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SOME FUNCTIONALS ASSOCIATED TO SEMI-INNER
PRODUCTS ON COMPLEX BANACH SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we introduce some functionals that are related to
Schwarz’s inequality for semi-inner products on complex linear spaces and
study their properties such as superadditivity and monotonicity. Applications
for particular semi-inner products generated by an element of norm one in
Banach spaces as well as for some bounded operators that satisfy a Schwarz’s
type condition are given. Some suggestive examples in the case of complex
Hilbert spaces are also provided.

1. INTRODUCTION

In what follows, we assume that X is a linear space over the real or complex
number field K.

The following concept was introduced in 1961 by G. Lumer [8] but the main
properties of it were discovered by J. R. Giles [9], P. L. Papini [15], P. M. Mili¢ié¢
[11]-[13], I. Rosca [16], B. Nath [14] and others, see [2].

In this introductory section we give the definition of this concept and point out
the main facts which are derived directly from the definition.

Definition 1. The mapping [-,-] : X x X — K will be called the semi-inner product
in the sense of Lumer-Giles or L-G-s.i.p., for short, if the following properties are
satisfied:

(i) [x+y,2z] =[x,2] + [y, 2] for all z, y, z € X;

(i) [Az,y] = Az, y| for allz, y € X and X a scalar in K;

(ili) [z,2] >0 for all z € X and [z,x] = 0 implies that x = 0;

(iv) [[,y]]* < [z,] [y, ] for all z, y € X;

V) [=, )\y] = [x Y] for all z, y € X and A a scalar in K.

The following results collects some fundamental facts concerning the connection
between the semi-inner products and norms.

)
)
)
)

Proposition 1. Let X be a linear space and [-,-] a L-G-s.i.p on X. Then the
following statements are true:

(i) The mapping X > gL, [z, x] € Ry is a norm on X;

(ii) For every y € X the functional X > R [z,y] € K is a continuous lin-

ear functional on X endowed with the norm generated by the L-G-s.i.p.
Moreover, one has the equality || f,| = ||yl -
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Definition 2. The mapping J : X — 2%, where X* is the dual space of X, given
by:
J (@) :=A{z" € X[ (", ) = |lz"|[ =], ll=" = [[=[]}, z€ X

will be called the normalised duality mapping of normed linear space (X, ||-||)-

Definition 3. A mapping J: X — X* will be called a section of normalised duality
mapping if J (z) € J (x) for all z in X.

The following theorem due to I. Rogca [16] establishes a natural connection
between the normalised duality mapping and the semi-inner products in the sense
of Lumer-Giles.

Theorem 1. Let (X, |-||) be a normed space. Then every L-G-s.i.p. which gener-
ates the norm ||-|| is of the form

[x,y] = <j(y) ,x> for all z,y in X,
where J is a section of the normalised duality mapping.

The following proposition is a natural consequence of Rosca’s result.

Proposition 2. Let (X, ||-]|) be a normed linear space. Then the following state-
ments are equivalent:

(i) X is smooth;

(ii) There exists a unique L-G-s.i.p. which generates the norm ||-|.

A mapping [, ] : X x X — K will be called a sub-semi-inner product in the sense
of Lumer-Giles or s-L-G-s.i.p., for short, if in the Definition 1 instead of condition
(iii) we have the relaxed condition:

(iii") [z,z] > 0 for all x € X.

We denote by SS(X) the class of all sub-semi-inner products defined on the
linear space X.

We can introduce the following order relation amongst the elements of SS(X).
For [-,-];, [, ], € SS(X), we say that
(L.1) Loy = [y 3 [ely = [0y € SS(X).

In the recent paper [4] we obtained amongst other the following inequalities for

[" ']1’ ['7']2 € SS(X) with ['7']2 = [" ']1

2 2 2 2 2 2
(1.2) )5 [lyllz =z, ylo|™ + 2l vlly — [z, ;|
2
lzlly vl
> | det >0
lzlly Iyl

and the inequality

(1.3) [z, y],] <

for any z, y € X.

