Received 10/12/17

HYPO-¢-NORMS ON A CARTESIAN PRODUCT OF ALGEBRAS
OF OPERATORS ON BANACH SPACES

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we introduce the hypo-g-operator norm and hypo-g-
numerical radius on a Cartesian product of algebras of bounded linear opera-
tors on Banach spaces. A representation of these norms in terms of semi-inner
products, the equivalence with the g-norms on a Cartesian product and some
reverse inequalities obtained via the scalar reverses of Cauchy-Buniakowski-
Schwarz inequality are also given.

1. INTRODUCTION

Let (E,||-||) be a normed linear space over the real or complex number field K.
On K" endowed with the canonical linear structure we consider a norm ||-||,, and
the unit ball

B (Il ll,) = {x=(A1,-.., An) € K[ [[A]l, <1}
As an example of such norms we should mention the usual p-norms
max {|A1],..., | |} if p=oc;
(L.1) 1A =

n 1 .
(k1 Al")7 if p e [l,00).
The Fuclidean norm is obtained for p = 2, i.e.,

n
2
k=1

It is well known that on E™ := E X --- X E endowed with the canonical linear
structure we can define the following p-norms:

2

max {[[z[,. ., lzn [} if p = oo;
(12) Il = 1
(k= lzellP)? if pe[l,00);
where x = (x1,...,2,) € E™.
Following [6], for a given norm ||-||, on K", we define the functional |||, ,, :
E™ — [0, 00) given by

n
(1.3) %[, == sup Zx\jxj ,
reB(|,) [|5=1

where x = (x1,...,2,) € E™.
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It is easy to see, by the properties of the norm ||-||, that:
(i) [1xlly,,, >0 for any x € E™;
(11) HX + y||h7n S ||X||h7n + ||y||h7n fOr a‘ny X) y S ET‘L’
(i) [lexll, ,, = lal %]}, ,, for each a € K and x € E™;
and therefore [|-||;, ,, is a semi-norm on E™. This will be called the hypo-semi-
norm generated by the norm ||-||,, on E™.
We observe that [|x|[, ,, = 0 if and only if >>7_, Aja; = 0 for any (A1,...,\,) €
B (||]l,,) - If there exists A0 A2 £ 0 such that (/\(IJ,O, ..,0), (O,)\g, 50),.
(0,0,..., )\g) € B(|-],,) then the semi-norm generated by |||, is a norm on E™.
If by By, , with p € [1,00] we denote the balls generated by the p-norms ||-|,, ,
on K", then we can obtain the following hypo-g-norms on E™ :

1.4 X||pno = Sup Azl
(1.4) Il g = sup 1> Aja;

np |l =1

Withq>1and%+%:1ifp>17q:1ifp:ooandq:ooifp:l.

For p = 2, we have the Euclidean ball in K", which we denote by B,,, B,, =
{)\ = (A, A) RPN < 1} that generates the hypo-Euclidean norm
on E", i.e.,

(15) Il = sup
EE’!L

n
pIRVE
j=1

Moreover, if E = H, H is a inner product space over K, then the hypo-FEuclidean
norm on H" will be denoted simply by

(1.6) ]|, := sup
AeB

n

n
E A
=1

Let (H;(-,-)) be a Hilbert space over K and n € N, n > 1. In the Cartesian
product H" := H X --- x H, for the n-tuples of vectors x = (21,...,2,), ¥y =
(y1,...,Yyn) € H™, we can define the inner product (-,-) by
(1.7) (x,y):=> (xjy;), x yeH",

j=1
which generates the Euclidean norm |[|-||, on H™, i.e.,

1

2

2 n
(1.8) xelly o= { D llal* |, xeH™
Jj=1

The following result established in [6] connects the usual Euclidean norm ||-||
with the hypo-Euclidean norm ||-||, .

Theorem 1 (Dragomir, 2007, [6]). For any x € H™ we have the inequalities

(1.9) < lxlle < il

x|
— |IX
i Pll2

i.e., ||l and ||-||, are equivalent norms on H™.
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The following representation result for the hypo-Euclidean norm plays a key role
in obtaining various bounds for this norm:

Theorem 2 (Dragomir, 2007, [6]). For any x € H™ with x = (x1,...,2y), we

have
1

2

(1.10) Ix[l, = sup | > [{z,a;)[”
j=1

llzll=1

Let (E,||-||) be a normed linear space over the real or complex number field K.
We denote by E* its dual space endowed with the norm ||-|| defined by

If1l= Sup [/ (@) = Sup |f (u)] < 00, where f € E”.
x 71 ul|=

We have the following representation result for the hypo-g-norms on E™ plays a
key role in obtaining different bounds for these norms, see [8]:

Theorem 3 (Dragomir, 2017, [8]). Let (E,||-||) be a normed linear space over the

real or complex number field K. For any x € E™ with x = (x1,...,%,), we have
. 1/q
(1.11) 1%l g = sup § | D 1S (@)
HfH:l j=1

where ¢ > 1, and

1.12 b =||lx = max xill}.
(1.12) [l 00 = 6l o0 = _maxe {11}

We have the following inequalities of interest:

Corollary 1. With the assumptions of Theorem 8 we have for ¢ > 1 that

1
(1.13) —17q 1Xlhng < 1%l g < Il g

for any any x € E™.
We have forr > q > 1 that

r—q
(1'14) ||X||h7n)r S ||x||h7n)q S n ra ||X||h)n7r
for any x € E™.

