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TRACE INEQUALITIES OF JENSEN TYPE FOR SELFADJOINT
OPERATORS IN HILBERT SPACES: A SURVEY OF RECENT
RESULTS

S. S. DRAGOMIR!:2

ABSTRACT. Some new trace inequalities for convex functions of selfadjoint op-
erators in Hilbert spaces are surveyed. Reverse Jensen’s type trace inequalities
and some trace inequalities of Slater’s type for convex functions of selfadjoint
operators in Hilbert spaces under suitable assumptions for the involved opera-
tors are given. Applications for some convex functions of interest and reverses
of Holder and Schwarz trace inequalities are also provided. The superadditiv-
ity and monotonicity of some associated functionals are investigated. Some
trace inequalities for matrices are also derived. Examples for the operator
power and logarithm are presented as well.

1. INTRODUCTION

1.1. Jensen’s Inequality. Let A be a selfadjoint operator on the complex Hilbert
space (H,(.,.)) with the spectrum Sp (A) included in the interval [m, M] for some
real numbers m < M and let {E)}, be its spectral family. Then for any continuous
function f : [m,M] — C, it is well known that we have the following spectral
representation in terms of the Riemann-Stieltjes integral (see for instance [36, p.
257)):

M
(1) G Wz = [ Ty
and
2 M 2 2
(1.2 I @al’ = [ 1P dlEa?,

for any z, y € H.
The function gz, (A) := (Exz,y) is of bounded variation on the interval [m, M]
and

9z,y (m —0) = 0 while g, , (M) = (x,y)

for any x,y € H. It is also well known that g, (\) := (E\z, ) is monotonic nonde-
creasing and right continuous on [m, M| for any = € H.

The following result that provides an operator version for the Jensen inequality
may be found, for instance, in Mond & Pecari¢ [43] (see also [35], p. 5]):
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2 S.S. DRAGOMIRY2

Theorem 1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a convex function
on [m, M], then

(MP) f({Az,z)) < (f (A) z, z)

for each x € H with ||z| = 1.

As a special case of Theorem [I] we have the following Holder-McCarthy inequal-
ity:
Theorem 2 (McCarthy, 1967, [41]). Let A be a selfadjoint positive operator on a
Hilbert space H. Then for all x € H with ||z|| = 1,

(i) (A"z,z) > (Az,z)" for all v > 1;

(ii) (ATz,z) < (Az,z)" for all 0 <r < 1;

(iii) If A is invertible, then (A"x,x) > (Az,z)" for all r < 0.

The following reverse for (MP)) that generalizes the scalar Lah-Ribari¢ inequality
for convex functions is well known, see for instance [35], p. 57]:

Theorem 3. Let A be a selfadjoint operator on the Hilbert space H and assume

that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a convex function

on [m, M|, then

M — (Az,x)
M —m

(Az,x) —m

(LR) (f (A),2) < e

f(m) + f (M)

for each x € H with ||z|| = 1.

The following result that provides a reverse of the Jensen inequality has been
obtained in [20]:

Theorem 4 (Dragomir, 2008, [20]). Let I be an interval and f : I — R be a convex
and differentiable function onl (the interior of I) whose derivative f’ is continuous
onl. If A is a selfadjoint operators on the Hilbert space H with Sp (A) C [m, M| C
Io, then

(1.3)  (0=)(f(A)z,2) - f ((Az,2)) < (f' (A) Az,2) — (Az,2) (f' (A) 2,2) ,
for any x € H with ||z| = 1.

Perhaps more convenient reverses of (MP) are the following inequalities that
have been obtained in the same paper [20]:

Theorem 5 (Dragomir, 2008, [20]). Let I be an interval and f : I — R be a convex

o

and differentiable function on I (the interior of I) whose derivative f’ is continuous
on I . If A is a selfadjoint operators on the Hilbert space H with Sp (A) C [m, M] C
12, then

(1.4) 0 <) {f (A z,2) - f((Az,z))

L1 —m) [IF (Wl — (W]

L7 () — 7 (m) [l 4z — (Awy?]
(M —m) (' (M) ~ f' (m)),

IN

IA
B —— A



TRACE INEQUALITIES OF JENSEN TYPE 3

T e lso o the mquniy
(15) (0<)(f (4)2,2) - f ((4,2))
< 3 (M —m) ( (M) ~ f' (m)
(M — Az, Az —ma) {f/ (M)~ [ (A)z, f (A)z — f (m) )]

[(Az, ) — 2| |(f (4) 3, 2) — LOOLL )

IN

7O —m) (7 (M)~ £ (m))

for any x € H with ||z| = 1.
Moreover, if m > 0 and f' (m) > 0, then we also have

(1.6) (0 {f(Az,2) - f((Az,z))

1 (M=m)(f"(M)=f"(m)) ,
4 \/Mmf’(M)f’(m) <A17,517> <f (A) 217,1‘> ’

IN

Nl

(VAT = vm) (VF O1) = VF (m)) (A, 2) (f' (A) .22
for any x € H with ||z| = 1.

In [21] we obtained the following operator version for Slater’s inequality as well
as a reverse of it:

Theorem 6 (Dragomir, 2008, [21]). Let I be an interval and f : I — R be a convex
and differentiable function onl (the interior of I) whose derivative f’ is continuous
on 1. If A is a selfadjoint operator on the Hilbert space H with Sp (A) C [m, M] C I
and f' (A) is a positive invertible operator on H then

@) o<y (WM) (f (A) )

(A7)
({AF (A)z, )\ [(Af (A)z,2) — (Az,2) {f' (A) 2, 2)
=7 ( U (A) 2, ) ) [ (F (A)z.2) ’

for any x € H with ||z|| = 1.

For other similar results, see [21].

For some inequalities for convex functions see [§]-[13], [33] and [49]. For inequal-
ities for functions of selfadjoint operators, see [15]-[24], [40], [42], [43], [44], [45] and
the books [25], [26] and [35].

In order to state our results concerning some trace inequalities for convex func-
tions of selfadjoint operators on Hilbert space (H, (.,.)) we need some preparations
as follows.

1.2. Traces for Operators in Hilbert Spaces. Let (H,(-,-)) be a complex
Hilbert space and {e;},.; an orthonormal basis of H. We say that A € B(H)
is a Hilbert-Schmidt operator if

(1.8) > "l Aes|? < 0.

i€l
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It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €
B (H) then

2 2 * g 12
(1.9) Do Aedl* = IALIE = 1A%l
i€l jeI jeI
showing that the definition (1.8)) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.
Let By (H) the set of Hilbert-Schmidt operators in B (H). For A € By (H) we
define

1/2
(1.10) Al = <Z ||Aei||2>

il
for {e;},c; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in [2 (I), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A] := (A*A)l/Q. Because
|A| z|| = ||Az| for all x € H, A is Hilbert-Schmidt iff |A| is Hilbert-Schmidt and
lAll, = [[|A]ll,. From we have that if A € By (H), then A* € By (H) and
[Ally = [[A"]]5 -

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 7. We have
(i) (B2 (H), ||ll5) s a Hilbert space with inner product

(1.11) (A,B), = (Ae;,Be;) =Y (B*Ae;e;)
i€l iel
and the definition does not depend on the choice of the orthonormal basis {e;}
(ii) We have the inequalities

iel’

(1.12) IA[F < [[All,
for any A € By (H) and
(1.13) [AT [l , [T Ally < 1T 1Al

for any A€ By (H) and T € B(H);
(1ii) By (H) is an operator ideal in B(H), i.e.
B(H) By (H)B(H) < By (H);
(1v) Byin, (H) , the space of operators of finite rank, is a dense subspace of By (H) ;

(v) Bo (H) C K (H), where K (H) denotes the algebra of compact operators on
H.

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if
(1.14) Al ==Y (|Alei e;) < 0.
iel
The definition of [|Al|; does not depend on the choice of the orthonormal basis

{ei};cr - We denote by By (H) the set of trace class operators in B (H) .
The following proposition holds:
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Proposition 1. If A € B(H), then the following are equivalent:
(i) Ac By (H);
(ii) |A['/* € By (H);
(i) A (or |A]) is the product of two elements of By (H) .
The following properties are also well known:
Theorem 8. With the above notations:
(i) We have
(1.15) [Ally = 1471l and [|A]l, < [Ally
for any A € By (H);
(i) By (H) is an operator ideal in B(H), i.e.
B(H)B, (H)B(H) C By (H);
(i1i) We have
By (H)By (H) =By (H);
(iv) We have
[All; = sup {[{A, B)y| | B € By (H), [|B| <1};

(v) (B1(H),||ly) s a Banach space.
(iv) We have the following isometric isomorphisms

By (H)= K (H)" and By (H)" = B(H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H) .
We define the trace of a trace class operator A € By (H) to be

(1.16) tr(A) ==Y (Aej,e;),

icl
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (|1.16)

converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 9. We have
(i) If A € By (H) then A* € By (H) and

(1.17) tr (A") = tr (A);
(i) If Ae By (H) and T € B(H), then AT, TA € By (H) and
(1.18) t (AT) = tr (TA) and [tx (AT)| < | A, |T;

(#3) tr (+) s a bounded linear functional on By (H) with |tr|| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) is a dense subspace of By (H).

