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CHOI-DAVIS-JENSEN’S TYPE TRACE INEQUALITIES FOR
CONVEX FUNCTIONS OF SELF-ADJOINT OPERATORS IN
HILBERT SPACES

H. JAFARMANESH, T. L. SHATERI AND S. S. DRAGOMIR

ABSTRACT. Some Choi-Davis-Jensen’s type trace inequalities for convex func-
tions of self-adjoint operators in Hilbert spaces are proved. Applications for

some convex functions are also given.

1. INTRODUCTION AND PRELIMINARIES

Let B(H) stand for the algebra of all bounded linear operators on a complex
Hilbert space (H, (-,-)) and {e;};c; an orthonormal basis of H.

For self-adjoint operators A, B € B(H) the order relation A < B means that
(Az,z) < (Bz,z) (x € H). In particular, if 0 < A, then A is called positive.
If a positive operator A is invertible, then we say that it is strictly positive and
write 0 < A. Every positive operator B has a unique positive square root B %, in
particular, the absolute value of A € B(H) is defined to be |A| = (A*A)2.

Let A be a self-adjoint linear operator on a complex Hilbert space (H, (-,-)). The
Gelfand map establishes a *-isometrically isomorphism ¥ between the set C'(Sp(A))
of all continuous functions defined on the spectrum of A, denoted by Sp(A), and
the C*-algebra C*(A) generated by A and the identity operator 13, on H as follows:
For any f,g € C(Sp(4)) and any «, 8 € C we have

(i) ¥(af +Bg) = a¥(f) + B¥(g);
(i) W(fg) =W(f)¥(g) and W(f) = W(f)";
(i) [N =I1111= sup [f(D)];

teSp(A)

(iv) ¥(fo)=1g and ¥(f1)=A where fo(t)=1 and fi(t)=t¢, for ¢t € Sp(A).
With this notation we define

fay=w(p),  (fec(sna))

and we call it the continuous functional calculus for a self-adjoint operator A. If
A is a self-adjoint operator and f is a real valued continuous function on Sp(A),
then f(t) > 0 for any ¢ € Sp(A) implies that f(A) > 0, a.e. f(A) is a positive
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operator on H. Moreover, if both f and g are real valued functions on Sp(A) then
the following important property holds:

f(t) > g(t) for any t € Sp(A) implies that f(A) > g(A) (1.1)

in the operator order of B(H).
Let A be an operator on a Hilbert space H, and suppose that {e;};cs is an
orthonormal basis for H. We define the Hilbert-Schmidt norm of A to be

[A]l2 := (Z”Aei|2> : (1.2)

icl
Definition (1.2) is independent of the choice of basis. An operator A is a Hilbert-
Schmidt operator if [|Alls < 4o00. We denote the class of all Hilbert-Schmidt
operators on H by Ba(H).
For the proof of next results by the end of this section, we refer the reader
to [0, Section 26.1].

Theorem 1.1. We have

(i) Ba(H) is a vector space which is invariant under taking adjoints and || - ||2 is
a norm on Bo(H).
(i) The Hilbert-Schmidt norm || - |2 dominates the operator norm || - ||
1Al < [|A]l2,

for all A € By(H).
(iii) For all A € Ba(H) and all B € B(H) one has AB € By(H) and BA € By(H)
with the estimates

[ABl2 < [[Allz1BIl,  [1BA[l2 < [|B[[|All2

a.e. Ba(H) is a two-sided ideal in B(H).

(iv) The vector space Ba(H) is a Hilbert space with inner product
(A,B)y =Y (Ae;,Be;) = Y (B*Aej,e;),
icl i€l

for any A, B € Ba(H) and the definition does not depend on the choice of the

orthonormal basis {e;}icr.
(v) F(H), the space of all operators of finite rank, is a dense subspace of Ba(H).
(vi) Ba(H) C K(H), where K(H) denotes the algebra of all compact operators on

H.
If A is an operator on a Hilbert space H, we define its trace-class norm to be
|AllL = H|A|% Hz If {e;}ier is an orthonormal basis of H, then
1AL = (| Ales e:)-
iel

If [|A]1 < 400, we call A a trace-class operator. The definition of ||.||; dose not
depend on the choice of the orthonormal basis {e;};,c;. We denote by By (H) the
set of all trace-class operators in B(H)
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The connection between trace-class operators and Hilbert-Schmidt operators is
given in the following result.

Proposition 1.2. Let A be an operator on a Hilbert Space H. The following
conditions are equivalent:
(i) A is trace-class.
(ii) |A] is trace-class.
(i) |A\% is a Hilbert-Schmidt operator.
(iv) There exist Hilbert-Schmidt operators By and By on H such that A = By Bs.