In this paper we introduce the hypo-g-operator norms and hypo-¢g-numerical ra-
dius on a Cartesian product of algebras of bounded linear operators on Banach
spaces. A representation of these norms in terms of semi-inner products, the equiv-
alence with the ¢g-norms on a Cartesian product and some reverse inequalities ob-
tained via the scalar reverses of Cauchy-Buniakowski-Schwarz inequality are also
given.

2. SEMI-INNER PRODUCTS AND PRELIMINARY RESULTS

In what follows, we assume that F is a linear space over the real or complex
number field K.

The following concept was introduced in 1961 by G. Lumer [11] but the main
properties of it were discovered by J. R. Giles [12], P. L. Papini [19], P. M. Milicié¢
[14]-[16], I. Rosca [20], B. Nath [18] and others, see also [2].
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In this section we give the definition of this concept and point out the main facts
which are derived directly from the definition.

Definition 1. The mapping [-,-] : E x E — K will be called the semi-inner product
in the sense of Lumer-Giles or L-G-s.i.p., for short, if the following properties are
satisfied:

() [ +y,z] =z, 2]+ [y, 2] for all z, y, z € E;

Az, y] = A[z,y] for all z, y € E and X a scalar in K;

[z,2] > 0 for all z € E and [z, x] = 0 implies that x = 0;

[z, 9> < [z, 2] [y,y] (Schwarz’s inequality) for all z, y € E;
[

ii)
iii)
iv)
) :E)\y]—)\[x y] for all z, y € E and X\ a scalar in K.

The following results collects some fundamental facts concerning the connection
between the semi-inner products and norms.

Proposition 1. Let E be a linear space and [,-] a L-G-s.i.p on E. Then the
following statements are true:

(i) The mapping E > LA [z, :c] € Ry is a norm on E;

(ii) For every y € E the functional E > PRI [z,y] € K is a continuous lin-
ear functional on E endowed with the norm generated by the L-G-s.i.p.
Moreover, one has the equality || f,| = ||yl -

Definition 2. The mapping J : E — 2E" | where E* is the dual space of E, given
by:
J(x):={a" € B[ (2", z) = [l lz]|, [l="| =l=ll}, z€E

will be called the normalised duality mapping of normed linear space (E, ||-]])-

Definition 3. A mapping J : E — E* will be called a section of normalised duality
mapping if J (x) € J (z) for all z in E.

The following theorem due to I. Rogca [20] establishes a natural connection
between the normalised duality mapping and the semi-inner products in the sense
of Lumer-Giles.

Theorem 4. Let (E,|||) be a normed space. Then every L-G-s.i.p. which gener-
ates the norm ||| is of the form

[z,y] = <j(y) ,x> for all z,y in E,
where J is a section of the normalised duality mapping.

The following proposition is a natural consequence of Rogca’s result.

Proposition 2. Let (E,||||) be a normed linear space. Then the following state-
ments are equivalent:

(i) E is smooth;
(ii) There exists a unique L-G-s.i.p. which generates the norm ||-||.

We need the following lemma holding for n-tuples of complex numbers:

Lemma 1. Let § = (84,...,0,) € C".
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(i) Ifp, ¢g>1 and%—k%:l, then

(2.1) Sup Zagﬁ = 118ll.q -

lall, ,<1

(ii) We have
(2.2) . “bup Z%ﬁ = 1Bl and ‘bup Z%ﬁ = 118100 -

Proof. (i). Using Holder’s discrete inequality for p, ¢ > 1 and % + % = 1 we have

1/p 1/q
n n n
Zajﬁj < Z|Oéj|p Z|B7|q )
j=1 Jj=1 Jj=1

which implies that

(23) H ﬁup Zajﬁ ||6Hn,q
where a = (a1,...,a,) and = (84,...,0,,) are n-tuples of complex numbers.
For (B4,...,8,) # 0, consider & = (a1, ..., a,) with
— —2
B, 18"

=

n 1
(i 184l
for those j for which §8; # 0 and a;; = 0, for the rest.