Utilising the trace notation we obviously have that
(A,B), = tr (B*A) = tr (AB*) and ||A|? = tr (A" A) = tr (|A|2)

for any A, B € By (H).
For the theory of trace functionals and their applications the reader is referred
to [50]. For some classical trace inequalities see [5], [7], [46] and [56], which are
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continuations of the work of Bellman [2]. For related works the reader can refer to
1, B, ), [34], 137, [38], [39], [47] and [53).

2. JENSEN’S TYPE TRACE INEQUALITIES

2.1. Some Trace Inequalities for Convex Functions. Consider the orthonor-

mal basis £ := {e;};c; in the complex Hilbert space (H,(:,-)) and for a nonzero

operator B € By (H) let introduce the subset of indices from I defined by
Iep:={i€l: Be; #0}.

We observe that I¢ g is non-empty for any nonzero operator B and if ker (B) = 0,
i.e. B is injective, then Ig p = I. We also have for B € By (H) that

tr(|BP) =t (B*B) = Y (B'Beiei) = 3 |Beill* = Y |1Beill”.

el iel i€lg B

Theorem 10 (Dragomir, 2014 [29]). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) C [m, M] for some scalars m, M with m < M. If
[ is a continuous convex function on [m, M], £ := {e;},.; is an orthonormal basis

in H and B € By (H) \ {0}, then tiéﬁ;%) € [m, M] and

tr(|B|2A) ,
21) f W tr<|B|)
Jo (£ A,B) <t (1B £ (4)
1

< 5= (T [1BF 011 = )] + 7 0w 1B (4 - m1 )] ).
where
(2.2) (A= Y f< (B*ABey, L>> 1Be.
i€lg B ”B H

Proof. Since Sp (A) C [m, M], then m|jy||> < (Ay,y) < M ||y|* for any y € H.
Therefore

m||Be;||* < (ABe;, Be;) < M || Be; ||,
for any ¢ € I, which implies that

m > | Bei|* < (ABe;, Be;) < MY ||Bey)?

iel iel iel
r 2
and we conclude that ttr(éj\gB‘lj) € [m, M].
By Jensen’s inequality (MP)) we have
Ay,y fA)yy
23) f<< 2>>S< (Dy.9)
lyl [yl

for any y € H\ {0} .
Let F be a finite part of I¢ p. Then for any ¢ € F' we have from ({2.3)) that
(ABe;, Be;) (f (A) Be;, Be;)
f p) < 2
| Beill | Beil

b
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which is equivalent to
B*ABGZ', €; *
(2.4) f <<2>> |Beil|* < (B (A) Bej,e;)
|| Bei
Summing over ¢ € F' we get

(2.5) Zf( BH236H“ i ) I < S"(B"f(A) Bes,ei).

i€l ieF
Using Jensen’s discrete inequality for finite sums and for the positive weights w;
f <ZieF wiui) < ZieF w; f (UZ)
YierWi ) T YiepWi

we have

<B*ABE7;,61'>
I 2icF ~[Bal?

2
>icr | Beill
which is equivalent to

Y icr (B*ABe;, e;) (B*ABe;, e ,)) 9
2.6 Bei Bei .
20 ( > Berl? )Z D < ||B A

icF i€l
Therefore, for any F a finite part of I¢ 5 we have from that

Y icr (B*ABe;, e;) (B*ABe;, e;) 9
2.7 Be; Be;
z0- ( > op [Bed? )Z” P21 ( 1B ) |

icF i€F
< (B*f(A)Bej,e;) .
icF
By the continuity of f we then have from (2.7) that

Zi I B<B*AB€Z',61'>
(2.8) f< ) ST Be?
Z'LEI&B | Bei|| icle g

<2 ( B||];Be||“ez>> 1Bedl® < 3 (B"F(4) Ber, i)

i€lg B i€le B

and since B € By (H) \ {0}, then also

> el =Y 1Bl = u (1B7),

B*ABe;,e; 2

Bl _ Sier f (Ppeq) I1Bei]
— 2
EieF | Beill

)

i€lg B i€l
Y (B*ABeie;) =Y (B*ABej,¢;) = tr (|B|2 A)
icle. iel

and

> (B (A)Besei) = Y (B'f (A) Besyei) = tr (1B £ (4)) .

i€lg B el

From ([2.8) we then get the first and the second inequality in ([2.1)).
From (LRJ|) we also have

(2.9) (f(Ay,y) <

(M1 — )y, ) f (m) + (A= mla) y,v) f (M)
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for any y € H.
This implies that

(210) <f (A) Bei, Bez>

< T [((M1g — A) Be;, Be;) f (m) 4+ {((A — mly) Be;, Be;) f (M))

for any i € 1.
By summation we have

> (f(A) Be;, Bey)

icl
1
<37 F(m)Y (Mg — A) Be;, Be;) + f (M) ) ((A—mly) Be;, Be)
-m iel il
and the last part of (2.1]) is proved. (I

Remark 1. We observe that the quantities
Js (f; A, B) =sup J, (f; A, B) and J; (f; A, B) =inf J, (f; A, B)
£ £

are finite and satisfy the bounds

tr (|B|2A) , .
(2.11) f (t(|B|)) tr (1BI*) < J: (£ 4, B)

<05 (74, B) < wr (1B 7 (4))

We have the following version for nonnegative operators P > 0, i.e. P satisfies
the condition (Pz,z) > 0 for any « € H.

Corollary 1 (Dragomir, 2014 [29]). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) C [m, M] for some scalars m, M with m < M. If
[ is a continuous convex function on [m, M], £ := {e;},.; is an orthonormal basis

in H and P € By (H)\ {0}, P >0 then 2LA) ¢ [m, M] and

tr(P)
(2.12) f <tr (Pf;)) tr (P)

(P
K. (f; A, P) <tr (Pf(A))
1

S m(f( m)tr [P (M1l — A+ f (M) tr [P (A—-mly)]),
where
1/2 4 p1/2
AP = T f( (PY2AP ez,el>> (Per. e
i€lg p P€i76i>
and

Iepi={iel: P2 +0}
Moreover, the quantities

Ki(f; A, P):=inf K, (f; A, P) and K, (f; A, P) :=sup K, (f; A, P)
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are finite and satisfy the bounds

213) () v () < K (FAP) < K (1A P) e (PF(4).

The finite dimensional case is of interest.
Let M., (C) be the space of all square matrices of order n with complex elements.

Corollary 2 (Dragomir, 2014 [29]). Let A € M,, (C) be a Hermitian matriz and
assume that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a
continuous convezx function on [m, M|, € :={e;},cy . 15 an orthonormal basis

in C", then - tr (A) € [m, M] and

210 of (M) <, (1) < (s (a)

1
M—-—m

< [f (m) tr (ML, — A) + f (M) tr (A —mlI,)],

where

T, (F54) = 3 f (e ),

and I, is the identity matriz in M, (C).
Remark 2. The second inequality in , namely

Zf ((Aei,eq)) < tr (f(A))

for any {ei}ie{l .....
Inequality. For a different proof and some applications, see, for instance [4].

n} QN orthonormal basis in C™, is known in literature as Peierls

2.2. Some Functional Properties. If we denote by B{” (H) the convex cone of
nonnegative operators from B; (H) we can consider the functional o 4 : Bf (H) \
{0} — [0, 00) defined by

(2.15) 7Py (P () - we(p) £ (5] 20,

where A is a selfadjoint operator on the Hilbert space H with Sp (4) C [m, M| for
some scalars m, M (m < M) and f is a continuous convex function on [m, M].

One can easily observe that, if f is a continuous strictly convex function on
[m, M], then the inequality is strict in ([2.15)).

Theorem 11 (Dragomir, 2014 [29]). Let A be a selfadjoint operator on the Hilbert
space H with Sp (A) C [m, M] for some scalars m, M with m < M and f is a
continuous convez function on [m, M].