There are similar results for the trace class norm as for the Hilbert-Schmidt
norm.

Theorem 1.3. We have

(1) B1(H) is a vector space which is invariant under taking adjoint, a.e. A €
B1(H) if and only if A* € B1(H); furthermore, for all A € B1(H), ||A*]1 =

[[Al1-
(i) || - |1 s @ norm on B1(H) and the trace-class norm dominates the operator
norm || - ||, a.e. ||A]| < ||Allx for all A € By(H).

(i1i) For all A € By(H) and B € B(H) one has AB € B1(H) and BA € B1(H)
with the estimates

[AB[ly < [[AlllIBIl,  IBAl < [IB]l | Allx
a.e. B1(H) is a two-sided ideal in B(H).

According to the definitions one has ||A||? = ||A*Al|;. By (i44), (i) and (i) the
space of trace-class operators is continuously embeded into the space of Hilbert-
Schmidt operators. Let A be a trace-class operator, the trace of A is defined as

tr(A) =Y (dej,ei), (1.3)
iel
where {e;} is any orthonormal basis of . The definition of tr is independent of the
choice of orthonormal basis and the series (1.3) converges absolutely. Note that this
definition coincides with the usual definition of the trace if H is finite-dimensional.
The function tr : By (H) — C, A — tr(A), is linear and for any B € B(H), we
have |tr(BA)| < || B||||Al|1, then the function tr(A-) : K(H) — C, B — tr(AB), is
linear, bounded and ||tr(A-)|| < ||Al|1. We therefore have a map By (H) — K(H)*,
where K (H)* is the dual space of K(H), is clearly linear and norm-decreasing. We
call this map the canonical map from By (H) to K(H)".
We know state some properties of the trace that are useful to us for the analysis
of this paper.

Theorem 1.4. With the above notations,

(i) If A € B1(H), then tr(A*) = tr(A).
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(ii) If A€ B1(H) and B € B(H), then AB,BA € B1(H) and
tr(AB) = tr(BA) and [|tr(AB)| < ||All1]| B

(i) tr(-) is a bounded linear functional on By(H) with ||tr] = 1.
(iv) If A,B € Ba(H), then AB, BA € B1(H) and tr(AB) = tr(BA).
(v) The canonical map from By(H) to K(H)*, the dual space of K(H), is an
isometric linear isomorphism.
(vi) The canonical map from B(H) to Bi(H)*, the dual space of B1(H), is an
isometric linear isomorphism.

Utilizing the trace notation we have
(A,B)y = tr(B*A) = tr(AB*) and ||A|j3 = tr(A*A) = tr(|A]*)

for any A, B € Bo(H).
The following Holder’s type inequality has been obtained by Ruskai in [29]:

[tr(AB)| < tr(|AB]) < [te(JA]" )] [te(| BV )] =
where a € (0,1) and A, B € B(#) with |A|Y/*,|B|Y/1=%) ¢ B, (H).
In particular, for a = 5 We get the Schwartz inequality
|tr(AB)| < tr(|ABJ) < [tr(|A]*)] 2 [tr(|B[*)]2 (1.4)

with A, B € Ba(H).
If A>0and P € B1(H) with P > 0 then

0 < tr(PA) < ||Atr(P). (1.5)

This obviously implies the fact that, if A and B are self-adjoint operators with
A < Band P € B;(H) with P > 0, then

tr(PA) < tr(PB). (1.6)
For the theory of trace functionals and their applications the reader is referred
to [31]. Some classical trace inequalities investigated in [7, 28, 34], which are con-
tinuations of [2]. For related works the reader can refer to [3,19,22,23,30].

Let € := {e;};cr be the orthonormal basis in the complex Hilbert space (H, (-, ))
and B € By(H) a non-zero operator. We introduce the subset of indices from I as

I.p:={i€l:Be; #0}.

We observe that I. p is non-empty for any non-zero operator B and if ker(B) = 0,
a.e. B is injective, then I, p = I. We also have for B € By(H) that
tr(|B]*) = tr(B*B) = Y (B*Bej,ei) = »_|[|Bes|* = > ||Bes”.
il i€l i€l p
A linear map ® : A — B between C*-algebras is said to be positive if ®(A) > 0
whenever A > 0. It is unital if ® preserves the identity. The linear map ® is called
strictly positive if ®(A) is strictly positive whenever A is strictly positive. It can be
easily seen that a positive linear map ® is strictly positive if and only if ®(I) > 0.
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Since each self-adjoint operator is the difference of two positive operators with
orthogonal supports, a positive map ® carries self-adjoint operators to self-adjoint
operators. If A = B +iC with B and C self-adjoint in A, we get

D(A*) =D(B) —i®(C) = P(A)",

so @ preserves adjoints, and is often referred to as a self-adjoint linear map.