We observe that

a n B8, >0 18,
O['ﬂ‘ _ J J ﬁ — J
Z: " ;@’,;1 BT (S 18k

= 1> 181" =18l
j=1
and
_ q—2|P qg—1\P
p:”‘p:"jj‘ :n(mi‘)
lolliy = 2100t = 2 (T ~ 2 L B

B UGN, ST
Zk 1 Wk j=1 Zk 1 |5k )
Therefore, by (2.3) we have the representation (2.1).
(ii). Using the properties of the modulus, we have

n n
Za-ﬂ < max |044\Z B,
= I je(l,...n} J = | ]| )
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which implies that

(24) sup >y <1181

ladl,, <1 553

where a = (a1,...,a,) and = (84,...,06,,) -
For (8y,...,0,) # 0, consider o = (o, ..., a,) with ¢; :

. \5 |
which 3; # 0 and a; = 0, for the rest.
We have
n n /37 n
Zayﬂ Z? :ij’ = ||5||n1
j= =1 Jj=1
and

max |a;| =

« =
el je{Lim}

max

jefl,..n}

and by (2.4) we get the first representation in (2.2).
Moreover, we have

ZQJB <Z\aj| max | |,

je{1,..

which implies that

(2.5) sup | i B4| < 1Bl 0o

el 1 <1

n,1= :1

where a = (a1,...,a,) and 8= (84,...,5,,) -
For (By,...,3,) # 0, let jo € {1,...,n} such that 8], = maxjeq,..y |8;] =

|ﬁj0| . Consider a = (a1, ..., ay) with o, = % and «; = 0 for j # jo. For this
Jjo

choice we get

2l = it = tand (S8, = | 2| =180 = W
j=1 ’6J0 | j=1 |Bj0 |
therefore by (2.5) we obtain the second representation in (2.2). O

Theorem 5. Let (E, ||-||) be a normed linear space over the real or complex number
1/2

field K and [-,] a L-G-s.i.p on E that generates the norm ||-||, i.e. [z, 2]~ = ||z .
For any x € E™ with x = (x1,...,%,), we have

N 1/q
(2.6) %[l g = sup & (> [, 0]l ,

lull=1 =1

where ¢ > 1.
Proof. Now if [-, -] is a L-G-s.i.p. that generates the norm ||-||, then
(2.7) sup |[z,u]| = ||z| for any z € X.

[Jul|=1
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Indeed, if z = 0 the equality is obvious. If z # 0, then by Schwarz’s inequality we
have

[z, u]] <z ||u]| for any u € X.

By taking the supremum in this inequality we have

sup [z, u| < ] .

lul|=1
On the other hand by taking ug := ﬁ we have that |[ug|| = 1 and since
sup [l ull > |[z, uol| = \ [x ﬂ ) B e
b - b - b - - b
llull=1 |zl [Eal

then we get the desired equality (3.19).
Assume that x € E" with x = (z1,...,2,) and let p, ¢ > 1 with %—i—% =1, then
by the definition (1.4) and representation (2.7) we have

n n
(2.8) 1%/l .q == sup Zajxj = sup sup Zajxj U
leel, <1115 lee] , <1\ [Jull=1 =1
1/q
n n
= sup sup Zaj [z;,u]| | = sup Z|[xj,u]|q ,
lull=1 \ lal,<1 lull=1

j=1 j=1

where the last equality in (2.8) follows by the representation (2.1) for 8; = [z;,u],

je{l,..,n}.
For ¢ = 1, p = oo the representation (2.6) follows in a similar way by utilising
the first equality in (2.2). We omit the details. O

Remark 1. If (E,|||) is an inner product space with (-,-) generating the norm,
then we recapture the representation result obtained in the recent paper [9].

Remark 2. We observe that the representation (2.6) provides a stronger result
than the one from Theorem 3 since it makes use of a smaller class of bounded linear
functionals, namely the ones generated by a given L-G-s.i.p on E that generates the
norm ||| .

3. THE CASE OF OPERATORS ON BANACH SPACES

A fundamental result due to Lumer [11], in the theory of operators on complex
Banach spaces X, is that if T' € B (X), then

(3.1) w(T) < |7 < 4w (T),

where w (T') := sup| =1 |[T'z, z]| is the numerical radius of the operator 7" and [, -]
is a s-L-G-s.i.p. that generates the norm ||| .

