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Abstract

By the use of two h-convex mappings H, and F,, some results
and refinements related to the h-convex version of Fejér inequality
are established. Also some applications for obtained inequalities in
connection with Beta function of Euler are given. !

1 Introduction

The following integral inequalities

f(“*b)/ dx</ o dw<W/abg(x)da:, (1)

where f : [a,b] — R is convex and ¢ : [a,b] — [0,+0c0) is integrable and

symmetric to x = “T’Lb<g(a:) = gla+b—2x),Vz € [a, b]), known in the
literature as Fejér inequality, has been proved in 1906 by L. Fejér [3].

In 2006, the concept of h-convex functions related to the nonnegative
real functions has been introduced in [16] by S. Varosanec, although it was
not a complete generalization of the concept of convexity. The class of h-
convex functions is including a large class of nonnegative functions such
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as nonnegative convex functions, Godunova-Levin functions [J], s-convex
functions in the second sense [2] and P-functions [7].

Definition 1.1. [/6] Let h : [0,1] — R™T be a function such that h £ 0. We
say that f : I — R is a h-convex function, if for all z,y € I , X € [0,1] we
have

fz+ (1= Ny) <h(N)f(@) +h(1 =) f(y). (2)
Also the function h is said to be supermultiplicative if
h(zy) > h(z)h(y),
for all z,y €[0,1] .

The Fejér inequality related to h-convex functions has been introduced
in [1] by M. Bombardelli et al. as the following without the assumption that
h is nonnegative.

Theorem 1.1. Let f : [a,b] — R be h-conver, w : [a,b] - R, w > 0,
symmetric with respect to aT“’ with nonzero integral . Then

L f(a;b) /abw(t)dtg/abf(t)w(t)dt (3)
1

2h(3)

< (b—a)[f(a) + f(b)]/ h(t)w(ta + (1 —t)b)dt.
0
For other inequalities in connection to Fejér inequality see [1,6, 10,11,
—15] and references therein.

In this paper, by the use of two h-convex mappings H, (4) and Fy (13),
we establish some inequalities and refinements related to the left part of (3).
Also some applications for obtained results in connection with Beta function
of Euler are given.

2 Main Results

2.1 The mapping H,
The mapping Hy : [0,1] — R defined by

0= [ bf(tu+<1—t>“§b)g<u>du, @




has been introduced in [(] and some basic properties and applications re-
lated to the Fejér inequality in convex version have been obtained where
symmetric function g enjoyed the density property on [a, b], i.e.

/abg(u)du =1.

This mapping reduces to H(t) in the classical case if we consider g(u) = ;=
(see [3]).

The following theorem is h-convex version of Theorem 84 in [(] without
density condition for g.

Theorem 2.1. If f : [a,b] — R is a h-convex function with h(1) > 0 and
g :[a,b] = [0,00) is a symmetric function, then:

(i) Hy is h-convez on [0, 1].

(ii) Fort =0 and t =1,

Hg(O):f<a—2|_b>/abg(u)du and  Hy(1)= | flu)g(uw)du.

(iii) For anyt € (0,1],

and for any t € (0,1),

b
Hy(t) < [n0) + 21k~ 0)] [ Flug(wdu. (6)

(iv) There exist bounds,

inf Hgy(t) > min{

t€[0,1] 2h(3)’

and

sup Hy(t) < max { sup [h(t) +2h(3)h(1 ~1)],1}H, ().
t€[0,1] t€[0,1) 2

(v) If h is nonnegative and supermultiplicative, then for any 0 < t; <t9 <1
with h(t2) # 0 we have
H, (1) < ol (1),

2h(2)h(ta—t1)+h(t1)
h(tg) .

where o =



Proof. (i) It follows from h-convexity of f that

Hy(aty + pta) = /bf<[at1 + ﬂtg]u + [1 — oty — ,Btg] at b)g(u)du
:/abf<a[t1u+(1—t1)“;b} +B[t2u+(1—t2)a;ng(u)du

a+b

<ate) [ (-5 ot

a+b

b
wh) [ f<t2u+(1—t2) )g<u>du—h< VE (1) + h(B)Hy(t2).

provided that a + 8 = 1.

(ii) It is obvious.