(i) For any P, Q € B (H)\ {0} we have

(2.16) opA(P+Q)>0pa(P)+054(Q)(>0),

i.e. oy 4 (") is a superadditive functional on By (H)\ {0};
(i4) For any P, Q € B (H)\ {0} with P > Q we have

(2.17) opA(P)>054(Q)(>0),

i.e. oy 4 (") is a monotonic nondecreasing functional on By (H)\ {0} ;
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(iii) If there exists the real numbers v, T' > 0 such that TQ > P > ~Q with P,
Q € B (H)\ {0}, then

(2.18) Popa(Q) 2 0pa(P)>v054(Q)(>0).

Proof. (i) Let P, Q € By (H) \ {0}. Then we have

(219) 074 (P+Q) =t ((P+Q)f(A)—tr(P+Q)f (
— tr (Pf(A) + tr (PF (A))

[t (P) + e (Q)] (tﬁﬁ; = E?»A)> '

tr((P+Q)A)>
tr (P + Q)

By the convexity of f we have

tr (PA)+tr(QA)) - (tr(P ) 5H Q) tﬁ?@?)

(2.20) f( o (P) + tr (Q) tr (P) + tr (Q)

tr (P) f (%) +ir(Q) f (tﬁ%))
tr (P) + tr (Q)

<

Making use of and we have
ora(P+Q) =tr(Pf(A)+tr(Pf(A))
tr(P) f (55 ) + o (@) f (5%

~ [tr (P) + tr (Q)
= tr (P (4)) + tr (P (4))

—tx(P) f (t;(gj;)) —t(Q)f (“ (QA))

=054 (P)+054(Q)

and the inequality (2.16) is proved.
(ii) Let P, Q € B (H) \ {0} with P > @. Then on applying the superadditivity
property of oy 4 for P — (@ > 0 and @ > 0 we have

05 A(P)=0;4a(P—Q+Q)>0;4a(P—Q)+074(Q)>0s4(Q)

and the inequality (2.17)) is proved.
(iii) If P > vQ), then by the monotonicity property of oy 4 we have

orA(P)> 054 (vQ) =7v0y4(Q)

and a similar inequality for T (]

We have the following particular case of interest:

Corollary 3. Let A € M,, (C) be a Hermitian matriz and assume that Sp (A) C
[m, M] for some scalars m, M with m < M. If f is a continuous convex function
on [m, M|, there exists the real numbers v, I' > 0 such that 'L, > P > ~I,, with P
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positive definite, where I,, is the identity matriz, then

20 T lu(r)-nf (M) 2w e - we s
>7PMfMﬁ—nfCMA»

The following result also holds:

Theorem 12 (Dragomir, 2014 [29]). Let A be a selfadjoint operator on the Hilbert
space H with Sp (A) C [m, M] for some scalars m, M with m < M and f is a

continuous convex function on [m,M]. For p > 1, the functional 1, ; 4 : B (H)\
{0} — [0,00) defined by

1

Uy pa (P):=[tr (P)]' "7 oya(P)
is superadditive on By (H)\ {0}.
Proof. First of all we observe that the following elementary inequality holds:
(222) (a+B)F > (<)a” + B

forany a, 3 >0andp>1(0<p<1).

Indeed, if we consider the function f, : [0,00) — R, f, (t) = (¢ + 1)’ — P we
have f, (t) = p [(t +1)P - tp_l} . Observe that for p > 1 and ¢t > 0 we have that
fp (t) > 0 showing that f, is strictly increasing on the interval [0,00). Now for
t=735 (8>0,a>0) we have f, (t) > f, (0) giving that (% + 1>p B (%)p > 1, ie,
the desired inequality (2.22)).

For p € (0,1) we have that f, is strictly decreasing on [0, c0) which proves the

second case in (2.22)).
Now, since o 4 (-) is superadditive on By (H)\ {0} and p > 1 then by (2.22)) we
have

(2.23) o A (P+Q)>opa(P)+054(Q) >0% 4 (P)+0%,(Q)

for any P, Q € B (H)\ {0}
Utilising (2.23) and the additivity property of tr (-) on By (H) \ {0} we have

o4 (P+Q) ba(P)+0h 4 (Q)
(2.24) tr(P+Q) — tr(P)+tr(Q)
:tr(P)J:(I(D))thr(Q)%
r(P)+tr(Q)
_u@%ﬁmﬁf+u@mﬁmgf_j
N tr (P) + tr (Q) Y

for any P, Q € Bf (H)\ {0}.
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Since for p > 1 the power function g (t) = t? is convex, then

o P o P
(tr (P) e + 1 (@) i) )

(2.25) I >

tr (P) + tr (Q)

- <tr11/p (P)osa(P)+tr'"Y9(Q)ofa (Q))p
B tr(P+ Q)
for any P, Q € Bf (H)\ {0}.

By combining ([2.24) with (2.25)) we get

U?,A (P+Q) > (trl_l/p (P)Uf)A (P)—i—trl_l/q (Q)Uf,A (Q))p
tr(P+Q) ~ tr (P+Q) 7

which is equivalent to

01 A(P+Q) _ V7 (P)osa(P)+tr'"1(Q) o4 (Q)
trl/? (P + Q) ~ tr (P + Q) ’

for any P, Q € Bf (H)\ {0}.
Finally, if we multiply (2.26)) by tr (P + Q) > 0 we get

’@[Jp,f,A (P + Q) > wp,f,A (P) + d]p,f,A (Q)
for any P, Q € Bf (H)\ {0} and the proof is complete. O

(2.26)

Corollary 4. With the assumptions of Theorem[I3, the two parameters p, ¢ > 1
functional ¥, , 4 : Bf (H)\ {0} — [0,00) defined by

Upaga (P) = (P09 0% 4 (P)
is superadditive on By (H)\ {0}.

Proof. Observe that ¥, , + 4 (P) = [¢, ;4 (P)]q for P € B (H)\ {0}. Therefore,
by Theorem [12] and the inequality (2.22)) for ¢ > 1 we have that

Vpasa(P+Q)= [0, ;4 (P+Q)]*

> [wp,f,A (P) + d)p,f,A (Q)]q
> (¢ 54 (P)]* + [0 5.4 (@) =g 1.4 (P)+ 0054 (Q)
for any P, Q € Bf (H)\ {0} and the statement is proved. O

Remark 3. If we consider the functional
Gy .4 (P) = [tr (P 0% 4 (P)
then, for p > 1, {pp’f,A (+) is superadditive on Bf (H)\ {0} .

Corollary 5. With the assumptions of Theorem [I3 and for parameter p > 1, if
there exists the real numbers v, I' > 0 such that T'Q > P > ~Q with P,Q €
B (H)\ {0}, then

(2.27) 275 [tr (Q)]' 7 07,4 (Q) > [t (P)]' ™7 o (P)
> 525 [ (Q))' 7 05,4 (Q) (2 0).

The case of finite-dimensional spaces is as follows:
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Corollary 6. Let A € M,, (C) be a Hermitian matriz and assume that Sp (A) C
[m, M] for some scalars m, M with m < M. If f is a continuous convex function
on [m, M|, there exists the real numbers v, T' > 0 such that T'I, > P > ~I, with P
positive definite, then

228) r i (s () -t (S|
>MMMF;PNRNM**“me$Z?ﬂ

>y ol [tr (f(A)) = nf (”f))} (>0)

for any p > 1.
The following result also holds:

Theorem 13 (Dragomir, 2014 [29]). Let A be a selfadjoint operator on the Hilbert
space H with Sp (A) C [m,M] for some scalars m, M with m < M and f is
a continuous strictly convex function on [m,M]. For p € (0,1), the functional

Xp,f,A B (H)\ {0} — [0,00) defined by

@)t
Xp,f,A (P) T O—f,A (P)

is subadditive on By (H)\ {0}.
Proof. Let s:= —p € (—=1,0). For s < 0 we have the following inequality

(2.29) (a+B)° <a®+p°

for any «, § > 0.
Indeed, by the convexity of the function f, (¢) = t* on (0, 00) with s < 0 we have
that

(a+8)° <271 (a® +5%)
for any «, 8 > 0 and since, obviously, 2571 (a® + 8%) < a® + 8%, then (2.29) holds
true.
Taking into account that o 4 (-) is superadditive and s € (—1,0) we have

(2.30) 03 AP +Q) <[opa(P)+0s4(Q) <0ja(P)+054(Q)

for any P, Q € B (H)\ {0}.
Since tr (-) is additive on By (H) \ {0}, then by (2 we have

)
Uf,A(P+Q)<U (P)+0%4(Q)

(

)

(2:31) xr P)+tr(Q)

tr(P+Q) — tr
tr (P (ii;z%';)) +r(Q
(

(UrJ;/A(Q)>

trl/S(P) - /5 (@) 7 °
o7 AP ) +tr (Q) (gfyA(Q)) _.J
( =:

for any P, Q € Bf (H)\ {0}.