As shown by Glickfeld [13], the second inequality in (3.1) holds with e = exp (1)
instead of 4 and e is the best possible constant. Therefore we have the sharp
inequalities

(32) Tl < w(m) < 7]

for any T € B(X).
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On the Cartesian product B (X) := B(X) x ... x B(X) we can define the
hypo-g-operator norms of (T4, ..., T,) € B (X) by

(3.3) (T1s e Tl g = \|>\ﬁup<1 Z A;T;|| where p, g € [1,00],
npShj=1
with the convention that if p = 1, ¢ = oco; if p = 00, ¢ = 1 and if p > 1, then
T+i=1
If[-,-]is as-L-G-s.i.p. that generates the norm ||-|| of X and w (T') := sup =y |[T'z, 7|
is the numerical radius of the operator T' we can also define the hypo-g-numerical
radius of (Ty,...,T,) € B™ (X) by

1AMl <1

n
(3.4) Whon,g(Th,...,Tp) = sup w Z AT; | with p, ¢ € [1,00],
n,p= j=1
with the convention that if p = 1, ¢ = oco; if p = 00, ¢ = 1 and if p > 1, then
111
P a
Using (3.2) we have

1 i/\jTj S’LU i)\jTj S i)\jTj
¢ j=1 j=1 j=1

and by taking the supremum over [[A,, , < 1 in this inequality, we get the following
fundamental result

1
35) T Tdllng < Whing (T, Ta) S (T3 To) g

for any (T1,...,T,) € B™ (X) and ¢ > 1. The inequalities (3.5) are sharp, which
follow by the unidimensional case.

Theorem 6. Let (X, ||||) be a Banach space and [-,-] a s-L-G-s.i.p. that generates
the norm ||-|| of X. Let (Ty,...,T,) € B (X) and z, y € X, then forp, ¢ > 1 and
% + % =1 we have

n n 1/q
(3.6) sup ZajTj x| | = Z [Tz, y]|?
”aHn,pfl j=1 j=1
and, in particular
1/2
2
(3.7) sup > Ty | wy|| = [Tz, ]|
llell,, 2 <1 j=1 j=1
We also have
(3.8) sup S Ty | ay|| =D [Tz,
”aHn,xﬁl j=1 j=1
and

(3.9) sup ZajTj z,y|| = max}{Hzj,yH}.
j=1

lall, ;<1 Je{l,..,n
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Proof. If we take 8 = ([Thz,y],...,[Thz,y]) € C" in (2.1), then we get
n 1/q
Szl | =118l = sup_ Za B;
= lall, <
= sup Zaj [Tjz,y]| = sup Zajzj,y ,
lall, ,<1|;=1 ledl,, , <11 | 5=

which proves (3.6).
The equalities (3.8) and (3.9) follow by (2.2). O

Corollary 2. With the assumptions of Theorem 6, if (T1,...,T,) € B™ (X) and
x € X, then forp, ¢ > 1 and%Jr%:l we have

1/q
n n
(3.10) sw ||| DTy | wa|| = | X ITw.all
llell,, ,<1 = =
and, in particular
1/2
n
(3.11) sup S Ty | wx|| = [Tz, 2]
lleell,, o<1 ; =
We also have
(812) swp_ | [ DTy | aw| | = D [T, al)
lleell,, oo <1 = =
and
(3~13) sup a;T; | z,x|| = max {|[Tx,x]|}
el 1 <1 ; Y je{l,...n} J

Corollary 3. With the assumptions of Theorem 6, if (T1,...,T,) € B™ (X) and
x € X, then forp, q>1 and%—l—%:l we have

1/q
n n
(3.14) sup Z a;T;x|| = sup Z [Tz, y]|?
lell, <1 |5=1 lyl=1 \ ;=1
and, in particular
n " 1/2
(3.15) sup Za]—ij = sup Z [T, y] &
”aHn,zﬁl j=1 llyll=1 j=1

We also have

(3.16) sup Zoz iT;x|| = sup Z|Tm ol

el = 1



10 S.S. DRAGOMIR

and

3.17 sup a;Tix|| = max T;x||}.
(3.17) 1 Z Dl = max {|T;z|}

lall, <

Proof. By the properties of semi-inner product, we have for any v € X, u # 0 (see
also (3.19)) that

(3.18) [ull = sup [[u,y]|.

llyll=1

Let € X, then by taking the supremum over ||y|| = 1 in (3.6) we get for p,
¢ >1with > + o =1 that

1/q r .

n n
sup | Y [Ty, ]| = sup | sup Y Ty | a.y
lyl=1 \ = lyli=1 \llell, ,<1| | \ 5=

n,p—

n
= sup sup g o1y | 2,y
lleell,, <1\ llwll=1 =1

n,p—

n
= sup E o Ty | x|,
Jj=1

lall, ,<1

which proves the equality (3.14). We used for the last equality the property (3.18).
The other equalities can be proved in a similar way by using Theorem 6, however
the details are omitted. (]

We can state and prove our main representation result.

Theorem 7. Let (X, ||-||) be a Banach space, [-,-] a s-L-G-s.i.p. that generates the
norm ||-|| of X and (Ty,...,T,) € B™ (X).