Some applications for particular semi-inner products generated by an element of
norm one in the given Banach spaces as well as for some bounded operators that
satisfy a Schwarz’s type condition were given. Some norm and numerical radius
inequalities for operators acting on smooth uniformly convex Banach spaces with

[z [lylly + 12, ylall

DN | =
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more suggestive examples in the case of complex Hilbert spaces were also provided
[4].

In this paper we introduce some functionals that are related to Schwarz’s inequal-
ity for semi-inner products on complex linear spaces and study their properties such
as superadditivity and monotonicity. Applications for particular semi-inner prod-
ucts generated by an element of norm one in Banach spaces as well as for some
bounded operators that satisfy a Schwarz’s type condition are given. Some sugges-
tive examples in the case of complex Hilbert spaces are also provided.

2. SOME PROPERTIES OF MAPPING o

Let us consider the following mapping o : SS(X) x X2 — Ry,

o (b y) = 2] ly, )2 = eyl = 2]yl - [z, ]|

where z, y € X, which is closely related to Schwarz’s inequality (iv) from Definition
1.
The following simple properties of o are obvious:
(s) o(als]i2,y) =ao ([ ]i2,9);
(SS) o ([7 ] 'Y, {L') =0 ([7 ] 3 Ty y) ;
(sss) o ([,];x,y) > 0 (by Schwarz’s inequality);

for any o > 0, [,] € SS(X) and z, y € X.
The following result concerning the functional properties of ¢ as a function de-
pending on the sub-semi-inner product [-, ] € SS(X) :
Theorem 2. The mapping o satisfies the following statements:
(i) For every [-,-], € SS(X) (i = 1,2) one has the inequality
(2.1) o[+ blswy) 2o szy) +o (s lys2,y) 20
forallx, y € X, i.e., the mapping o (+;x,y) is superadditive on SS(X);
(ii) For every [-,-];, [, ]y € SS(X) with [-,-], = [-,]; one has
(2.2) o([slysey) Z2o (s ]y2,y) 20
forall x, y € X, i.e., the mapping o (+;z,y) is nondecreasing on SS(X).

Proof. (i) By the Cauchy-Bunyakovsky-Schwarz inequality for real numbers, we

have
1

(a® +b2)% (*+d*)® >ac+bd; a,b,e,d>0.
Therefore,
AR PRNERY)
= ([, 2]y + [2,215)* ([, w)y + [19)0)* — |l 9], + [, 3|
> [z, 2y ly, oy + [, 20y [y, ly® — N[l — [l
= (()my) +o(()yi20)

for all [,-], € SS(X) (i =1,2) and z, y € X, and the statement is proved.
(ii) Suppose that [-, -], = [-,-]; and define [, ~]2,1 =1,y —[+]; - Then [, ~]271 is
a sub-semi-inner product and thus, by the above property one has,

o (i y) =0 (bl + Boliwy) 2o (boasay) +o (e
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from where we get:

o ([ lpiy) =0 (b hsey) = 0 ([l s2,y) 2 0
and the proof of the theorem is completed. O
Corollary 1. Let [-,-];, [,], € SS(X) and M > m > 0 with M [-,-]; = [-,]5 =

m/-,-];, then
(2.3) Mo ([-]y52,9) 2 0 ([ ]y 29) 2 mo ([ 5 2,y) 2 0.
Remark 1. If we consider the related mapping
or ([ Jsy) = [2,2) 2 [y,9)'"* —Rela,y],
?g?)éz))e can show, as above, that o (;x,y) is superadditive and nondecreasing on