If K and H are finite dimensional Hilbert spaces, then B(K) and B(H) with the
Hilbert-Schmidt inner product (A, B) = tr(B*A) are Hilbert spaces. Thus a linear
map ¢ : B(K) — B(H) can be considers as a bounded operator between Hilbert
spaces and therefore an adjoint map defined by

tr(®*(B)A) = tr(B®(A))

for all A € B(K) and B € B(H).
Now, for the infinite dimensional case, we express following results which is
derived from [5], Sections 31.2.1 and 31.2.2.

Lemma 1.5. If a positive map @ : B1(K) — B1(H) satisfies
tr(®(W)) <1 (1.7)

for all W € B1(K) with W > 0 and tv(W) = 1, a.e., for all density operators on
IC, then it is continuous with respect to the trace norm:

Je(A)s < ClAl, € =supte(@(W)) <1
where the sup is taken over all density operators W on K.

The adjoint ®* of an operator ® in the duality between trace-class operators and
bounded linear operators (see Theorem 1.4 (vi)) is then a linear map ®* : B(H) —
B(K) which is positive too (see Theorem 26-5 in [5]).

Lemma 1.6. Let ® : B1(K) — Bi(H) be a positive linear mapping such that
tr(@(W)) <1 for all density operators W on IC. Then its dual map ®* is a linear
map B(H) — B(K) which is well defined by

tr(®*(B)A) = tr(B®(A)) (1.8)
for all B € B(H) and A € B1(K).

Corollary 1.7. For a positive linear mapping ® : B1(K) — B1(H) the following
statements are equivalent:

(i) tr(®(W)) <1 for all density operators W on K.

(i) ® is continuous and ®*(I) < I.

Theorem 1.8. [First Representation Theorem of Kraus] Given an operator ® :
By(H) — Bi(H), there ezists a finite or countable family {A; : j € J} of bounded
linear operators on H, satisfying

S ATA; < T (1.9)

J€Jo
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for all finite Jy C J, such that for every A € B1(H) and every B € B(H) one has

D(A) = A;AA; (1.10)
jed
respectively
O*(B) = > A;BA;, (1.11)
jed
and

OHI) = ArA; (1.12)
jeJ

Conversely, if a countable family {A; : j € J} of bounded linear operators on H

is given which satisfies (1.9) then equation (1.10) defines an operation ® whose
adjoint ®* is given by (1.11) and ®*(I) defines by (1.3).

For a comprehensive account on positive linear maps see [4,5,33].

2. JENSEN’S OPERATOR INEQUALITY

In this section, we review some results related to Jensen’s operator inequality
for convex functons. A continuous real function f defined on an interval J is called

operator convex if
FAA+ (1 =XN)B) < Af(A) + (1= Nf(B)

forall 0 < A <1 and all self-adjoint operators A and B with spectrain J. A function
f is called operator concave if — f is operator convex. The classical Jensen inequality
states if f is a convex function on an interval J then for elements z1,...,z, € J,
we have

f (Zﬂ%) < thf(l’z) (2.1)

n
where tq,...,t, are positive real number with Zti =1.

i=1
To find an operator version of Jensen’s inequality, let us consider the matrices
I 0] vV tl

A= and x = : |. Then inequality (2.1) can be stated as

O Tn, Vin
f ((Az,z)) < (f(A)z, z).

using this approach, Mond and Pecarié [25,27] proved that if f is a convex function
on an interval J and A is a self-adjoint operator on a Hilbert space H with spectrum

in J, then
f((Az,2)) < (f(A)z, ), (22)
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A1 O T1
for every unit vector x € H. If we put A = and z = | . | in

O A, Ln
(2.2), we obtain a multiple operator version of the Jensen inequality as follows:

f <Z<A1x17x7,>> <

i=1

n

(f(Ai)xs, xq),

=1

where Z ll:]|? = 1.
i=1
Now, if A is a self-adjoint operator, then
[(Az,z)| < (|Alz,z)  (z €H).