(iii) For inequality (5), consider the change of variable x = tu + (1 —t)%?
(t>0)in (4). Then

H=1 [ s f<x>g(““_w)dx, 7)

13 a+(17t)aT+b 13

a+b

where (tb+ (1 —t)%) — (ta+ (1 —t)aTer)
b—a |

On the other hand since g is symmetric to

a+b (ta+(1—t)“7“’)+(tb+(1—t)a7+b)
2 2 )

t =

‘”‘b and

then g remains symmetric on interval [ta + (1 — )%, b+ (1 — ) 2] and
so from Theorem 5 in [!] we have

1 f<a+b> /tbﬂl—t)“? <x+(t—1>§>d
— 2 )dx
2h(3) 2 tat(1—t)att I t

1 ta+ (1 — )42 +tb+ (1 — t)f?
~ap( 2 )
tab

/ +(1-t) o3 <x+(t—1);>dx
ta+(1—t)2Ft t

a+b
/ s )9(@_1);)@.
tat(1— t)a+b t




The relations (7) and (8) imply that

H,(t) > 1 f a+b 1/tb+(1t)ﬂ2+b :U—I—(t—l)“Ter . )
e Qh(%) 2 t Jta+(1—t) 2 I t .

_qya+b
Now using the change of variable u = D% (9) we get desired

t
inequality:

1 a+b b
>l —= :
1)z g0 (550) [ atwan
The case that ¢t = 1, follows from inequality
1 a+b
u)du <
2h<;>f< >/ u / flu

obtained from Theorem 5 in [1].
For inequality (6), using the h-convexity of f we have

) < h(t /f du+h(1—t)f<a;—b> /:g(u)du. (10)

Now from Theorem 5 in [I] and inequality (10) we get

/f w)du + h(1 — t)2h(= /f

- [h(t) + h(1 —t)2h(§) / f(u)g(u)du

(iv) It is a consequence of (iii).
(v) According to Proposition 16 in [16], assertions (i) and (ii7), if we Con-
sider 0 < t; < t2 < 1 and h(ta2) # 0 then

h(ta)Hy(t1) < h(ta — t1)Hy(0) + h(t1)Hgy(t2)
< h()hts — 1) Hy(t2) + h(tr) Hyt2)
= [20(3)hlts — 1) + (1) Hy(12).

Then
2h(3)h(ts —t1) + h(t1)

h(t2)

Hy(t) < Hy(tz).



If in Theorem 2.1, we consider h(t) =t and g(u) = 3= for a < b we
recapture the following result.

Corollary 2.1. (Theorem 71 in [0])(see also [3,5])
For a given convex mapping f : [a,b] — R, let H : [0,1] — R be defined by

b
H(t) = bia/ f<tu+(1—t)a;b>du.
Then

(i) H is convex on [0, 1].
(ii) One has the bounds:

. a+b
dnt H(t) = H(0) = 1(%57);

and

b
sup H(t) = H(1) = — a/ F(u)du.

te(0,1] b—

(iii) H increases monotonically on [0, 1].
Corollary 2.2. In Theorem 2.1, for 0 < a < b consider

flw)y=u", re(—oo,—1)U(=1,0]U[L,00);
h(t) =t5, s<1;
g=1

From Ezample 7 in [10], f is h-convex and then from inequalities (5) and

(6) we have

231(&—2|—b>r(b_a) "
< i 5 <(1 - t)a—; (1 +t)b>r+1 ) <(1 +t)a _; (1- t)b>r+1]
< " 201 - 1)) (W)

for allt € (0,1]. In more special case if we consider

f

) =u", re [1700);'
i,

o >
=<
Tl



then we get the following inequalities obtained in [5].

(%) 0-a (12
1

sl () - ()

br+1 _ ar+1

<
- r+1
for all t € (0,1].

Remark 1. Assertion (iii) in Theorem 2.1 can be stated as

)

1
@Hg(o) < Hy(t) < [h(t) + 2h(5)h(1 — )] Hy (1)
2
for all t € (0,1) which gives a refinement for the left part of (3). Also
assertions (i) and (iii) of Theorem 2.1 together give generalized form of
Theorem 12 in [106] for t € (0,1) in general case.

2.2 The mapping F|

Now we consider the second mapping Fy, : [0, 1] — R given by

b b
—/ / f(ta:—i—(l—t)y)g(x)g(y)dxd% (13)

which has been introduced in [0], where the function g assumed to be sym-
metric to “+b with density property on [a,b]. Clearly, it reduces to F' in the
classical case when g(u) = 7L (see [5]). The following theorem involved
some results related to the mapping Fy when f is h-convex without density

property for g.