For [-,-] € S§(X) and e € X, e # 0 we consider the functional [-,-], : X x X — K
defined by
[2,y], = [z,€] [y, ] for z, y € X.
We observe that [-, -], is linear in the first variable, anti-homogeneous in the second
variable and
[z,2], = |[z,€]|* > 0 for any z € X.
Also, we have

o9l = |lo el Toel| = Il el o el® = [ 2], ool

for z, y € X, which shows that the Schwarz’ s inequality (iv) is verified with equality.
Therefore we conclude that [-,-], € SS(X). We also observe that

o ([, 2,y) = [z, 2] [y, 9]l ? — |z, y],] = 0

for z, y € X.
Corollary 2. Let [-,-] € SS(X) and e € X, e # 0, then for any x, y € X we have

@ (el +1el?) (Il + e dP) [+ el e
> ol Iyl ~ Iz, > 0.
Proof. From (2.1) for [-,-]; = [-,-] and [, ], = [, ], we have

ol ]+ lleszy) 2o (] y) +o(foyles2,y)
for any z, y € X, which is equivalent to (2.4). |

Corollary 3. Let [-,-] € SS(X) and f € X, ||f|| =1 such that [-,-] = [,"];. Then
for any x, y € X we have

(2:5) el lyll = [z, ]|

> (Jel? =t A1) (hol? = 11w A1) = |f2.00 — e A1 o] = 01
Proof. From (2.1) for [-,-], = [-,-] — [ ']f and [+, -]

[,-]; we have

o (b lswy) 2 o (1] = [olpsay) +o (1 2y)

for any z, y € X, which is equivalent to (2.5). |
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3. SOME PROPERTIES OF MAPPING §

Now consider the following mapping naturally associated to Schwarz’s inequality,
namely § : SS(X) x X2 — Ry,
2 2, 12 2
6 ([ 152, y) = [, 2] [y, o] — |z, ]I = N2l yll” = [, o]
for z, y € X.
It is obvious that the following properties are valid:

(i) d([-,-];z,y) > 0 (Schwarz’s inequality);
(i) o ([ s 2,9) =6 ([, [s9,2);
(iii) & (al,]s2,y) = a®0 ([, ];2,)
forallz, y € X, a>0and [-,-] € S§(X).

Theorem 3. The mapping § satisfies the following statements:
(i) For every [-,-], € SS(X) (i = 1,2) one has the inequality

(31) d ([7 ']1 + ['7 ']2 ; m,y) -0 ([7 ']1 53372/) -0 ([7 ']2 ;x,y)
> (llly lylly, = lly I1yll2)* + 2 (Ully lylly el vl = 1z o)z, )
>0
for all z, y € X, i.e., the mapping 6 (-;x,y) is strongly superadditive on
SS(X);
(i) For every [-,-];, [-,-]y € SS(X) with [-,-]y = [-,-]; one has
(3.2) 6 ([ ]oszy) =0 ([ ]y 2,9)

) 0\ 1/2 ) N 1/2) 2
> ((nxz 11 03) " gty = el (N3 = Nl
9 9 1/2 9 9 1/2
+2 (||y||1 ety (ll2ll3 = 1) (il — lwil?)

- |[9c,y]1| Hmvyb - [xay]lD
>0
for all x, y € X, i.e., the mapping & (-;x,y) is strongly nondecreasing on
SS(X).
Proof. (i) We have by the definition of ¢ that
d ([7 '}1 + ['7 '}2 ;x,y)
= ([‘T7$]1 + [IIZ,SC]Q) ([yay]l + [y,y]Q) - |[$,y]1 + [xay]Q
= [z, 2]y [y, vy + [ 2ly [y, yly + (220 [y, ylo + (2205 (v, 0l

~ 2 yhI* — 2Re ([o. 4], o013 — |l ol
= [o,aly [y oy — 2 s+ Lo, 2l Iy, vl — Il vl
+ [z, 2y [y, yl, + [2, 2]y [y, y], —2Re ([a?,y]l [x,y]g)

| 2

for every [,-], € SS(X) (i=1,2) and z, y € X.
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From this we have the equality of interest