This inequality follows by Jensen’s inequality for the convex function f(t) = |¢|
defined on a closed interval containing the spectrum of A.
If {e;}icr is an orthonormal basis of H, then

ltr(PA)| =Y (AP%e;, Pie;)| < [(AP%e;, Piey)

el el
< Y (|A|PEe;, PEe;) = tr(P|A|) (2.3)
el

for a self-adjoint operator A and P € By (H) with P > 0.
Similar to inequality (2.2), it can be proved that if A is a C*-algebra and ¢ is a
state on A, then for every convex function f, the inequality

f(e(a)) < o(f(a)),

holds, for each a € A. But it is not generally true when the state ¢ is replaced
by an arbitrary positive linear map between C*-algebras. For some inequalities
for convex functions see [10, 15,32]. For inequalities for functions of self-adjoint
operators, see [11,12,24] and the books [13, 14, 20].

However, by using the Stinespring decomposition theorem, Davis [3] and Choi [(]
showed that if ® is a normalized positive linear map on B(H) and if f is an operator
convex function on an interval J, then so-called the Choi-Davis-Jensen inequality

F(2(4)) < (f(4)),

holds for every self-adjoint operator A on H whose spectrum is contained in J.
We need the following theorems in section 3.

Theorem 2.1. [I, Theorem 2.1] Let ® : A — B be a positive unital map between
unital C*-algebras A, B and f is a convex function. If A € A, such that ®(f(A))
and ®(A) commute, then

F(®(A)) < @(f(A)).
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Theorem 2.2. [21, Theorem 2.2] If f is an operator convex function on an interval
J, then

(@A) < e(f(4)),
for every self-adjoint operator A in a C*-algebra A with spectrum in J and every
positive linear map ® : A — B(H) with 0 < ®(I) < I.

3. CHOI-DAVIS-JENSEN’S TYPE TRACE INEQUALITIES

Dragomir in [15-18] proved Jensen’s type trace inequalities for convex functions
and in this section we extend the Choi-Davis-Jensen inequality for trace. Also we
present some examples of interest convex functions.

We recall the gradient inequality for the convex function f : [m, M] — R, namely

f(s) = f(8) = 65(t)(s — ) (3.1)
for any s,t € [m, M] where 6¢(t) € [f'_(t), f',.(t)], (for t = m we take d¢(t) =
fi(m) and for t = M, we take d¢(t) = f.(M)). Here fi(m) and f’ (M) are the
lateral derivatives of the convex function f.

The following result holds.

Theorem 3.1. Let ® : B1(K) — B1(H) be a positive linear mapping satisfy (1.7),
whose adjoint is ®*, A be a self-adjoint operator on the Hilbert space H and assume
that Sp(A) C [m, M] for some scalars m, M with m < M. If f is a continuous
convez function on [m, M| and B € B1(K)\ {0} is a strictly positive operator, then
tr(B(®*(A))

we have tr(<I>(B))

€ [m, M] and the Choi-Davis-Jensen inequality

(tr(Bcb*(A))) (B (f(4) (3.2)

tr(®(B)) tr(®(B))
Proof. Let € := {e;}ier be an orthonormal basis in H. Since A is a self-adjoint
operator on the Hilbert Space H with Sp(A4) C [m, M], then

and we have

1
2

m{(®(B))?e;, (D(B))%e;) < (A(B(B)) es, (9(B))?e;)

=

< M{(®(B))?es, (2(B)) ;) (3.3)
for any ¢ € I, which by summation (3.3) we get
mtr(®(B)) < tr ((B(B)) A(B(B))* ) < Mtx(D(B)). (3.4)

Now, since ®(B) € By (#) then by Proposition 1.2, Theorem 1.4 and equality (1.8)
we have

1
2

[N

A(®(B))

or ((2(B)) ) = tr(42(B))

— tr(®*(A)B) = tr (BO*(4)) (3.5)
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tr(BD*(A))

w(®(B) © [, M].

and by inequality (3.4) and equality (3.5) we conclude that

Utilising the gradient inequality (3.1) we have
tr(B®*(A)) tr(B®*(A)) tr(B®*(A))
6f< tr(2(B)) ) (S_ tr(2(B)) )Sf(s)_f< tr(2(B)) ) (3.6)

for any s € [m, M|, where

tr(B®*(A)) , [ tr(B®*(A)) , [ tr(B®*(A))
5f< tr(®(B)) )6 [f‘< tr(®(B)) )’f+< tr(®(B)) > '

The inequality (3.6) implies in the operator order of B(#) that

5, (tr(Bd)*(A))) (A  tr(BP*(4)) .1H> < A - f <tr(B<I>*(A))> »

tr(®(B)) tr(®(B)) tr(®(B))

which can be written as

5, (t(B@(A») <<Ay,y> B tr(%’w@,m)

tr(®(B)) tr(®(B))

for any y € H. If we take in (3.7), y = (®(B)) *e; we get

5 (e )
f( tr(®(B)) )

which is equivalent to

e

for any ¢ € I. Summing in (3.8) we get
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<tr(y<1>*(A)) )
tr(®(B))
X <Z<(<I>(B))$A(q>(3))éei,ei> — m Z(@(B)ei7ei>>
il icl
1 1 tr(B@*(A)))
< d(B 2fA d(B 262';61' —f e ———— <I>Bei7ei. 3.9
() (ot e - (Mgt ) S e, o
However

S U®B(B) T A(B(B)) e, i) = tr(AB(B))
icl

By (1.8) and Theorem 1.3 we have
tr(A®(B)) = tr(®*(A)B) = tr(B®*(A)).