(i) For q > 1 we have the representation for the hypo-q-operator norm

1/q

(3.19) [(Tr, - Tl g = sup > T, )
lzl=lvll=1 \ ;=
and
3.20 Ti,...,T, = T}
(3:20) (1o Tl = | o (T3]}

(ii) For q > 1 we have the representation for the hypo-qg-numerical radius

1/q
(3.21) Whong (Thy. .., Ty) = ”51H1p Z [Tz, =]
z||=1 j=1
and
(3.22) Whon,oo (T1,...,Ty) = max {w(Tj)}.

J€{1,...,n}
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Proof. (i) By using the equality (3.14) we have for (Ty,...,T;,) € B (X) that

1/q 1/q

Z|Txy = sup zn:\Txy
j=1

IIJEH HyH 1 llzll=1 HyH 1

llzll=1

n
= sup bup Z oz

ladl, <1

= sup sup Eoijjx
e, <t \ llzll=1]5

n,p—

= sup Za] = H Tla“-aTn)Hh,n,q’

llell.n,

which proves (3.19). The rest is obvious.

(ii) By using the equality (3.10) we have for (T3,...,T;,) € B"™ (X) that

1/q r .
n n
sup Z [Tz, =] = sup sup ZajTj T, T
lz||=1 j=1 [lz]|=1 H()‘Hn,pﬁl j=1
o :
= sup sup ZajTj T, T
Haﬂn,pﬁl lzll=1 j=1
= Sup w Z% = Whn,q (11, Tn),
lell,, , <1
which proves (3.21). The rest is obvious. O

We can consider on B(™ (X) the following usual operator and numerical radius
g-norms, for ¢ > 1

1/q ) 1/q

I(Ty, ..., T 1= ZHT & and wy g (T1,...,Tn) == | > w(T))
j=1

where (T4, ...,T,) € B™ (X). For ¢ = co we put

T?"'7T7L = T d n.0o Tv-“an = THL .
T Tl = e (TSI} a0 e (T T) = s (1)

Corollary 4. With the assumptions of Theorem 7 we have for ¢ > 1 that

1
(323) m H(Tl, e 7Tn)Hn,q S ||(T17 e 7T’n)||h7n,q S H(Tl, e 7Tn)Hn,q
and

1
(3.24) g Wn.a (Th, .. 1) S Whnyg (Thy -, Th) S wnpg (Th,. .., Ty)

for any (Th,...,T,) € B™ (X).
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Proof. Let (Ty,...,T,) € B™ (X) and z, y € X with ||z| = ||y[| = 1. Then by
Schwarz’s inequality we have

. 1/q 1/q 1/q

Dolme gl < DTl | = | D Tl
j=1 j=1

j=1
By the operator norm inequality we also have

1/q 1/q

Dol | < (DIl | = 1T Tl
j=1 j=1
Therefore
" 1/q
DoIT gl | <INy Tl
j=1
and by taking the supremum over ||z|| = |ly|]| = 1 we get the second inequality in
(3.23).

By the properties of complex numbers, we have
1/q

max Tz, < Tz, y]?
e (Tl < | STl
for any x, y € X with ||z| = |ly|]| = 1.
Observe also that, by (3.18) we have for any operator T' € B (X) that

(3.25) |Tx|| = sup |[Tz,y]| for any z € X
llyll=1
and
(3.26) IT|| = sup [|Tzl| = sup | sup [[Tz, 9]l | = sup |[Tz,y].
llzll=1 lzll=1 \lly[l=1 lzll=llyll=1
By taking the supremum over ||z|| = ||y|| = 1 we get
(3.27) sup ( max {|[T]x,y]|}> < T Tl
lzll=llyll=1 \JE{L--m}
and since

lzll=llyll=1 \JE{L,-;n} FE€{Ln} | Jafl=|lyll=1
i} = |(Th,..., T, ,
semax T = 1T Tl o

wp ((max (Tall}) = { sup I[zj,y]I}

then by (3.27) we get
(3.28) (Ty,..., 1) <|(Th,...,Tn)

n,00 —

||h,n,q

for any (T3,...,T,) € B™ (X).



HYPO-¢g-NORMS ON A CARTESIAN PRODUCT 13

Since
1/a
- q q 1/q
(329  I(T1 Tl = | UL < (RlT S Tl )
j=1
= nl/q ”(Tl? R Tn)“n,oo )
then by (3.28) and (3.29) we get
1
g 1T Tl S (T Tl g

for any (T3,...,T,) € B™ (X).

The inequality (3.24) follows in a similar way and we omit the details. O

Corollary 5. With the assumptions of Theorem 7 we have for r > q > 1 that
(330) H(Tlﬂ ce 3T’n)Hh,n,'r‘ S ||(T17 e ﬂTn)||h,,n7q g n;T ||(T1? o 7T’n)||h7n,r
and

(331) Wh,n,r (Tl, . ,Tn) S Wh,n,q (Tl, . ,Tn) S n%wh,nm (Tl, . ,Tn)
for any (Ty,...,T,) € B™ (X).