(3-3) S ([l + 1 lasay) =0 ([ s y) =6 ([ a2 )
= |23 Iyl + ll2I1 1913 — 2 Re ([, ], ] )

for every [-,-], € SS(X) (i=1,2) and z, y € X.
Now, observe that
(3.4) Il gl + 2113 113 — 2Re ([2, o), T, )
= [l lyll} + Il ylls = 211zl Nyl il 9l
+2zlly Iyl Nzl yll, — 2Re (L2, o], T, o] )
= (2l 1yl = Il llyll,)?
+2 (Jlally Iyl izl Dyl = Re (2, Fos v )

for every [,-], € SS(X) (i=1,2) and z, y € X.
By the properties of modulus we also have

Re ([o, ), fo,0T,) < [Re (o), ool )| < |[oly ool = il e, ol

which, by the use of the equality (3.4), produces the inequality

2 2 2 2 T 1
lall3 IyIF + ll=1 lyll3 = 2 Re ([, f. ] )
2
> (llzll lylly = 2l Nylo) + 2yl el lall gl = 1f2 o1, e ol2))

and by (3.3) we get the first part of (3.1).
By Schwarz’s inequality for the sub-semi-inner products we have

Iylly llzlly = [z, yly | and lyll; llz(ly = [[2, vl
which by multiplication gives

Iyl Nzlly llllz [lylly = |z, vl [z, vl

for any z, y € X, which proves the last inequality in (3.1).
(ii) If [, -]y =[]y then []y, :==[,-], — [,-]; is a sub-semi-inner product and
if we write the inequality (3.1) for [-,-]; and [, ], ; then we have

5 (L ai,y) =6 (4 dsw,y) = 6 ([ o sey)
> (el ol — Nl ol

+2 (||yH1 Izl Hx||21 ||i‘/||2,1 = |z, 9], ‘[xvy]zl‘)
>0,
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which implies that
5 ([ lps2y) =0 ([ ]y 7w)
> 6 (I D1 wy) + (Il
+2 (||y||1 2/l |zl lly
> (Jle
+2 (||y||1 lll, ||:c||21 ||yH2,1 — [z, 9], ‘[3373/}2,1‘)

for any z, y € X.

ylly = llzlly Ny

2
21)

R NIER7 )

2
oo Il = Nl iyl )

Remark 2. From the inequality (3.1) we have

(35) 0 ([v '}1 + ['a '}2 3Ly y) -6 ([7 ']1 axvy) -0 ([v '}2 3Ly y)
( { lzll, e, ])
> | det >0
lylla Ml
and
(3.6) S+ lasmy) =0 (s lysay) =6 ([ ]y s @, y)
lzlla llylly [z sl ]
> 2det >0
[, y],| lylly NIzl

for any [-,-], € SS(X) (i = 1,2) and for any z, y € X.
If -7y, [ ]y € SS(X) with [, -]y = [,-]; , then by (3.2) we have

(3.7) 0 ([ ]ps2y) = o (s ]y5mw)

1/2
2 2
lally — (Jlal3 — ll21?)

> | det >0

1/2
2 2
oy (w3 = i)

2

and
(38) 6 himy) =5[] wy)
2 2\ /2
oy (213 = 1213) ™l ylz — [o 914
> 2det >0

1/2
[N Iyl (w13 - 91)

for any x, y € X.
In particular, § (;z,y) is monotonic nondecreasing, namely

(3'9) (5([','}2;.13,1/) 2(5([',']1;1‘,3/)
provided that [-,-];, [-,-], € SS(X) with [-,-]y = [,-]; -
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Corollary 4. Let [-,-] € SS(X) and e € X, e # 0, then for any x, y € X we have

310) (el + 1l elP) (1ol + N elP) |90 + [ el el
~ el lgll® + Il o117
( [nx |hﬂ|)2
> | det >0
Iyl el
ol + Ilz,ell”) (Iyll* + Iy €l *) = |29 + [, €] Ty