Theorem 2.2. If f : [a,b] — R is h-convez with h(3) > 0 and g : [a,b] —
[0,00) a symmetric function, then

(i) Fy is h-convex on [0, 1].

(ii) For any t € [0,1] we have

Fy(t) = Fy(1 = 1).

Fy(0 / / fly x)dxdy
/ / fla y)dady.

Specially



(iii) For anyt € (0,1),

1 1
20y () < Fol0) < () + (1 = 0] £,(0) (14
= [h(t) + k(1 = O] F,(1).

Also fort =0 and t =1,

(iv) For any t € [0, 1],

2ht;)f<a ; b) /ab /abg(x)g(y)dwdy < Fy(t). (15)

(v) If g has density property, then for any t € [0, 1]

F,(t) > Inax{Hg(t),Hg(l - t)}. (16)

2h(3)

(vi) There exist bounds,

and

sup Fy(t) < max{ sup [h(t) + h(1 —1)], 1}Fg(1)
t€[0,1] t€(0,1)

= max{ sup [h(t) + h(1 —1)], 1}Fg(0).
te(0,1)

Proof. (i) It follows from h-convexity of f.
(ii) It is obvious.
(iii) For any x,y € [a,b] and ¢ € (0,1) we have

e

< h(%) [f(tx + (1= t)y) + fty+ (1 — t)x)]

8



Multiplication by g(x)g(y) and integration over [a,b] X [a, b] we get

// <m+y) @)g(y)dedy < h(3 // f(tz + (1 = t)y)g(x)g(y)dady

) [ [ s+ 0 v2)gttay = 21 R0

which proves the left side of (14).
For the right side of (14), using the h-convexity of f we have

0= [ [ PO 410 05wy a9
— [h(t) + A(L — ) / / F@)g(y)g(x)dady = [h(t) + h(1 — £)]F,(0)
= [h(t) + h(1 = t)]F,

(iv) For any ¢ € (0,1] and constant y € [a, b] define the function

b
FY(t) = / Fltx + (1 — t)y)gla)da.

Using the change of variable u = tx + (1 — t)y we obtain

1 th+(1—t)y t—1
Ro-; [ f(U)g<u+()y>dw (19)
t ta+(1—t)y t
Since ¢ is symmetric to aTH’, then it remains symmetric on interval [ta +
(1 —1t)y,tb+ (1 — t)y] and so from Theorem 5 in [1] we have
1 tb+(1—t)y+ta+(1—t)y>
FY(t) > 20
Y02 g ' (20)

tb+(1—t)y _
t ta+(1—t)y t

u+(tt71)y in (

F(t) > ;Uf(gb) / " @) (21)

Multiplying (21) by ¢(y) and then integrating over [a,b] with respect to v,
we obtain

Fy(t) = /:Fg<t>g<y>dy> (U / / y)dady,

l
2h(3)

Using the change of variable x = 20), for any y € [a, b] we have




for any ¢ € (0, 1].
For ¢ = 0, using Theorem 5 in [1] we can obtain that

//f dxdy—/ /f o)z
_thé a—l—b // y)ddy,

(v) From density of g, for any ¢ € (0,1] we have

1 tb+(1—t)y -1 b
/ g(w>du = / g(z)dr = 1.
t ta+(1—t)y t a

So from inequality (20) we get

b
/ / Fltz+ (1= t)y)g(e)g(y)dedy = / FY(t)g(y)dy

a+b 1
22h(2)/a f<t 5 +(1—t)y>g(y)dy= Hy(t).

In the case that ¢ = 0 we have

/ / fly y)dzdy = bf(y)g(y)dy

> 2h(§)/a f(a;b)/a 9(y)dy = 2hé)Hg(O)-

Also it is not hard to see that Fy(t) is symmetric to ¢t = 3. So from assertion
(74) we obtain

Fy(t) > —

> o max{Hg(t),Hg(l—t)}.

N[ =
N—

(vi) It immediately follows from relation (14).
0

If in Theorem 2.2, we consider h(t) = ¢ and g(u) = 7L for a < b we
recapture the following result.

Corollary 2.3. (Theorem 74 in [0])(see also [3,/])
Let f : [a,b] = R be a convez function and F :[0,1] — R,

b b
F(t) = (b—la)Q/a /a f(tz + (1 —t)y)dady.

10



Then
(i) F is convex on [0, 1].
(ii) For any t € [0,1] we have

F(t) = F(1—1).