Then
STU(B(B)) P A(B(B)) *ese) = tr(BE" (A)).
el
Similarly by (1.8) and Theorem 1.3 we get
SU(@(B)* (A)(2(B)) *er, i) = tr(F(A)2(B))
el
= tr(Be* (f(4))).
By (3.9) we have

5f (tI“(B(I)*(A))> <tr(B<I)*(A)) _ tr(B(I)*(A))tr((I)(B))>

tr(®(B)) tr(®(B))
< tr(Be*(f(4))) - f (W) tr(®(B))
and the inequality (3.2) is thus proved. O

Lemma 3.2. Let T be a self-adjoint operator such that aly < T < Bly for some
real constant 8 > « and assume that ® : B1(K) — Bi(H) be a positive linear
mapping satisfy (1.7), whose adjoint is ®*. Then for any strictly positive operator
S € B1(K) \ {0} we have

tr(S®*(72)) tr(S®*(T))
= Tue(@(9) ( (3 ))

(wT o) D)
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< (B -ay. (3.10)

Proof. The first inequality follows from Choi-Davis Jensen’s inequality (3.2) for the
convex function f(t) = t2. Now observe that

. o r(S9*(T)
tr((I)l(S))tr <Sq’ ([T_ B; '1”} {T_ ttEr((I)(S))) '1”})>
ol E(S®7(T))
ECE (S‘I’ Tu(@(s) 1’*”)
8+« 1 . tr(SCI)*( ))
"2 w@E)" (S‘I’ - w(®(5)) 14))

u(se(T2) [ u(ser(T)
T Tu(@m) ( w(@(9) ) | (311

Since tr(S®* (1)) = tr(®*(1%)S) = tr(®(S)), we have

1 i tr(S®*(T))
w(@E) " (5@ ([r- w(@(9)) 1HD> =0

Now, since aly < T < 13 then

1
T—BJra'lﬂ <s(B—a) 1y,
2 2
which implies that
1
HT bra 1l < 5(8-a). (3.12)

Taking the modulus in (3.11) and using the property (2.3), we get (3.13)

tr(S0%(12) <tr(S<I>*(T))>2

tr(®(S)) tr(@(9))

-y (5w (- 552 ] [T—iiii;‘;;”-mb)\

_ tr(<I>1(S)) o <¢)(S)(T_ ﬁ;a 1H> (T tr Sc1>* )) m))‘

< tr(@l(S))tr ((I)(S) (T— ﬁ;a 1H)( tr Sq)* )) -1H) ) (3.13)
Putv—T—ﬁ% lyandu=T —W&H. Let vu = w'|vu| be the polar

oy . . . . . *
decomposition of vu, where w’ is a unique partial isometry on H, and w” = w' vw'.
*
Then |vu| = w' vu = w” |u|. Hence

[oul® = fulw” w”|u] < [u|w”|* < Jul?|lv]%,
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SO
vul < fufl|v]]. (3.14)

)

Now by (3.14), (3.12) and using the property (1.6), we get

a r(Se*(T)
(1252 ) (- B )

1
tr(®(9))

tr <<I>(S)

1 1 tr(S®*(T))
< §(ﬁ - Q)Wtr <<I>(S) T - W 1y > (3.15)

that proves the first part of (3.10).
Using Schwartz’s inequality (1.4) we have

tr <<I>(S) T_m'lﬁ>

tr(S9*(T))
gu(@(S)’ —tr(@w))-m‘)
- tr( (@(5))* (2(5))* tii‘?i’;‘éfi) In )
2\ 72
< [te(@(5))]? [tr ( (@(8))?|T trtr‘?i(é)))) 1| )] . (3.16)

1 tr(Sq)*( ) _

“( (2()) tr(¢(5)) L
syl s - S )
tr S(I’ )) 1y 2)