_2WMNM—H%MDM%4HMH+ GMMy*-th

> 0.

and

(3.11)

2

/N

The proof follows (3.5) and (3.6) for the sub-semi-inner products [-,-], = [, ]
and [, ']1 =, ']e'
Corollary 5. Let [-,-] € SS(X) and f € X, ||f|| =1 such that [-,-] = [,"];. Then
for any x, y € X we have
2

el (el 1 1R)
(312) ol Iyl ~ e > | det >0

[T (T

and

(313) el lyl* = Il y)I* = 21[w, 1/ [y, /]

o T R (7 i R ¥ B i | Y

for any x, y € X.

We also have:
Corollary 6. Let [-,-];, [,], € SS(X) and M > m > 0 with M [-,-]; = [-,]5 =
m/[-,-];, then
(314) M25 ([7 ']1 ;LC,@/) >0 ([7 ']2 ;x,y) > m25 ([7 ']1 ;x,y) > 0.
Proof. From (3.9) we have that

3 ([ ps,y) = 6 (m s ]ysay) =m?8 ([ 2,y)
and the corresponding inequality for M, which proves (3.14). O
4. SOME PROPERTIES OF MAPPING f3

The following mapping associated to Schwarz’s inequality can also be considered

B:S8S(X) x X2 - Ry,
2 112 2\ /2
B Tswy) = (Il gl = Il sl?) = 0" (1 Js2y)

for z, y € X.
It is obvious that the following properties are valid:
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(i) B([]s2y) =05
(i) B([]szy) =B, ]y, 2);
forallz, y € X, a>0and [-,-] € S§(X).

Theorem 4. For every [, -], € SS(X) (i =1,2) one has the inequality
(4.1) B2 ([ + [ las2y)
> (8L s y) + By y)

2
+ (l2lly il = llzlly [lyllo)
+2(lzlly lylly izl Nylly = 1z, vl s yla])

1/2
=2 (N2l Il tiw, ) (e} sll3 — Il 91, 7)

for any x, y € X.
In particular, we have

(42) 62 ([7 ']1 + ['a ']2 ;iE,y) > [5 ([7 ']1 axay) + ﬁ([? ']2 ;xay)]Q
+ (lzlly Iyl = Nzl llylly)?

1/2

and

(4.3) B2 ([ + [ das )
> B[ )y s2y) + B sz y)
+2(zlly lylly =l ylly = Iz, 1] 2, ylal)

2 2 2 1/2 2 2 2 1/2
=2 (N2l Iyl — llw, ) (e} sll3 = Il 91, )

for any x, y € X.
Proof. We have
(4.4) B2y + [ dai e y) = B (s 2,9) + B ([ g 2 0)
= 62 ([a ']1 + ['a ']2 ) x?y) - ﬂ2 ([7 '}1 3Ly y) - ﬁ2 ([a ']2 ;x7y)2
=28([ )52 y) B ([ ] ,y)
=0 ([l +llasizy) =6 ([ s ey) =0 ([ a2, 9)
2 (el ol ~ 1o, ) (el 2~ i)

for any z, y € X.
Using the inequality (3.1) we then have

@5) 80 i) =80 o) =300
2 (el 1~ ) (el o — iz, )
> (el I, - uw|wmf+ (el ol el Tl — 1.l 1. 33,1
~2 (el 1ol — liza?) (el 2~ o)

for any z, y € X.
By using (4.4) and (4.5) we get (4.1).
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By utilising the elementary inequality for real numbers a, b, ¢, d
(a®> — ) (¢ — d?) < (ac — bd)?

we get

(4.6) (h1 3 = 1w o1, 7) (hel3 o3 = Vs, )