14 S.S. DRAGOMIRY2

By the concavity of the function ¢ (t) = t~° with s € (—1,0) we also have

tl/*(P) /@]
(2.32) P R Ry kT )
= tr (P) + tr (Q)

for any P, Q € B (H)\ {0}.
Making use of (2.31)) and ([2.32)) we get
s tr!/=(P) tr/*(Q)
054 (P+Q) tr (P) oraP) T (@) 95,4(Q)
tr(P+Q) — tr (P) 4+ tr (Q)

—S

for any P, Q € Bf (H)\ {0}, and by taking the power —1/s > 0 we get

1 trl /e py | altl/e(Q)
Uf,A(PJFQ) < _05.4P) os,4(Q)

tr—1/s (P+Q) tr (P) + tr (@) ’
which is equivalent to
o (P4 Q) et (P) | et (Q)
opa(P+Q) = opa(P) o4 (Q)

for any P, Q € B (H)\ {0}.
This completes the proof. ([l

The following result may be stated as well:

Corollary 7. With the assumptions of Theorem the two parameters 0 < p,
q <1 functional x, , s 4 : B (H)\ {0} — [0,00) defined by

rq(l_%)
Xp,q.5,4 (P) = tq(P()P)
is subadditive on By (H)\ {0}.

Remark 4. If we consider the functional X,, r 4 (P) = trzil((lf)) for0<p<1, then
1)y Of,A

Xp.f.a () is also subadditive on B (H)\ {0} .

2.3. Some Examples. We consider the power function f : (0,00) — (0,00),
f (@) =t" witht € R\ {0}. For r € (—o0,0)U[1,00), f is convex while for r € (0,1),
f is concave.

Let » > 1 and A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with 0 < m < M. If £ := {e;};; is
an orthonormal basis in H and P € Bf" (H) \ {0} then

(2.33) [tr (PA)]" [tx (P)]" "
<K, (r; A, P) <tr (PA")

<

M_m(mrtr[P(MlHfA)]JrMTtr[P(A—mlH)]),

where r
Ks (’I",A,P) = Z <P1/2AP1/26i,ei> <P6ivei>17T .

i€l p
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Moreover, the quantities
K;(r;A,P) :=inf K, (r; A, P) and K, (r; A, P) :=sup K, (r; A, P)
£

£

are finite and satisfy the bounds

(2.34) [tr (PA)] [tr (P)]'™" < K; (r; A, P) < K, (r; A, P) < tr (PA").
Now, if we take A = P, P € B (H) \ {0}, then by (2.33) we have

(2.35) [tr (P?)]" [tr (P)]'" < K, (; P) < tr (P™)

where

~—

K, (r;P) = Z <P2€i,€z‘>r <P6i»ei>1ir'
i€lg p

If we consider the functional o, 4 : Bf (H) \ {0} — [0,00) defined by
(2.36) 0ra (P) :=tr (PA") — [tr (PA)]" [tr (P)]'™" >0,

where A is a selfadjoint operator on the Hilbert space H with Sp (A) C [m, M] C
[0,00), then o, 4 (-) is superadditive, monotonic nondecreasing and if there exists
the real numbers 7, T' > 0 such that I'Q > P > vQ with P, Q € Bf (H)\ {0}, then

(2.37) Lo 4(Q) > 04 (P) > 70,4 (Q)(>0).

Consider the convex function f : (0,00) — (0,00), f(t) = —In¢ and let A be a
selfadjoint operator on the Hilbert space H and assume that Sp (A) C [m, M| for
some scalars m, M with 0 <m < M. If £ := {e;},.; is an orthonormal basis in H
and P € B (H)\ {0} then

PA tr(P)
(2.38) (t‘zr((P))) > L, (A, P)>expltr (PlnA)]
> mtr[P(]JCI{iI;In—A)] Mtr[P(JCIi::lH)] ’
where (Per ey
<P1/2AP1/26i €i> €i,€4
L, (AP):= ’ .
) z'ell:s[.P ( <P8i’ ei>

Moreover, the quantities

L;(A,P):=infL, (A,P) and Ls(A,P):=supL, (A, P)
£ £

are finite and satisfy the bounds

tr (PA)
tr (P)

Now, if we take A = P, P € Bf (H) \ {0}, then by (2.38) we get

tr(P)
(2.39) > > L, (A, P)>L; (A P)>expltr(PlnA).

o (P2) )"
(2.40) ( o (P) ) > L, (P) > exptr (PlnP)]

where

23- . (Pej,eq)
L.(P) =[] <<<1; 6:,6;>>> .

i€le p



16 S.S. DRAGOMIRY2

Consider the functional 64 : By (H) \ {0} — (0, 00) defined by

(tr(PA) )“(P)
tr(P) >1

exp (tr (PInA)) =

04 (P):=

where A is a selfadjoint operator on the Hilbert space H and such that Sp (A) C
[m, M] for some scalars m, M with 0 < m < M.
Observe that

r tr(P)
0—m,a(P):=In (Z:Z;?) —1Infexp (tr (PIn A))] =1n[d4 (P)]

for P € B (H)\ {0}.
Utilising the properties of 0_1, 4 () we conclude that 04 () is supermultiplica-
tive, i.e.

dA(P+Q)>04(P)da(Q)>1

for any P,Q € By (H)\ {0}. The functional § 4 (-) is also monotonic nondecreasing
on By (H)\ {0}.

Consider the convex function f (¢t) = tInt and let A be a selfadjoint operator on
the Hilbert space H and assume that Sp (A) C [m, M] for some scalars m, M with
0 <m < M.If € :={e;};,c; is an orthonormal basis in H and P € Bf (H) \ {0}
then

tr (PA tr(PA)
(2.41) ( ;( ( P))> < I, (A, P)<expltr(PAln A)]
< mm tr[PISII\:Ilwl;IfA)] MM tr[PN(;i:r:an)] 7
where

I (A,P) =[]

i€lg p

PY2APY2¢; e,
<P1/2AP1/26i,6i> < >
<P€i,6i> '

Moreover, the quantities

I; (A, P):=infI, (A, P) and I, (A, P):=supl, (A, P)
& &

are finite and satisfy the bounds

tr(PA)
(2.42) ( tzr(Zf;)) - < I; (A, P) < I, (A P) <expltr (PAln A)].
Now, if we take A = P, P € Bf (H) \ {0}, then by we get
. 2 tr(P2)
(2.43) (1;{;3) < I, (P) <exp[tr (P’InP)]
where

20 ¢ (Peises)
v 1 (GGed)

i€l p
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Observe that for f (t) = tInt we have

o()m(ya(P) = tr(PAlnA)—tr(PA)ln (t;(iji))
exp [tr (PAIn A)]

= In (tr(PA) ) tr(PA)

tr(P)

for any P € B (H)\ {0}.
Consider the functional A4 : Bf (H) \ {0} — (0, 00) defined by
exp [tr (PAln A)] -

(tr(PA))tr(PA)
tr(P)

Aa (P) :=

Utilising the properties of o(.y1y(.),4 (-) we can conclude that A4 (-) is supermulti-
plicative and monotonic nondecreasing on By (H) \ {0} .

2.4. More Inequalities for Convex Functions. We recall the gradient inequal-
ity for the convex function f : [m, M] — R, namely

(2.44) [ =f(r)265(r)(c=7)

for any <, 7 € [m, M] where §; (1) € [f_ (1), f} ()], (for 7 =m we take 0s (7) =
fi (m) and for 7 = M we take 67 (1) = f. (M)). Here f) (m) and f’ (M) are the
lateral derivatives of the convex function f.