By (3.16) and (3.17) we get

1 . tr(S®*(T))
w(@©) " (S‘b (- w(@(5)) 1”‘))
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2 * ? %
. {tr(S‘D (%) <tr(5‘1’ (T))> ] (3.18)

tr(®(9)) tr(®(9))

and by (3.13) and (3.18) we have

1

<5—@[“w@aﬂ>_<ww@aw>]

tr(®(S9)) tr(2(9))

tr(S9*(T%) (tr(sq>*(T))>2 ) s i
- tr(®(9) tr(®(S)

which implies that

[tr(S@*(TQ)) - <tr(S<I)*(T))>2] )

tr(®(9)) tr(®(9))

Then by (3.18) we get

. r(Se*(T)
tr(<1>1(S))tr (Sq} <T_ tt(r i)ST | 1”‘))

g{ﬂ@@@%)_(ﬂ@@uw>1zg (8- a)

tr(®(9)) tr(®(S))

which proves the last part of (3.10). O

Theorem 3.3. Let @ : B1(K) — B1(H) be a positive linear mapping satisfy (1.7),
whose adjoint is ®*, A be a self-adjoint operator on the Hilbert space H and assume
that Sp(A) C [m, M| for some scalars m, M with m < M.

If f is a continuously differentiable convex function on [m, M| and B € B1(K)\
{0} is a strictly positive operator, then we have

tr(B<I>*(f(A))) - (tr(B@*(A))>

= u(e(m) x(#(B))
tr(Be*(f/(4)4)) u(Bor(4)) .tr(Btb*(f’(A)))
tr(®(B)) tr(®(B)) tr(®(B))
—: L(®, 0", f', B, A) (3.19)

and

L(®,2", f', B, A)

. . B tr(Bq>*(A)) .
Lo - f’(m)]t (B‘I’ (’A w(2(8)) 1”‘) )
_ () )2 tr(2(B)) :
= (i) i
- / tI‘(B‘P*(Az)) tI‘(B(I)*(A))
FIF (M) = fi(m)] { tr(®(B)) ( tr(2(B)) )
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L (e (e - ) )

_ (i) gM=m) tr(é(g)()q>(3)) 1
(iv) E(M— | tr(BcI)*([f’(A)]z)) B <tr(B<I’*(f’(A))>2] 3
2 o ((B)) r(®(B))
< 1P/ M) — F/m)](M —m). (3.20)
Proof. By the gradient inequality we have
1) = 1(t) < f(s)(s — ) (3:21)

for any s,t € [m, M].
This inequality implies in the operator order

tr(B®*(A)) , tr(B®*(A))
flA)—f <tr(<I>(B))> 1y < f1(A) <Atr(<I>(B))‘1H>

that is equivalent to

) - £ (W) ey

tr(BO*(A))

r(®(B)) (f'(Ay,y) (3.22)

<(f'(A)Ay,y) -

for any y € H, which is of intrest in itself as well.
1
Let € := {e;}icr be an orthonormal basis in H. If we take y = (<I>(B)) 2e; in
(3.22), then we get

3 3 tr(Be*(A)) 1 1
;U(A)@(B)) %(‘1’(3)) ei>_f<tr(<IJ(B))> ;“‘1’(3)) €; (‘I’(B)) €z>
, 1 1 tr(B®*(A)) , 1 1
AA(P(B))?e;, (B(B))?%e;) — ———> A)(DP(B))%e;, (B(B))?e;
<SS AA@B) e (BB) ) ~ = s D AT (@) e, (2(B) e

which is equivalent to

_ ) -
el iel
F 1 tr(B‘I)*(A)) , 1
< ®(B))2f(A)A(P(B))?%e;,e;) — ———> D(B))2f'(A)(P(B))>e;, e
S W A@) e~ T SN A e

and the inequality (3.19) is obtained.

Now, since f is continuously convex on [m, M], then f’ is monotonic non-
decreasing on [m, M| and f'(m) < f'(t) < f'(M) for any ¢ € [m, M]. We also
observe that

o (ow ([ren- 7500 ] o= S )

1
tr(®(B))
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f'(m)+ f/(M) 1 A_w@w%m>44>

- 2 w@@) " (B > r(®(B))
= L(®,®*, f',B, A).

(3.23)
Since
) - FEECD ) < Spron - e
we have
gy - PTG <o - pa) @20

Then by taking the modulus in (3.23) and using the property (2.3), we get to the
inequality (3.25).