2
< (2l Nyl llliy lly = Vs yly [z, yla])
for any z, y € X.
Since by Schwarz’s inequality we have
2 112 2 2112 2
3 lylly = 1l gl 75 l2lz vl = [z, v];]
and

[l [yl 12l lylla =V, yly iz ylaf
then by (4.6) we get

2 12 2\1/2 2012 2\1/2
(4.7) (e hyl =t o) (2l il = 1o o), )
< llzlly Iyl Nzl Dl = 1o o], 1,

for any z, y € X.
Now, by using (4.1) and (4.7) we get (4.2). The rest follows from these inequal-
ities. g

Corollary 7. For any z, y € X the mapping 5 (-;x,y) is superadditive, namely
(4.8) B+ [laszy) 2B s e y) + B s 2,y)
for any [-,-], € SS(X) (1 =1,2).

For all x, y € X the mapping B (-;xz,y) is nondecreasing on SS(X).

Proof. From (4.2) we have for any [, -], € SS(X) (i = 1,2) that

62 ([7 ']1 + ['a ']2 ;x,y)

i

B sy + B[ dp 2]
(Ul llylh, = N2l lyllo)?

B[ i 2y) + B[ L2y
for any z, y € X, and by taking the square root we get (4.2).

The fact that the mapping 3 (+; z, y) is nondecreasing on SS(X) follows as above.
O

|V+

5. INEQUALITIES FOR SCHWARZ TYPE OPERATORS

Following [6], on operator A on a complex Banach space (X, |-||) is said to be
Hermitian if [Az, z] is real for any « € X, where [+, ] is a s-L-G-s.i.p. that generates
the norm ||| .

Definition 4. Let (X, ||-||) be a complex Banach space and [-,-] a s-L-G-s.i.p. that

generates the norm ||-||. We say that the Hermitian operator A : X — X is of
Schwarz type related to [-,-] if [Az,z] > 0 for any x € X and
(5.1) [Az,y]|* < [Az, 2] [Ay,y]

for any x, y € X. We write that A € S| ;(X).
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We observe that the Hermitian operator A : X — X is of Schwarz type related
to [-,+] if and only if the functional [-,-], : X x X — C, [z,y], = [Az,y] is a
s-L-G-s.i.p. on X. Also notice that the identity operator I is of Schwarz type for
any s-L-G-s.i.p. [, -] that generates the norm.

We observe that if A, B € S j(X), then A+ B € S (X) and a4 € S} ) (X)
for any @ > 0. This shows that S[. . (X) is a cone in the Banach algebra B (X) of
all bounded linear operators acting on X.

We can define on Sj. ) (X) the following order relation A = B for A, B € S}. ) (X)
if A—B € S 1(X). We observe that for A, B € S j(X), A= Biff [-,-], = [,
in the sense of the definition (1.1).

Proposition 3. If A, B € S| (X), then
(52)  [(A+B)z,2]'*[(A+B)y,y"* — [[(A+ B)z,y|
> [Az,2)"? [Ay,y)"? — |[Az,y]| + [Bx,2]"* [By,y]"/* — |[Bz,y]| > 0

for any x,y € X.
If A, B € 8. )(X) with MB = A = mB for some positive numbers M > m,
then

(5.3) M [[Ba,a]'/? [By,y]"” ~ 1Bz,

> [Az,2]'* [Ay, 5]/ — |[Az, ]

> m |[Ba,a]'/? [By,y]"* — |[Ba,yll] = 0
for any x,y € X.

The proof follows by (2.1) and (2.3) written for the sub-semi-inner products [-, -] ,
and [-,-] 5.