The following result holds:

Theorem 14 (Dragomir, 2014 [30]). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) C [m, M| for some scalars m, M with m < M. If
f is a continuous convex function on [m, M| and B € By (H) \ {0}, then we have

i € M1
. tr(\B\QA) tr(|B*|2A) —tr(|B|2A)
. tr (\B\Q) tr (|B|2)
o (|B*|2f(A)> y (tr (|B|2A>)
N tr(\B|2) tr (|B|2) ’
where

tr(\B\ZA) / tr(|B|2A) , tr(|B|2A)
w(ie?) ) <1 ey ) e )
and the Jensen’s inequality
tr(|B|2A> tr(|B|2f(A))
(240) f(tr(|B|2>)< tr(|B|2) '
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Proof. Let £ := {ei};¢;
inequality (2.44) we get

o o) )

for any ¢ € [m, M], since obviously, by Sp (A) C [m, M] we have

be an orthonormal basis in H. Utilising the gradient

m || Bes||* < (ABe;, Be;) < M || Bey||”,
for i € I, which, by summation shows that
tr (|B|2 A)

The inequality (2.47)) implies in the operator order of B (H) that

(248) £ (4)- f (tt((BBg)) = (tt((BB;;)) (A _ tI“f((Bf;;;)IH) |

which can be written as

tr(|B|2A)
(2.49) Ay | —— | W)

o (o) (- )

for any y € H. This inequality is also of interest in itself.
Taking in (2.49) y = Be; we get

(f (A) Be;, Be;) — f (HOBFA)) (Be;, Be;)
o o (1B v

>0y M (ABe;, Be;) — M (Be;, Be;) | ,
or (1B1°) tr (1B1°)

which is equivalent to

€ [m, M].

BI” A)

(2.50) (B*f(A) Bej,e;) — f (t;((BQ)) <|B|2 ei,ez‘>
tr (|B|2A) ) tr (\B|2A> )
>0y (tr(|B|2>) ((B ABe;, e;) — W <|B| ei,ei>) ,

for any i € 1.
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Summing in (2.50) we get
Ol 17T Y fl G S (Bl ene)
2.51 B*f A Bei,ei 7f B €;,€;
il tr (|B|2) il

tr (|B|2) el tr (|B|2) icl
However

Z <B*f (A) Bei, €i> = Z <BB*f (A) €i, 67;>

icl iel
=S (1B e e =t (1B £ (4))
iel
and
Z <B*ABSZ, 6i> = Z <BB*A6L7 €i> =tr (‘B*|2 A) :
icl el
By we get

tr (|B|2A)

(2.52) tr (IB*|2f(A))—f< = (7] )tr (181)
AP
> 6, ( - (|B|2> ) (tr (|B | A) - (|B\ A)),

and the inequality (2.45]) is thus proved.
Taking in (2.49)) y = B*e; we also get

for any i € 1.

19
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Summing in (2.53) we get

tr (|B|2A)
(254) Y (Bf(A)Breiei) — f | ——5F | D (BB ei,ei)
iel tr (|B| ) i€l
tr (|B|2A) s > tr (|B|2A) s >
2 0 —_— BAB*GZ',GZ' e ————— BB*€i7€i
\u(sr) )\ & NCRE=
Since
ST {BS(4) Breiseq) = tr (Bf (4) BY) = tr (B"BY (4)) = tx (1B £ (4)),
el
Y (BB'ei,e;) = tr (BB*) = tr (B*B) = tr (|B|2>
el
and
Y (BAB*c;,e;) = tr (BAB®) = tr (B*BA) = tr (|B|2A) :
el
then by we get
, tr (\B\QA) )
w (1BF £ (4) - () )" (18%) =0
and the inequality is obtained. ([l

Remark 5. The inequality s obviously not as good as the first part of .
Howewver it is the natural alternative of Jensen’s inequality for trace and provides

simple and nice examples for various convex functions of interest. The proof here
is also simpler than the one from [29] and has some natural reverses as follows.

Corollary 8. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuous

convex function on [m, M] and P € By (H)\ {0}, P >0 then (PA) ¢ [m, M] and

tr(P)
o (PA)\ _ tr (Pf (A))
(2:55) / ( o (P) > S Twr)

The proof follows by either (2.45) or (2.46)) on choosing B = P2, P € By (H)\
{0}, P>0.

3. REVERSES OF JENSEN’S TRACE INEQUALITY

3.1. A Reverse of Jensen’s Inequality. The following lemma is of interest in
itself:
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Lemma 1 (Dragomir, 2014 [30]). Let S be a selfadjoint operator such that yl1g <
S <Tlg for some real constants T' > . Then for any B € By (H) \ {0} we have

)
(o9,

1 1 2
SQ(FW)HOBF)H (B Str(BQ) H

1/2
[l e

o)\

Proof. The first inequality follows by Jensen’s inequality (2.46] for the convex func-
tion f (t) = t2.
Now, observe that

IA

31) 0

(D —9)%.

INA
| =

1
2

| R ) S_tr(\B\ZS)

M AR T T

o)

()

)

since, obviously

) tr (\B\QS)
tr | |B| 5—721;1 =0.
tr (|B| )
Now, since y1yg < S <T'ly then
'+~ 1

‘SQIH'SQ(FV)-
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Taking the modulus in (3.2)) and using the properties of trace, we have

trQBﬁsﬁ trQBﬁs) ’
ey (o)

Iy mQBF@
tIOBF)trOBQ(SfZMO (S_HOBR>1H>)‘
SRS N (S_ MIH) . tr(|B|2S) .
’trQBF) 2
1 tr (\B\ZS)
—7) o (|B|2) tr <|B|2 o (|B|2) 1y
which proves the first part of .
By Schwarz inequality for trace we also have
1 tr (\B|2 S)
- (|B\2> tr (|B|2 - (|B|2) )
- o\ 7 1/2
) tr (1BI°5)
_tr (|B‘2) " (32 (S_ tr (\B‘Q) 1H) )]
e (|B\252> tr (|B|25) ik
- i (181 _-(trOBf>)

From (3.3) and (3.4)) we get

N )

P CE)]

< S -

N | =
—

(3.4) S -

1y
2
|

<

<

N |

which implies that

1/2

S ()]
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By (3.4) we then obtain

97 1/2

tr (|B\252) tr <|B|2 S) 1
w(BF) ( NER ) R
that proves the last part of . O

Remark 6. Let S be a selfadjoint operator such that v1g < S < T'ly for some
real constants T' > ~. Then for any P € By (H)\ {0}, P > 0 we have

tr(PSQ) tr (PS) 2
35 0= ‘(u(P))

R G ’S e

tr (PS?)  [tr(PS)\’
tr (P) _(tr(P)>

1
2

)

1/2

IN

=) < T

] =

The following result provides reverses for the inequalities (2.45)) and (2.46)) above:

Theorem 15 (Dragomir, 2014 [30]). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) C [m, M| for some scalars m, M with m < M. If
f is a continuously differentiable convex function on [m, M| and B € By (H)\ {0},
then we have

tr (|B*|2 f (A)) tr (|B|2 A)
(3.6) B — (|B‘2) - f (tr (IBI2) )
o (|B*|2f’ (A) A) tr (|B|2A) tr (|B*|2f’ (A))

w(B?)  w(BF) (18P

and

()

) tr (|B|2f’ (A) A) K (\BFA) tr (|B|2f’ (A))

or (1B1°) w(BP)  w(1BP)

= K(f',B,A).
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Moreover, we have
(3.8) K(f',B,A)
|B|2‘A77“(‘B‘2A)1 D

w(|B2) H

tr(\B|2)

L (M) — f (m) {

IN

r(1B12 £ (A)
-2 ) (f(‘sf‘zf‘)ly

tr(|B|?)

b1y o) - o [ <S50 - ()

tr( |B|?

(M —m)

N

11/2

IN

11/2

tr(|BI?) tr(|B[?)

L (0 =) [tr(lBlz[f'(A)]Q) - (tr(B|2f’(A)))2

1

< 2 @) = f1 ()] (M = m).

Proof. By the gradient inequality we have
(3.9) f@) = f) = f(n)(r—9)

for any 7, ¢ € [m, M].
This inequality implies in the operator order

fA) = f (t;((i;/;)> 1y < f'(A) (A— 1((31;3)1}1)

that is equivalent to

tr (|B|2A)
(3~10) <f (A)y7y> - f W <y,y>
/ tr (|B|2A) /
<(f'(A) Ay,y) — (f"(Ay,y)

tr (|B|2)
for any y € H, which is of interest in itself as well.