0< L(®,®*, f/, B, A)

gy« (ow (b= 1300 i) )
et (- EE0 ) )
. %[f,(M) B f/(m)]tr(él(B))tr <B<I>*< . W . 17,[‘)) . (3.25)

From, (3.14) and (3.24), we have the part (i) of (3.20). Since A is a self-adjoint
operator on the Hilbert space H with Sp(A) C [m, M] then mly < A < M1y.
Now if we apply Lemma 3.2 we have

( (\A—W*HD)

|:tr (B&*( tr(B(I)*(A)) ) ’
<L
<M

[N

tf(‘I’(B))

—m) (3.26)

By applying (3.25) and (3.26) we get the part (ii) of (3.20). We observe that
L(®,®*, f', B, A) can be represented as

L(®,2", f', B, A)

oo u(Ba(r(a)) .
:U(i’l(B»tr(Bq) (- (tr<¢><B>) )'1”“‘4‘ ;Mlﬂ]))
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Applying a similar argument as above for this representation, we get parts (iii) and
(iv) of (3.20). O

Theorem 3.4. Let ® : B1(K) — B1(H) be a positive linear mapping satisfy (1.7),
whose adjoint is ®*, A be a self-adjoint operator on the Hilbert space H and assume
that Sp(A) C [m, M| for some scalars m, M with m < M. If f is a continuously
differentiable convex function on [m, M) and B € B1(K) \ {0} is a strictly positive
operator, then we have

tr(Be*(£(4))) tr(B(27(4)))
0< W - f (tr(q)(B)))

(B (£(44)  w(par(a)) u(BY(1(4))

tr(®(B)) tr(®(B)) tr(®(B))
e 1 tr(B®*(A))
< ilelfc [£(A) = A 1H||mtr <| <A T u@®) : 1H)‘I’(B) )
Ll w(pe () (o))’
S/{gé”f (A) = A 14| tr ( ) - < tr(@(B)) ) (3.27)
where || - || is the operator norm.
Proof. We observe that, for any A € C we have
1 . , tr(Bfl)*(A))
w(@@) " (B@ ([ren 1] - w(@B) 1HD>
v A ey tr(BO*(4))
" w(@B) (B‘b (renfa- tr(@(B) 1”}))
A . tr(B*(4)) B(I)*
_ mtr (B(I) (A 1H >
_u(Be(r4) tr(B@*(A)) “‘(B‘I’* (3.28)

tr(®(B)) tr(®(B)) tr(®(B ))
Taking the modulus in (3.28), utilizing the equality (1.8) and using the Theorem
1.4, part (ii) we get the inequality (3.20) for any A € C. We also have

tr(Bq)* (f’(A)A)) B tr(B®*(A)) tr(B(I)* (f/(A)))

tr(®(B)) tr(®(B))  tr(®(B))
. o  u(Be*(4))
_tr(q)(B))t ((I)(B)(f (A)—X-1p) (A w0 B)) 1H>>
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, 1 tr(B®*(A))
<|IF(A) =X 1H||mtr (‘ (A T a(em) 1H)<I>(B) ) . (3.29)

Utilizing Schwarz’s inequality (1.4) we have

(A _u(Ber4)

o (@(B)) ] [tr(®(B))] 2. (3.30)

| (B (4?) tr(B®*(A)) 2
tr(®(B)) _< tr(®(B)) ) tr(®(B)) (3.31)
(3.30) and (3.31) imply that
tr(BP*(A))
o (- iy 1) ocn))
tr(Bo*(42)  [tr(Bo*(4)) :
= | Tu(@(m) _<tr(<I>(B))> tr(2(B)). (3.32)

Using the inequalities (3.29) and (3.32) we have

tr(BO*(F(4)4)) (B (4)) _tr(B<1> ('(4)))
tr(®(B))  tr(e(B)) tr(®(B))

s||f’<A>A‘1H||1tr<|(A (B (4)) 1H)<1><B>

)

tr(®(B)) tr(®(B))
<||f'<A>—A~1H||[ EB< )) (“f;f;f;;%”) (3.33)

for any A\ € C.
Taking the infimum over A € C in (3.33) we get the inequality (3.27). O
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4. SOME EXAMPLES

In this sction we give some examples of convex functions which satisfy in re-
quierments of Theorem 3.3.

Example 4.1. Consider the power function f : (0,00) — (0,00), f(¢t) = t" with
t € R\ {0}. For r € (—00,0) U[1,00), f is convex and for r € (0,1), f is concave.

