Tx; y]j ;

(ii) If A 2 S[�;�] (X) ; then

(3.18) kAk = w (A) :

Proof. (i) We have by (3.16) that

sup
kxk=kyk=1

j[Tx; y]j = sup
kxk=1

 
sup
kyk=1

j[Tx; y]j
!
= sup

kxk=1
kTxk = kTk :

(ii) By (3.1) we have

kAk2 = sup
kxk=kyk=1

j[Ax; y]j2 � sup
kxk=kyk=1

([Ax; x] [Ay; y])

= sup
kxk=1

([Ax; x]) sup
kyk=1

[Ay; y] = w2 (A) ;

namely kAk � w (A) : Since the reverse inequality holds for any operator, we obtain
the desired result (3.18). �

Corollary 5. Let X be a smooth uniformly convex Banach space and let [�; �] be
the unique semi-inner-product generating the norm k�k of X: Assume that A; B 2
S[�;�] (X) with A � B and let T a bounded linear operator on X; then

(3.19) kTBxk � 1

2

h
[Ax; x]

1=2
w1=2

�
TAT y

�
+ kTAxk

i
;

for any x 2 X; where w
�
TAT y

�
:= supkyk=1

���TAT yy; y��� as in the case of linear
operators.
We also have

(3.20) kTBk � 1

2

h
kAk1=2 w1=2

�
TAT y

�
+ kTAk

i
and

(3.21) w (TB) � 1

2

h
kAk1=2 w1=2

�
TAT y

�
+ w (TA)

i
:
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Proof. If we take the supremum in the inequality (3.14) then we get by (3.16) that

kTBxk = sup
kyk=1

j[TBx; y]j

� 1

2
sup
kyk=1

h
[Ax; x]

1=2 �
TAT yy; y

�1=2
+ j[TAx; y]j

i
� 1

2
sup
kyk=1

"
[Ax; x]

1=2
sup
kyk=1

�
TAT yy; y

�1=2
+ sup
kyk=1

j[TAx; y]j
#

=
1

2

h
[Ax; x]

1=2
w1=2

�
TAT y

�
+ kTAxk

i
for any x 2 X; which proves (3.19).
Now, if we take the supremum in (3.19), then we get

kTBk = sup
kxk=1

kTBxk

� 1

2
sup
kxk=1

h
[Ax; x]

1=2
w1=2

�
TAT y

�
+ kTAxk

i
� 1

2

"
sup
kxk=1

[Ax; x]
1=2
w1=2

�
TAT y

�
+ sup
kxk=1

kTAxk
#

=
1

2

h
kAk1=2 w1=2

�
TAT y

�
+ kTAk

i
since, by (3.18) supkxk=1 [Ax; x]

1=2
= w (A) = kAk :

From (3.14) we have for y = x that

(3.22) j[TBx; x]j � 1

2

h
[Ax; x]

1=2 �
TAT yx; x

�1=2
+ j[TAx; x]j

i
;

for any x 2 X:
Taking the supremum in (3.22) we get

w (TB) = sup
kxk=1

j[TBx; x]j

� 1

2
sup
kxk=1

h
[Ax; x]

1=2 �
TAT yx; x

�1=2
+ j[TAx; x]j

i
� 1

2

"
sup
kxk=1

�
[Ax; x]

1=2 �
TAT yx; x

�1=2�
+ sup
kxk=1

j[TAx; x]j
#

� 1

2

"
sup
kxk=1

[Ax; x]
1=2

sup
kxk=1

�
TAT yx; x

�1=2
+ sup
kxk=1

j[TAx; x]j
#

=
1

2

h
kAk1=2 w1=2

�
TAT y

�
+ w (TA)

i
;

which proves (3.21). �

4. The Case of Hilbert Spaces

Let (H; h�; �i) be a complex Hilbert space and e 2 H with kek = 1: If we take
[�; �] = h�; �i and [�; �]e = h�; ei he; �i then we observe that

(x; y)e := [x; y]� [x; y]e = hx; yi � hx; ei he; yi ; x, y 2 H
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is linear in the �rst variable and anti-linear in the second and, by Schwarz�s in-
equality in the Hilbert space (H; h�; �i) ;