Let £ := {e;};c; be an orthonormal basis in H. If we take in (3.10) y = Be; and
sum, then we get

> (f(A)Be;, Be;) — f M > (Bei, Bey)
il tr (\B|2) il

tr (|B|2 A)
< Z (f' (A) ABe;, Be;) —

———> ) (f'(A) Be;, Bey),
il tr(|B|2> el
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which is equivalent to

Z<B*f(A)B€¢ ei)—f <U‘(|B|214)) Z<B*Bez ez>

el 7 tr (|B|2) iel ’

<Y (B*f'(A) ABe;,e;) — M D (B f'(A) Beises)
i€l tr (|B|2) icl

and the inequality (3.6]) is obtained.
If we take in (3.10) y = B*e; and sum, then we get

Y (il (G0 A P
> (f(A) B e;,Be;) — f (tr(|B|2)> > (B'e;, Bre;)

i€l el
tr (|B|2A)
<D ((A)ABe;, B'e;) — — 57—y (f'(A) B e;, Brey)
iel tr (|B| ) iel

that is equivalent to

tr (|B|2A)
B1) (BB ee)—f | ——L | 3 (BB )

iel tr (|B|2) i€l
< Bf' (A) AB* o (|B|2A) Bf' (A) B*
_;< f(A) e“el>_tr(|B|2);< f"(A) B*ei, ei)

and the inequality (3.7) is obtained.
Now, since f is continuously convex on [m, M|, then f’ is monotonic nondecreas-
ing on [m, M] and f'(m) < f'(¢t) < f' (M) for any t € [m, M]. We also observe

that
/ m) 4+ tr (|BI> A
@u)wdwﬁu(BﬂfM)f();fMQm}kt&BﬁLH>
o ) tr (|B|2A>
= wtr (BI [ (4) [A— U(|B|2>1H )
w70 1 tr(|B|2 [A“OBFA)mD
2 tr (1BI°) tr (1B1°)

=K(f,B,A).

Since

L0, < 1 o - 1 o)
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then by taking the modulus in (3.12)) and utilizing the properties of trace we have

(3.13)  0<K(f,B,A)

1
<

"(m / tr |B|2A
o G e e ] (<>)
" / . o u (1B a)
Si[f (M) — (m)]‘w(B|2)tr |B| A_tI'(|B|2)1H ;

and the first inequality in the first branch of (3.8)) is proved.
We have mly < A < M1y and by applying Lemma |I| we can state that

(3.14) 1 |B)? A—tr(|Bl2A)1H
' tr (|B|2> tr (|B|2>
ot w) (ot 2

oo \u(er)

Making use of (3.13]) and (3.14]) we deduce the second and the third inequalities in
the first branch of (3.8).

We observe that K (f/, B, A) can be also represented as

K(f',B,A)

=12>tr |B|? f/(A)_tr(|B|2f’(A))1H (A_m';MlH)

w (1] o (1B7)

Applying a similar argument as above for this representation, we get the second
branch of the inequality ((3.8)).
The proof is complete. O

Corollary 9. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M| for some scalars m, M with m < M. If f is a continuously
differentiable convex function on [m,M] and P € By (H) \ {0}, P > 0, then we
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have
tr (Pf (4)) tr (PA)
(3.15) 0 P f< L )
< tI‘(Pf/ (A) A) B tr (PA) . tr(Pf’ (4))
tr (P) tr (P) tr (P)
%Wwﬂ—fmﬂ“”ﬁﬁ%mb
< ( )
tr ! _r(PrI(A) 1n
L (M —m) (p f (A)tr(P;,_(P) D
2 271/2
LIS (M) = f (m) [“55?523) — (r) ]
- 1/2
< LU0 — ()] (M~ m).

Remark 7. Let M,, (C) be the space of all square matrices of order n with complex
elements and A € M,, (C) be a Hermitian matriz such that Sp (A) C [m, M] for
some scalars m, M withm < M. If f is a continuously differentiable convex function
on [m, M|, then by taking P = I,,, the identity matriz, in we get

(3.16) 0< U A) f (tr (A))
L A4 (A tr(f7(4)

(|A=01,))

S (M) = £ (m)] =

IN

()= )

ot -

IN

< LU M)~ 7 )] (M~ m).
3.2. Some Examples. We consider the power function f : (0,00) — (0,00),
f (@) =t" witht € R\ {0}. For r € (—00,0)U[1,00), f is convex while for r € (0,1),
f is concave. Denote By (H) := {P with P € B; (H) and P > 0}.
Let > 1 and A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with 0 < m < M. If P € Bf (H)\{0},
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then

tr (PA") tr (PA)\"
s ol - ()
tr (PA")  tr (PA)tr (PA™1)
tr(P)  tr(P) tr(P)

r— r— tr(P|A7t:£PA)1H|)
37 (M7t —m") tr(P()P)
< r—
) tr(P A"*l—in(i?},) Dy )
a7 (M —m) tr(P)
1/2
e e tr(PA? tr(PA 2
g (M7 —mr ) [ t(r(P)) B ( tE(P))) ]
<
) (paren) (e
tr( PA“\"T tr(PA"™
%7” (M —m) [ (D) - ( tr(P) ) ]
1
<

i (M“l — m’“il) (M —m).

Consider the convex function f : (0,00) — (0,00), f(t) = —Int and let A be a
selfadjoint operator on the Hilbert space H and assume that Sp (A) C [m, M] for
some scalars m, M with 0 < m < M. If P € B (H)\ {0}, then

tr (PA) tr (Pln A)
(3.18) 0<1n<tr(P) >— =

tr (PA) tr (PA™!)
tr (P) tr(P)

-1

M—m r(PIA- 5 10 |)
2mM tr(P)
< _
tr| P Ail—tr(t}:%)llhr )
3 (M —m) t(P)
M—m [tr(PA2) (tr(PA)>2 Yz
2mM tr(P) ~ \ tr(P)
<
) () (uea)]"
tr(PA™ tr -
%(M—m) [ tr(P) ( tr(P) ) ]
o (M —m)’
- 4mM

Consider the convex function f (¢t) = tInt and let A be a selfadjoint operator on
the Hilbert space H and assume that Sp (4) C [m, M] for some scalars m, M with
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0<m< M. If PcBf(H)\ {0}, then

tr (PAlnA) tr(PA) tr (PA)
(3.19) s —%m  wm ( o (P) >
tr (PAln(eA)) tr(PA)tr(Pln(eA))

tr (P) tr (P) tr (P)

tr(PlA-2ED 1 4 |)
31n(37) By

tr(P)

IN

tr(P|ln(eA)77tr<Izrl("}(D§A)) 1y |)

tr(P)

tr(PA2 r 2
3 (47) { t(r(P)) - (ttfpf;)) }

(M —m)

=

1/2

IN

1/2

tr( PIn(eA))? tr(PIn(ed)) ) 2
(Mm){ ( (D) )*( (tr(lg) ))> ]

IA
FNg-

=

|

:

=
7 N

|
N————

3.3. Further Reverse Inequalities for Convex Functions. The following re-
verses of Jensen’s trace inequality also hold:

Theorem 16 (Dragomir, 2014 [32]). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) C [m, M] for some scalars m, M with m < M. If

f is a continuos convex function on [m, M| and P € By (H)\ {0}, P > 0 is such

that tzizg) € (m, M) then we have

A

i (Pf (A)) tr (PA)
) o< MR s ()

(- 50) (56 ) e
< U —m Wf(tr(P) ;m’M>
M— tr(PA) tr(PA) _
< ( tr(} )_(n;ﬂf’) m> o Wy (t;m, M)
tr (PA) tr (PA) L (M) — fi (m)
= <M‘ tr (P) ) ( tr (P) _m> M =m
< i(Mfm) [f2 (M) = £ (m)]

where ¥y (-;m, M) : (m, M) — R is defined by

% sm = LD =10 SO =S m)




30 S.S. DRAGOMIRY2

We also have

i (Pf (A)) tr (PA)
s o< SRR 1 (T

tr(PA) tr(PA)
< (M_ tw(P) ) ( tw(P) _m) v [t (PA).m M
- M—m "\ w@)

1
—(M—m) sup Uy (t;m, M)
4 te(m,M)

O —m) [7£ (M)~ 7L (m)]

IN

IA

IN

for any P € By (H) \ {0}, P >0 such that tiff);;) € (m,M).