Let r > 1 and A be a self-adjoint operator on the Hilbert space H and assume
that Sp(A) C [m, M] for some scalars m, M with 0 <m < M. If B € B1(H)\{0} is
a strictly positive operator and {A; : j € J} is a countable family of bounded linear
operators on H which satisfies (1.9), then by Theorems 3.3 and 1.8 respectively, we
get

T

tr(B Yies A;ATA]) tr(B s A;AAj>
0< —
tr(ZjeJAjBA;) tr(ZjeJAjBA;)
tr(B Yies A;ArAj> tr <B e A;AAj> tr(B e A;AHA]-)

<r - -
tr(ZjEJAjBA;T> rtr(ZjEJAjBA;) tr(ZjEJAjBA;)
tr( BY. ., ATAA;
tr | BY e, A7 [A - (7200 132) 1| A
1 tr(zjejAjBA;)
57,(]\4r71 7mr71)
g tr(ZJGIAJBA;‘>
272
1 tr<BZjEJA;A2Aj> tr<BZjeJA;AAj>
57A(]wr—l _mr—l) _
tr(ZjeJAjBA;) tr(ZjeJAjBA;)
tr| BS. .., ATAT" A,
tr(BZjEJA;’A— ( jeJ J) '1?{‘14]')
1 tr(ngJAjBA;)
§T(M—m)
< tr<ZjEJAjBA;>
h 273
) tr(B Yies A;AW—UAJ») tr(B Yies A;Ar—lAj>
ir(M —m) -
tr(ZJGIAJBA;‘> tr(ZJGJAJBA;)
< ir(M“1 —m" (M —m). (4.1)

Example 4.2. Consider the convex function f : (0,00) — (0,00), f(t) = —Int and
let A be a self-adjoint operator on the Hilbert space H and assume that Sp(A4) C
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[m, M] for some scalars m, M with 0 < m < M. If B € B1(H) \ {0} is a strictly
positive operator and {A; : j € J} is a countable family of bounded linear operators
on H which satisfies (1.9), then by Theorems 3.3 and 1.8, respectively we get

tr(BZjEJA;AAJ) tr(BZjeJA;lnAAJ)

0<In —

tr<ZjEJ AJBA;() tr(zjeJAjBA;>
tI‘(szeJA;AA]‘) tI‘(B ngJA;A_IAJ'>

S —1
tr(ZjeJAjBA;> tr(leeJAjBA;f)
tr| BY oy ATAA;
tr | BY ;A A—(ﬁ']:).lﬂ A
M—m tr(zje]AjBAj)
2mM .
S tr(zjeJAjBAj> 1
27 2
M—m tr(BZjEJA;AQA]) B tr(BZjGJA;AAj)
2mM
tr(zjeJAJ'BAJ*) tr(ZjeJAJ’BA;)
. tr{ BT e, ATAT A
tr BZjeJAjAl_ ( : ’ - >‘1’HA]'
1 tr(EjEJaJBAj)
§(M*m) .
_ tr(zjeJAjBAj)
< -
1(M ) tr(BEjeJ A;A_QA]-) tr<szeJA;A_1Aj>
(M —-m _
2
tr(szJAjBA;f) tr(szJAjBA;)
2
< M

AmM

Example 4.3. Counsider the convex function f(¢) = tInt and let A be a self-adjoint
operator on the Hilbert space H and assume that Sp(A) C [m, M] for some m, M
with0 <m < M. If B € B1(H)\{0} is a strictly positive operator and {4; : j € J}
is a countable family of bounded linear operators on H which satisfies (1.9), then
by Theorems 3.3 and 1.8 respectively, we have

tr(BZjGJA;fAlnAAj) tr(BZjGJA;AAj> tr(BZjGJA;‘AAj>
0< — In
tr(szJA]’BA;> tr(ZjGJAjBA;> tr(ZjeJAjBAj>
tr <B >jesAjAIn AAj) tr (B dies A;AAJ-> tr (B dies 4 ln(eA)Aj>

tr(ZjeJAjBA;> tr(szJAjBA;> tr(ZjeJAjBA;)

<
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tr| BY o, A5 A4,
| BY o, AT|A - ( = )-1H A;
1 M tr(ZjeJA_,»BA;T>
511’1(7)
m *
< tr<Zj€JAjBAj>
h 2173
11 (M) tI‘(BZjeJA;AZAJ’) tI‘(B EjEJ A;AAJ>
Zln(= _
2 m
tr(ZJGJAJBA;) tr(ZJGJA]BA;)
tr (B Zje.l A;f ln(eA)Aj)
tr | B ;csAj |In(ed) — Ay | A
1 tr(ZjEJAjBA;)
§(M—m)
tr(EJeJA]BA;)
<
2
1 tr (B djer A5 [ln(eA)]2Aj> tr (B djer A ln(eA)Aj>
~(M —m) -
tr(ZjeJAjBA;) tI‘<Zj€JAjBA;>
1 M
< (M- —).
< 4(]\/.I' m)ln(m)
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