Proof. We use the following elementary inequalities for the nonnegative numbers
aj,j=1,..,nand r > ¢ > 0 (see for instance [22] and [17])

" 1/r N 1/q " 1/r
om (Sa) < (Sa] <o (S
j=1 j=1 j=1

Let (Ty,...,Ty) € B™ (X) and z, y € X with ||z|| = ||ly|| = 1. Then by (3.32) we
get

1/r 1/q N 1/r

Szl | < [ Simzglt] <o [ Szl
j=1 j=1

j=1

By taking the supremum over ||z|| = |ly|| = 1 we get (3.30).
The inequality (3.31) follows in a similar way and we omit the details. O

For ¢ = 2, we put
||(T1, . VT")Hh,n,e = ||(T1, . 7Tn)||h,n,2 and Wh,n,e (Tl, e 7Tn) =h,n,2 (Tl, . ,Tn) .
Remark 3. For g > 2 we have by (3.30) and (53.31) that
(3.33) (Ty,...,Ty)
and
(334)  Whng (T1s - T) < Whme (Th, -, T0) <05 whpg (Th,- .., Tp)
and for 1 < g <2 we have
(3.35) (71, Tl e < M(T1s- -0, T0)
and

(336) wh,n,e (Tla e 7crn) S wh,n,e (Tla DR aTn) S 712277‘;1fU-)h,n,e (Tla oo 7Tn)

g=2
< ITs e T)llpn,e < m2e [(Ths- e T)

||h,n,q ||h,n,q

2—¢q
||h7n,q S n 2 ||(T17 R 7Tn)||h7n)e
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for any (Th,...,T,) € B™ (X).
Also, if we take g =1 and r > 1 in (3.30) and (3.31), then we get
r—1
(3.37) (T, ..., ) < (T Ty < (T Tl s
and
(338) Wh,n,r (Th s 7Tn) < Wh,n,1 (Tlv s 7Tn) < nr%lwh,n,r (Th cee 7Tn)

for any (T4, ...,T,) € B™ (X).
In particular, for r = 2 we get

Hh,nﬂ'

(3839 IT o Tdlme < 1Tt Tl S VATt oo Tl
and
(3.40) Wne (T, To) < Wit (Th,- - T) < Viwne (T, ..., Ty)
for any (Th,...,T,) € B™ (X).

We have:

Proposition 3. For any (Ty,...,T,) € B (X) and p, ¢ > 1 with % +% =1,
then we have

1 n
(3.41) 1T To)llnng = 375 DT
j=1
and
1 n
(3.42) Wh,n,q (Tl, ce ,Tn) > nl/Pw ZT]
j=1

Proof. Let \j = 7 for j € {1,...,n}, then 37, [A;|” = 1. Therefore by (1.8) we
get

n

n n
1 1
S i P N i e

n,p—

The inequality (3.42) follows in a similar way. a
We can also introduce the following norms for (73,...,T;,) € B™ (X),

1/p

n
”(Tl?"'an)”s,n,p = Supl Z”zj”p )
j=1

llzll=
where p > 1 and
T, 1)l oo = SUP ( max T»x)z max T}
||( ! )” v llz]|=1 \JE{L,....,n} || J H jG{l,...,n}{” jH}

The triangle inequality ||-[[, ,, , follows by Minkowski inequality, while the other
properties of the norm are obvious.

Proposition 4. Let (Ty,...,T,) € B™ (X). We have for p > 1, that
(3.43) 1T, Tl < I Tl < (T -2, T)

s,n,p — H"aP ’
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Proof. We have for p > 2 and z, y € X with ||z|| = ||y|]| = 1, that
[Tz, yll” < NTill” lgll” = 1T ll” < (T 2] = 17511

for j € {1,..,n}.
This implies

n n n
DT yllP <Y I Tyel” < N7,
j=1 j=1 j=1
namely

1/p " 1/p " 1/p

(3.44) Yoyl | < (Do lmel”) < {XoImIP)
j=1 j=1 j=1

for any x, y € X with ||z| = |ly|]| = 1.
Taking the supremum over ||z|| = ||y|| = 1 in (3.44), we get the desired result
(3.43). O

4. REVERSE INEQUALITIES

Recall the following reverse of Cauchy-Buniakowski-Schwarz inequality [1] (see
also [4, Theorem 5. 14]):

Lemma 2. Leta, Aec Randz = (z1,...,2n), Yy = (Y1,...,Yn) be two sequences
of real numbers with the property that:
(4.1) ay; < z; < Ay; foreach je{l,...,n}.
Then for any w = (wy,...,w,) a sequence of positive real numbers, one has the
inequality

2 2

n n n
1
(4.2) 0< E w;z; E w;y; — g w;ziy; | < 1 (A—a)’ E w;y;
=1 j=1 j=1

The constant + is sharp in (4.2).