Proof. Since f is convex, then we have

F) = f m(M —1t)+ M (t—m) < (M—=t)f(m)+ ({t—m)f(M)
M—m - M—m
for any t € [m, M].
This scalar inequality implies, by utilizing the spectral representation of contin-
uous functions of selfadjoint operators, the following inequality

f(m)(M1y —A)+ f(M)(A—mlg)
M—-—m

(3.22) F(A) <

in the operator order of B (H).
Utilising the properties of the trace and the inequality (3.22)), we have

tr (Pf (A)) tr (PA)
(3:23) tr (P) tr (P)
m(l\ileA)+M(A71Hm)
_t(PIA) (P M= )
tr (P) tr (P)
tr (Pf(m)(MleA)J_r:‘,EM)(AfmlH))
<
- tr (P)
tr (Pm(Mle/}\l}tI\w{(Alem)>
-/ tr (P)
(M=) £ )+ (R —m) £ ()
N M—m
r(PA r(PA
s (M - ttE(P))) m+ (S~ m) M
M —m

=: B(f,P,A,m,M)
for any P € By (H) \ {0}, P> 0.
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By denoting

(t—m)f(M)+ M —t)f(m)

Ay (t;m, M) = U —m

we have

520) A, (tmary - (MU0 4 (O —0) £ m) = (M —m) £ (1)

M—-—m
_=m)fM)+ (M —t)f(m) - (M —t+t—m)[f()
M—m
_E=m)[f (M) = f#)] = (M =t)[f () — f(m)]
M—-—m
= e m )

for any t € (m, M).
Therefore

M— t:(PA)) (tr(PA) _ m)
B (P) tr(P) [tr (PA)
(3.25) B(f,P,A,m,M)= U —m f(tr(P) sm, M |,

provided that P4 ¢ (m, M) .

tr(P)

If tszp‘é) € (m, M), then

tr (PA)
(3.26) \I:f( =P ,m,M>
< sup ¥y (t;m,M)
te(m,M)
_ fM)—f@)  f(E)—f(m)
T etman | M —t t—m ]
'f(M)—f(t)} [_f(t)—f(m)]

= te(s’ll;lbl,:)M) L M-t " te(s‘rlrlb,pM) t—m
_ fM)—-f®] . f@)—f(m)
_te(s‘rlrlLI,I)M) | M-t } te(lfrri,fM) [ t—m }

= fL(M) = f} (m),

which by (3.23) and (3.25) produces the second, third and fourth inequalities in
(13.20]).
Since, obviously

1 (M_tr(PA)) (tr(PA) _m> SE(M_m)’

M—m tr (P) tr (P)
then the last part of (3.20) also holds.
The second part of the theorem is clear and the details are omitted. ([

The following result also holds:

Theorem 17 (Dragomir, 2014 [32]). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) C [m, M] for some scalars m, M with m < M. If
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f is a continuos convex function on [m, M) then for all P € By (H)\ {0}, P >0

we have that tszp’g) € [m, M] and

w(PF(A) , (tr(PA)
(38.27) 0< tr(P) - ( P))

tr(PA) tr(PA)

T w@) w@ M [f(m)Jrf(M)_f(erM)]

< 2max

afrein_ (moy]

Proof. Since mly < A < M1y, it follows that mtr (P) < tr (PA) < M tr (P) for
any P € By (H)\ {0}, P > 0, which shows that tﬁfp’g) € [m, M].
Further on, we recall the following result (see for instance [12]) that provides a

refinement and a reverse for the weighted Jensen’s discrete inequality:

. 1< 1 &
(3.28) n, min {p:} l” ; fla)—f (n ;xﬂ
R (; zml)
" i=1 " oi=1
1 — 1 <&
<o g, |23 s -1 (130

where f : C' — R is a convex function defined on the convex subset C' of the linear
space X, {xi}i€{17...,n} C C are vectors and {pi}ie{lqu} are nonnegative numbers
with P, := " p; > 0.

For n = 2 we deduce from that

(3.29) 2min {t,1— ¢} [f(x);f(y) _f (:v—f—y)}

2
Stf(@)+ (A=) fy)—flz+(1-1)y)

) f f
(i) [f(m);-f(y) _f<x—;—y>}

for any z,y € C' and t € [0,1].
If we use the second inequality in (3.29)) for the convex function f : I — R where

tr(PA)

m, M € R, m < M with [m, M] = I, we have for z =m, y = M and t = — =
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that
_ tr(PA)
B(fPAmM)—(M tr(P))fm)+< )f(M)
) 7 ) ) M m
tr(P ) tr(PA)
P m (M - 5 >+M(tr<P> - m)
M—m
_ tr(PA)  tr(PA)
< 9 max M- 3Py wmy — ™
- M-m > M-m
f(m) + f (M) m+ M
X —f .
2 2
Making use of (3.23) we deduce the first inequality in ([3.27).
Since
tr(PA) tr(PA)
max M - tr(P) tr(P) -m 1
M-m > M-m -
the last part of (3.27)) is also proved. O

3.4. Some Examples. For p > 1 and 0 < m < M < oo consider the convex
function f (t) = t* defined on [m, M]. Then ¥, (;m, M) : (m,M) — R is defined
by

MP — P P — P

M-t t-m

t(MP —mP) — P (M —m) —mM (MP~+ —mP~1)
(M —t)(t —m) '

U, (t;m, M) =

Let A be a nonnegative selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with 0 <m < M. If P € By (H)\ {0},

P > 0 such that 24 ¢ (m, M), then we have from 1) that

tr(P)
tr (PAP) tr (PA)\”
. < —
(3.30) 0= tr (P) ( tr (P)
_ tr(PA) tr(PA)
- (M tr(P) ) ( tr(D) m>\11 tr(PA).m M
- M—m tr(P) 7
(M _ t;(PA)) (tr(PA) _ m)
r(P) tr(P)
< sup ¥, (t;m, M
M —m te(m,M) P( )
tr (PA) r(PA) Mpr—1 _ qp-1
< M — T —
= < tr (P) )(t ® ") M-m

IN
S —_

p(M —m) (]\ﬂ’_1 —mp_l)
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and from that
tr (P AP) tr (PA)\”
sy o= - ()

tr(PA) tr(PA)
< (M_ tr(P) ) ( tr(P) _m> o tr(PA)_m M
- M—m P\ tr(P) 7

o (8

IN

1

~(M—-m) sup U,(t;m,M)
4 t&(m, M)

1
Zp(M —m) (Mp_1 — mp_l) .

For p = 2, we have

IN

IN

M2_t2 t2— 2
s (tym, M) = —— — t_z =M-m

and by we get
tr (PA%)  [tr(PA)\” tr (PA)\ [tr(PA)
382 0=y T ( @ (P) ) : (M‘ w(P) ) ( w(P) ‘m>
< 1 —m)?

for any P € By (H) \ {0}, P > 0.
Making use of the inequality (3.27)) we have

tr (PAP) tr (PA)\”
(333) 05— p - ( P >

M — tr(PA) tr(PA) m » - p
< 2max{ w(P) w(P) [m +MP (m+M> }

M-m ' M-m 2 2

2 2

for any positive operator A with Sp (A) C [m, M] and for any P € By (H) \ {0},
P >0.
In particular, for p = 2 we get

p P p
SQ[m + M _(m—|—M>]7

(3.34) 0< trtgf;l; ) (tzr(gg)f
B T
< %(M —m).
Since
{1}t DL

then the second inequality in (3.34)) is not as good as the second inequality in (3.32]).
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For p = —1 and 0 < m < M < oo consider the convex function f(¢) =
t~! defined on [m, M]. Then ¥_; (-;m, M) : (m, M) — R is defined by

M-t -t 1 1 _mt M—-—m
Yo (tm, M) = M—t  t-m  mMt’

The definition of ¥_; (-;m, M) can be extended to the closed interval [m, M]. We
also have that

M—-—m
sup ¥V 4 (t;m M) = ———.
te(m,M) ! ( ) m?2M

From the inequality (3.20) we get

tr (PA™Y)  tr(P)

(3:35) STu@) w(PA)
< (M - tEEfDPf;)) (tszpﬁ) - m) tr (P)
- mM tr (PA)
1 tr (PA)\ [tr(PA)
= e <M tr (P) ) ( tr (P) m)
_ 1(M —m)* (M +m)
—4 m2M? ’
while from we get
-1
(3.36) tr (PA™)  tr(P)

S TP w(PA)

(M - tfpf;)) (tszpf;) - m) tr (P)

<
- mM tr (PA)
_ 1(M—m)* tr(P) _ 1(M—m)*
4 mM tr(PA) T4 m2M

for any positive definite operator A with Sp (4) C [m, M] and P € By (H) \ {0},
P > 0. Since m > 0, then tr (PA) > mtr (P) > 0.
From the inequality (3.27) we have

tr (PA™Y)  tr(P)

. 0< —
(3:37) - tr(P) tr (PA)
tr(PA) tr(PA)
(M —m)* M= NEy ey
~ mM (m+ M) M-m ' M-m
(M = m)?
~mM (m+ M)’

for any positive definite operator A with Sp (A) C [m, M] and any P € By (H)\{0},
P >0.
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In order to compare the upper bounds provided by (3.36) and (3.37)) consider
the difference

LM -m)® (M =m)’

Alm M) = =t r mb (m & M)
:<Mm>2(1_ 1 >:<Mm>2<M3m>
mM dm  m+ M A4m2M (m+ M)

where 0 <m < M.