(x; x)e = [x; x]� [x; x]e = kxk
2 � jhx; eij2 � 0 for any x 2 H:

Therefore (�; �)e is a nonnegative Hermitian from on the complex linear space H
and thus satisfy the Schwarz inequality

j(x; y)ej
2 � (x; x)e (y; y)e :

Using the terminology introduced above, we then have [�; �] � [�; �]e and by Corollary
1 we have for any x; y; e 2 H with kek = 1 that�

1

2
[kxk kyk+ jhx; yij]� jhx; ei hy; eij

�
(kxk kyk � jhx; yij)(4.1)

� 1

2

24det
0@ kxk kyk

jhx; eij jhy; eij

1A352 :
In particular, we have

(4.2) kxk2 kyk2 � jhx; yij2 �

24det
0@ kxk kyk

jhx; eij jhy; eij

1A352 � 0
and the Buzano�s well known inequality

(4.3)
1

2
[kxk kyk+ jhx; yij] � jhx; ei hy; eij

for any x; y; e 2 H with kek = 1:
The inequality (4.2) has been obtained in [3].
From Corollary 2 we also have for any x; y; e 2 H with kek = 1 that

(4.4) jhx; yi � hx; ei he; yij � kxk kyk � jhx; ei he; yij ;

(4.5) jhx; yij � jhx; yi � hx; ei he; yij+ jhx; ei he; yij � kxk kyk ;
and

jhx; ei he; yij � 1

2
[jhx; yi � hx; ei he; yij+ jhx; ei he; yij+ jhx; yij](4.6)

� 1

2
[kxk kyk+ jhx; yij] :

The re�nement of Schwarz�s inequality (4.5) was obtained in 1985 by the author,
see [1] or [4].
We recall the selfadjoint operator P : H ! H is called nonnegative if hPx; xi � 0

for any x 2 H: If A; B are nonnegative operators with A � B; namely A�B � 0;
then all inequalities in Theorem 7 hold with the inner product h�; �i instead of the
[�; �] the s-L-G-s.i.p. that generates the norm k�k :

Proposition 5. Let (H; h�; �i) be a complex Hilbert space and A � B � 0: Then for
any T; V 2 B (H) ; we have

(4.7) jhTBV �x; yij � 1

2

h
hV AV �x; xi1=2 hTAT �y; yi1=2 + jhTAV �x; yij

i
;

for any x; y 2 H:
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We have the vector norm inequality

(4.8) kTBV �xk � 1

2

h
hV AV �x; xi1=2 kTAT �k1=2 + kTAV �xk

i
;

for any x 2 H; the operator norm inequality

(4.9) kTBV �k � 1

2

h
kV AV �k1=2 kTAT �k1=2 + kTAV �k

i
and the numerical radius inequality

(4.10) w (TBV �) � 1

2

h
kV AV �k1=2 kTAT �k1=2 + w (TAV �)

i
:

Proof. The inequality (4.7) follows by (3.14) by replacing x with V �x and using
the properties of the adjoint operator in Hilbert spaces.
The rest follows by (4.7) by a similar approach outlined in the proof of Corollary

5. �
If we take V = T � then we get by (4.9) and (4.10) that

(4.11) kTBTk � 1

2

h
kT �ATk1=2 kTAT �k1=2 + kTATk

i
and

(4.12) w (TBT ) � 1

2

h
kT �ATk1=2 kTAT �k1=2 + w (TAT )

i
:

Moreover, if we take A = I and B = C with 0 � C � I; then by (4.9) and (4.10)
we get

(4.13) kTCV �k � 1

2
[kV k kTk+ kTV �k]

and the numerical radius inequality

(4.14) w (TCV �) � 1

2
[kV k kTk+ w (TV �)] ;

for any T; V 2 B (H) :
From (4.11) and (4.12) we get

(4.15) kTCTk � 1

2

�
kTk2 +



T 2

�
and

(4.16) w (TCT ) � 1

2

h
kTk2 + w

�
T 2
�i
;

for any T 2 B (H) :
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