Proposition 4. If A, B € S ;(X), then
(5.4) [(A+ B)z,2][(A+ B)y,y] — |[(A+ B)z,y]|*
> [Aw,a] [Ay,y] - |[Az,y)|* + [Bw, 2] [By,y] — |[Bz,y]|”

( Az, 2]"/? [Bx,x}“])?
+ | det

[Ay,y]'/? [By,y]'?

and
(5.5) [(A+ B)z,a][(A+ B)y,y] — [[(A+ B) z,y)|*
> [Az, ] [Ay,y] — |[Az,y]* + [Bz, ] [By,y] — |[Bx,y)|*
Bz, 2] [By,y'?  |[Az,y]] ]
+ 2det
Bz, ]| [Az, 2]/ [Ay, )"/

for any x,y € X.
In particular,

(5.6) [(A+ B)z,2] [(A+ B)y,y] - |[(A+ B) z,y]|°
> [Az, 2] [Ay,y] — [[Az,y]|> + [Bz, 2] [By,y] — |[Bz,y]”
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for any x,y € X.

The proof follows by (3.5) and (3.6) written for the sub-semi-inner products [-, -] ,
and ['7 ']B :
By making use of (3.14) we also have:

Proposition 5. If A, B € S| (X) with MB = A = mB for some positive numbers
M > m, then

(5.7)  M?*|[Bx,2][By,y] - |[Bw,y]|2} > [Az, 2] [Ay, y] - |[A=z,y][*
> m? [[Ba,a] [By,y] - [[Ba,y]*| = 0
for any x,y € X.
Finally, on making use of Corollary 7 we have:
Proposition 6. If A, B € S;. 1 (X), then

65 ((A+Baal A+ Byl - [(A+Baey)?)

> (1A2,2] (Ay.y] — [Az.9]?) "+ ([Be.x) By.y] - [Ba.u)?)

for any x,y € X.

6. THE CASE OF HILBERT SPACES

Let (H,(-,-)) be a complex Hilbert space and e € H with ||| = 1. If we take
[,-]=(,-) and [-,-], = (-,€) (e, ) then we observe that

(xay)e = [l‘,y] - [%,y}e = <$,y> - <£C,€> (e,y), T,y € H

is linear in the first variable and anti-linear in the second and, by Schwarz’s in-
equality in the Hilbert space (H, (-,-)),

(2,2), = [e,2] - [a,2], = ||e|* — |(,€)|* > 0 for any = € H

Therefore (-,-), is a nonnegative Hermitian from on the complex linear space H
and thus satisfy the Schwarz inequality

2
l(z,9).|” < (z,2), (y,y), for any z,y € H.

Using the terminology introduced above, we then have [+, -] > [-,-]_ and by Corollary
2 and 2 we get

61 (el + 1@ al) " (o + 1w P) " = ) + o) (e
> Yo 1yl — Iz )

> (Jel? ~ V. P) " (1 = w.P) " = lw.0) — (w.0) (o)

>0

for any z, y € H.
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Using Corollary 4 we also have

62) (2l + 1@ o) (vl + 1w e)*) = (@, y) + (. €) (e )
~ ol Iyl + Iz, )

el el T\
> | det >0
lyll - [y e)l
and
(6.3) (mn+|xw)(mw+u%wﬁ—umw+@mﬂawﬁ

2 2(llzl iyl = [z, »))) {|<w,e> [y, &)l + 5 (IICEH Iyl + [¢z, y))}
> 07

for any z, y € H.
From Corollary 5 we have (see also [3])

o 2 ol (lal? - aP)
(©6.4) J2l* Iyl — 1@, 9 > | det >0
9 9 1/2
el (Il = 1))

2

and

6.5) [lzl* llyll* = [(z, ) [* = 2[(z, e)] [(y, €)|

(et = )™ (11 = ) = L) = e ] 20

for any z, y € H.

We recall the selfadjoint operator P : H — H is called nonnegative if (Px,z) > 0
for any z € H. If A, B are nonnegative operators with A > B, namely A — B > 0,
then all inequalities in previous section hold with the inner product (-, -) instead of
the [, ] the s-L-G-s.i.p. that generates the norm ||-|| and A, B > 0. The details are
omitted.
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