O. Shisha and B. Mond obtained in 1967 (see [22]) the following counterparts of
(CBS)-inequality (see also [4, Theorem 5.20 & 5.21]):

Lemma 3. Assume that a = (ai,...,a,) and b = (by,...,b,) are such that there
exists a, A, b, B with the property that:

(4.3) 0<a<a; <A and 0<b<b;<B foranyje{l,...,n},

then we have the inequality

(4.4) Z:;a?éb?— z:ajbj ([ \/7> Zabe2.

and

Lemma 4. Assume that a, b are nonnegative sequences and there exists v, I' with
the property that

(4.5) 0<fy<b <TI'<oo forany je{l,...,n}.
j
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Then we have the inequality

- r-7°«
2 2 2

‘We have:

Theorem 8. Let (X, ||-||) be a Banach space, [-,-] a s-L-G-s.i.p. that generates the
norm ||-|| of X and (Ty,...,T,) € B™ (X).

(i) We have
1
A7) 0<|(Th, o T, el (CARRERRY ¥ W < nII(Tl,...,Tn)Ilim
and
1 1 2

(48)  0<w) (Ty,...,T,) — Ewi’”’l (Ty,...,T,) < " (T, ..., Tl

n,00 *

(ii) We have

1
(4.9) 0< (T, Tl — ﬁ||(T1,...,Tn)||i’n)1
ST Do) lloo 1T Tl
and
1
(4.10) 0<w? (Tl,...,Tn)—ﬁw%m1 (Ty,...,Ty)

< H(Tl, s T)lloo Whont (Ths - T
(iii) We have

1
(41D 0 < (T To)llpne = 2 1T Tl < g VRN Tl o

1
Vn
and

1 1
(412) 0w (T, o) = —Zmtnn (T, T) < VAT T e

Proof. (i). Let (Ty,...,Ty,) € B™ (H) and put
R= max AT} =T, Tl
je{l

yee

If x, y € H, with ||z|| = ||yl = 1 then
[Tz, )l < Tyl < T3] < R

for any j € {1,...,n}.
If we write the inequality (3.2) for z; = |[Tjz,y]|, w; = y; = 1, A = R and
a =0, we get

2R2

AMH

Szn:T:Ey iT:cy

for any x, y € H, with ||z|| = ||y = 1.
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This implies that

2
= 1 [ 1,
. <= 4 -
(4.13) Sl < = [ Sl |+ or
j=1 J=1
for any x, y € H, with ||z|| = ||y]| = 1 and, in particular
2
- N Y 1
(4.14) ZI[zj,l’]l <. Z;I[le",x]l + kR’

for any « € H, with ||z|| = 1.

Taking the supremum over ||z|| = ||y|| =1 in (4.13) and ||z|| = 1 in (4.14), then
we get (4.7) and (4.8).

(ii). Let (Ti,...,T,) € B™ (H). If we write the inequality (3.4) for a; =
[Tz, y]|,bj =1, b=B=1,a=0and A= R, then we get

2
n n n
0<n Yy [Tz yll* = | YTz, Z [Tz, y]l,
i=1 i=1 =1
for any z, y € H, with ||z|| = ||y| = 1.
This implies that
2
n 1 n n
2
(4.15) DT yll” < — | Do ITwyll | +RY_|Thw, 9],
J=1 Jj=1 J=1
for any z, y € H, with ||z|| = |ly|| = 1 and, in particular
2
n 1 n n
@16) YT < (Y imeal| + B (Tea,
j=1 j=1 j=1

for any « € H with ||z]| = 1.

Taking the supremum over ||z|| = ||y|| = 1 in (4.15) and ||z|| = 1 in (4.16), then
we get (4.9) and (4.10).

(iii). If we write the inequality (4.6) for a; = |[T;z,y]|,b; =1, b=B=1,7y=0
and I' = R we have

(NI

n

n
0< (0D I T ol | = |Twull < 4 LR,
j=1

j=1

for any z, y € H, with ||z|| = ||y = 1.
This implies that

N|=

- I 1
(4.17) Z Tz, ) | < %ZHTJQZ’:UH +1\/ER’
Jj=1 j=1
for any x, y € H, with ||z|| = ||y]| = 1 and, in particular

n

(115) STl | < 3 Il + VAR,

j=1
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for any x € H with ||z| = 1.
Taking the supremum over ||z|| = ||y|| =1 in (4.17) and ||z|| = 1 in (4.18), then
we get (4.11) and (4.12). O

Before we proceed with establishing some reverse inequalities for the hypo-
Euclidean numerical radius, we recall some reverse results of the Cauchy-Bunyakovsky-
Schwarz inequality for complex numbers as follows:

Ify, T € Cand a; € C, j € {1,...,n} with the property that
(419) 0 <Re[(l - ay) (@7 —7)]

= (Rel' = Req;) (Rea; —Rey) + (ImI' — Im aj) (Im o — Im )
or, equivalently,

_o+r

(420) O[j 9

1
‘<W—ﬂ

for each j € {1,...,n}, then (see for instance [5, p. 9])
2

n n 1
(4.21) nZ\aj|2— Zaj < inz T —~.
Jj=1 Jj=1
In addition, if Re (I'y) > 0, then (see for example [5, p. 26]):

(4.22) nzn: oy < i {Re {(F 1;:2572521 Oza} }

2
n

1D+~
< = .
= 1 Re(T79) 2

j=1
Also, if T" # —~, then (see for instance [5, p. 32]):
ST R U O O T
-
4.23 TRl - <= :

Finally, from [7] we can also state that
2

n n n
(4.24) nZ\aj|2— Zaj Sn[|r+’y|—2 Re(F’?)] Zaj ,
j=1 j=1 j=1
provided Re (I'y) > 0.
We notice that a simple sufficient condition for (4.19) to hold is that
(4.25) Rel’ > Reaj; > Rey and ImI >Ima; >Imy
for each j € {1,...,n}.

Theorem 9. Let (X, ||||) be @ Banach space, [-,-] a s-L-G-s.i.p. that generates the
norm ||-|| of X and v, T € C with T’ # ~. Assume that

r 1
(4.26) w(Tj—’y;I>§2|F—'y| forany j € {1,...,n}.
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(i) We have
L
4.27 2 (Ty,...,T,) < — T; r—
( ) wh,n,e( 1 n Z + TL| 7'
(ii) If Re(I'y) > 0, then
1 |T+4 ~
4.28 Whne (Tys ... Tp) < ——=——~tl g T;
(4.28) e T ) < 5 ey | 2
and
1
(429)  wi, . (Ti T < |Sw ZT + [Ir +91 - 2¢/Re (T7)]
j=1
X w ZTJ
j=1
(iii) IfT # —~, then
(4.30) Whne (Th,...,Tp) i Ay I
‘ et vn = AT+

Proof. Let x € H with ||z|| = 1 and (T},...,T,) € B"™ (H) with the property
(4.26). By taking o = [Tz, x] we have

o255 (5-500)

(52550 (1251

1
< -0 —
_2| 7l

< sup
l=ll=1

for any j € {1,...,n}.
(i) By using the inequality (4.21), we have

2

- 1| 1
(4.31) > [Ty, 2] < - > [T, a]| + L ~[?
j=1 j=1

2
n

3

1 1 )
= T. Znll =
- ool |+ 4n\ ol

j=1

for any x € H with ||z| = 1.
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By taking the supremum over ||z| =1 in (4.31) we get

2

- 1
sup Z\[sz,xﬂz <7sup ZTxx Jan|I‘f’)/|2

lel=1 \ 5= el=1| |

Z 1
DT | + it =l
j=1

which proves (4.27).
(ii) If Re (I'y) > 0, then by (4.22) we have for a; = [Tjz,z], j € {1,...,n} that

2
n

(4.32) > [Tz, 2l < 41n ge—i(_ﬂ) > [Tz,

Jj=1

1D+ ||
- — T;
4n Re (T9) D Tyme

for any x € H with ||z| = 1.
On taking the supremum over ||z|| =1 in (4.32) we get (4.32).
Also, by (4.24) we get

3=

> Tzl <

Jj=1

Zzj,m +{|F+’y|—2 Re(l"ﬁ)} Zzj,x ,
j=1 j=1

for any x € H with ||z| = 1.
By taking the supremum over ||z|| = 1 in this inequality, we have

2

Zzj,x + [|1"+7| —2v/Re (F?)} ZTjaﬁ,x
Jj=1 j=1

o
IS
1

3|

2

SEH?\Tl leTxa? +[|F+’y|—2 Re ( F'y}“shlpl leTxas
:1 ZT +[Ir +9] - 2v/Re (T7)] w ZT ,

Jj=1

which proves (4.29).
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(iii) By the inequality (4.23) we have
(e Ul
g
Tz, 2] | < —= Tz, x]| + ————+
jz; v ; ’ 4T+l

1 " 10 —~)?
=— (D Tma||+ 5=
v\ =

any ¢ € H with ||z| = 1.

By taking the supremum over ||z| = 1 in this inequality, we get (4.30). O

Remark 4. By the use of the elementary inequality w (T) < ||T| that holds for
any T € B (X), a sufficient condition for (4.26) to hold is that

vy+T 1 .
(4.33) TJ*T §§|Ff'y| forany j€{1,...,n}.
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