(iii) The following inequality holds:

(50 =

(iv) For any t € [0, 1],

(v) We have the bounds:,

and

b
sup F(t) = F(0) = F(1) = — /f(:z:)dx.

t€[0,1] b—a

Remark 2. Assertions (i) — (iii) and (v) in Theorem 2.2 together, give
generalized form of Theorem 14 and Remark 15 in [10] for t € [0,1] in
general case.

Corollary 2.4. In Theorem 2.2, for 0 < a < b consider
fu)=u", re(—o00,—2)U(=2,—-1)U(-1,0]U[1,00);

h(t)=1t%, s€(0,1);

Then

28—1(“;[’)’“@ —a)? (22)
1

T CES V(=)

[bT” — (th+ (1 —t)a)" " = (ta+ (1 —1)b) "> + o’ +2

X

br+1 _ ar+1

r+1

IA

[t*+ (1 —)°](b—a)

9

11



for allt € (0,1). In (22), if we consider h(t) =t, then we get

(5 0o
1

T CESCE)
X [br” —(th+ (1 =1)a) " = (ta+ (1 —t)b)" ™ + a’””}

br+1 _ ar+1

r+1

<(b-a)

for all t € (0,1]. Furthermore in point t = % we have

a—+ b\ 2 4 +2 a+b\"" +2
_ <— T _2 s
(5) e-a (T+1)(r+2)[b 2 T
b?”-l—l_ r+1
<(b-a)——,
r+1

which was obtained in [7].

3 Applications for the Beta Function

In this section as an application we find some relations between the
results obtained in Theorem 2.1 and Theorem 2.2 and the Beta function of
Euler. Consider the Beta function of Euler, that is,

1
B(p,q) :—/ 71—t tat, pog> 1,
0

and
Hg(t,p) —/ (tu+ T> uP™H (1 — w)Pdu,
0

where ¢ € [0,1],p > —1,7 > 1. Also for all ¢t € [0, 1] define the following

functions .
f)y=(tu+5H",  r>1u>0;

h(t) = t, k<1,
g(t) =1 -t~ p> -1

12



According to Example 7 in [16], the function f is h-convex. Also the function
g is symmetric to t = % Then From Theorem 2.1, the function Hj(.,p) is
h-convex on [0, 1] and

) [
< [tk + 2(%)’%1 - t)k] /Olufup—lu — w1,
which implies that
25" B(p,p) < Hp(t,p) < [t’“ +2'7F =) B(r +p,p),  (23)
for all t € [0,1],7 > 1,k <1 and p > —1.

Now define the function

1 1
Fi(t,p) = / / (b + (1 — £)y) 2P~ y? (1 — 2P~ (1 — )P \dady,

(24)
where t € [0,1],7 > 1 and p > —1 (also see [7]).
With assumptions
ft) = (tz: +(1- t)y)r, r>1,x,y>0;
h(t) = t*, k<1
gty =t 11—t~ p> -1,
for all ¢t € [0, 1], From Example 7 in [1(], the function f is h-convex. There-

fore from Theorem 2.2, the function F(.,p) is h-convex on [0, 1] and sym-
metric to t = % Also we have the following inequalities:

1
// x+y 2P LyP (1 — 2)P (1 — y)P Ndady < Fj(t,p)

IN

2Py P 1 — )P — )P dady

Lty (1 —2)P (1 = y)P~ ' dady,



which implies that
2 B2 (p,p) < Fp(t,p) < [tk +(1- t)k}B(T +p,9)B(p,p),  (25)
for all t € [0,1],7 > 1,k <1 and p > —1.

Furthermore since we have

1
1
tP(1 — )P~ Ldt =1,
/oB(p,p) (-1

then if we consider g(t) = mﬁ’ (1 — )P, from inequality (16) we get

Fp(t,p) = 25 max { Hp(t,p), Hp(1 — t,p) } B*(p,p).

Remark 3. Inequality (23) reduces to the convex version obtained in [0], if
we consider k =1,

27"B(p,p) < Hp(t,p) < B(r +p,p),

forallt€[0,1] ,p>—1,r > 1.

Also the convex version of inequality (25) can be stated as the following.

27" B%(p,p) < Fj(t,p) < B(r +p,p)B(p,p),

forallt€[0,1] ,p>—1,r > 1.

Furthermore we have
Fi(t,p) = max { H (¢, ), Hy (1~ t,p) } BX(p,p),

forallt€[0,1] ,p>—1,r > 1.
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