We observe that if M < 3m, then the upper bound provided by is better
than the bound provided by . The conclusion is the other way around if
M > 3m.

If we consider the convex function f(t) = —Int defined on [m, M] C (0,00),
then W_y, (;m, M) : (m, M) — R is defined by

—InM+1Int —Int+1lnm
M-t t-m
(M—=m)lnt— (M —t)lnm — (t —m)InM
(M —t) (t —m)

(M—m e cmr
In (mM—tMt—'rn) !

Utilising the inequality (3.20)) we have

U_y, (&;m, M)

tr (PA) tr (Pln A)
3.38 0<1 -
(3.38) = n( tr (P) ) tr (P)
M—m
tr(PA)
<ty (56)
SN |
M— M tr(PA) —-m
- ( tr(P) ) ( tr(P) ) sup Uy, (t;m, M)
M—-—m te(m,M)
2
C L (y mPAY (m(PA) N (M —m)
e (@) )\ u(P) AmM

for any positive definite operator A with Sp (4) C [m,M] and P € By (H) \ {0},
P >0.
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From (3.21]) we have
tr (PA) tr (Pln A)
3.39 0<1 —
(3:39) _n(tr(P)) tr (P)
tr(pA)\ M ™
< 1 1 tr(P)
n
“M-m me tES(PPA)) Mt:ig)PA)) -m
tr(pA)\M—m
1 (M —m) N t(P)
(Y ()
1
<-(M-m) sup Y_y,(t;m, M)
4 te(m,M)
M —m)?
- 4AmM

for any positive definite operator A with Sp (4) C [m, M] and P € By (H) \ {0},
P >0.

From the inequality (3.27) we get

tr (PA) tr (Pln A)
(3.40) OS]H(tr(P) > tr (P)

tr(PA) tr(PA) m 2
M- %m wmy —™ m(( ) )

< max

M-m ' M-m

(77H2—M)2
<In (m]% )

for any positive definite operator A with Sp (4) C [m,M] and P € By (H) \ {0},
P >0.
We observe that, since Inz < x — 1 for any > 0, then

N ((W)“‘) (et -

mM - mM 4mM

which shows that the absolute upper bound for

tr (PA) tr (Pln A)
ln< tr (P) > -t (P)

provided by the inequality (3.40) is better than the one provided by (3.39).
3.5. Reverses of Hélder’s Inequality. We have the following result:

Theorem 18 (Dragomir, 2014 [32]). Assume that p, ¢ > 1 with % + % =1. Let S
be a positive operator that commutes with Q, a positive invertible operator and such
that there exists the constants k, K > 0 with

(3.41) klg < SQ 1< Kly.
If 8P, Q1 € By (H), then we have
(3.42) 0 < [tr (87)]'/7 [tr (QN)]Y — tr (SQ) < B, (k, K) tr (Q),
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where

411/pp1/p (K — k)l/p (Kpfl _ kp71>1/10’

(3.43) B, (k,K) = "
21 [ ()]

Proof. If we write the inequality

tr (PAP) tr (PA
(344) 0= ( tr (P)

>> < %p (M —m) (Mp_1 — mp_l)

for the operators P = Q9 and A = SQ'~9 then we get

r(Q1(SQ')") [t (QusQ 1) \”
(347 S D) ( (@) )

p(K —k) (KP~h — kP71,

<

RN

Observe that, by the properties of trace we have
tr (QqSQl_q) =tr (SQl_qu) =tr (SQ).

It is known, see for instance [52], p. 356-358], that if A and B are two commuting
bounded selfadjoint operators on the complex Hilbert space H, then there exists a
bounded selfadjoint operator T"on H and two bounded functions ¢ and 1 such that
A= (T) and B =1 (T). Moreover, if {E,} is the spectral family over the closed
interval [0, 1] for the selfadjoint operator T, then T' = fol_ AdE), where the integral
is taken in the Riemann-Stieltjes sense, the functions ¢ and 1 are summable with
respect with {E)} on [0, 1] and

A== [ e md B=v(@) = [ v,

Now, if A and B are as above with Sp (4), Sp (B) C J an interval of real numbers,
then for any continuous functions f, g : J — C we have the representations

)= [ Tep By and g (8) = [ (gov) b

If we apply the above property to the commuting selfadjoint operators S and @,
then we have two positive functions ¢ and v such that S = ¢ (T) and Q = ¢ (T).
Moreover, using the integral representation for functions of selfadjoint operators,
we have

Q1 (SQ)" = [ (1)) (s (1) [w (1))

[ w

/ O
o (WP [ (A

o
/o_ YT AEN = / e dEy = 5.

p

(e [ ') ks

WP [ (N9 dE,

(M)
(M
Vg
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Therefore, the inequality (3.45) is equivalent to

tr (S?) <tr (SQ)\" 1

(3.46) 0< (O ) < 1p (K — k) (Kp—l _ kp—l) ’

T tr(Q9)
which is of interest in itself.
From this inequality we have

tr (SP) [tr (Q1)]P ™" < (tr (SQ))" + ip (K = k) (KP71 = kP71 [tr (Q9)]".
Taking the power 1/p € (0,1) and using the property that
(a+pB)" <a" + 3", where a,3 >0 and r € (0,1),

we get
[t (S7)]77 [or (@) 7
1/p
< [(r (5Q))" + o (K — k) (K~ — ) [ir (@)
< (SQ) + P (€ — ) (10— ) e ().

[or ()17 [or (QO)]* — tr (5Q)
1 _ _nd
< P! = )7 (=) [ (@)
The second part follows from the inequality
P P
OStr(PAp)i tr (PA) <9 mP +MP  (m+ M ,
tr (P) tr (P) 2 2

and the details are omitted. O

Remark 8. We observe that under the previous assumptions, from any upper bound

for the difference
o (PAP)  (tr(PA) P
— tr(P) tr (P)
we can deduce in a similar way an upper bound for the Holder’s difference
0.< [or (SV)'/7 [tr (@] — tr (5Q).

Also, if the commutativity property of the operators S and Q is dropped, then we
can prove that

a7y 0< [ (@t (5Q)")] " Er (@)1 - 1 (5Q) < B, (k. K) 1 (Q")

with the same B, (k, K) . However, the noncommutative case of the second inequal-
ity in 18 an open question for the author.

The following reverse of Schwarz inequality holds:

Corollary 10. Let S be a positive operator that commutes with @Q, a positive in-
vertible operator and such that there exists the constants k, K > 0 with

(3.48) Elg <SQ7 ' < Kly.
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If S%, Q% € By (H), then we have

(3.49) 0 < [tr (52)]"° [tr (@0)]* - tr (5Q) < g (K — k) tr (Q?).

Remark 9. If we takep=q =2 in and drop the commutativity assumption,
then we get

0 < [tr (QSQ8)]"* [tr (@2)]"* - tr (SQ) < g (K — k) tr (Q?),

provided that holds true.
Also, if we use the inequality , then we have

(3.50) 0 <tr (QSQ™'S) tr (Q%) — [tr (SQ))
< (Ktr (Q%) —tr(SQ)) (tr (SQ) — ktr (Q%)) <
provided that holds true.

4. SLATER’S TYPE TRACE INEQUALITIES

(K —k)* [tr (Q%)]°

| =

4.1. Slater’s Type Inequalities. Suppose that I is an interval of real numbers
with interior I and f: I — R is a convex function on I. Then f is continuous on
I and has finite left and right derivatives at each point of I. Moreover, if x, y € I
and z <y, then f () < f\ (z) < f’ (y) < fi (y) which shows that both f’ and
f! are nondecreasing function on I. Tt is also known that a convex function must
be differentiable except for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by Jf is the

set of all functions ¢ : I — [—00, 00| such that ¢ (I) C R and

f(x)>f(a)+ (x—a)¢(a) for any z,a € I.
It is also well known that if f is convex on I, then 0f is nonempty, ', f\ € 0f
and if ¢ € Jf, then
fl(x) < @(@) < £l (x) for any a € 1.

In particular, ¢ is a nondecreasing function. If f is differentiable and convex on I ,
then 0f = {f'}.

The following result is well known in the literature as Slater inequality:
Theorem 19 (Slater, 1981, [51]). If f : I — R is a nonincreasing (nondecreasing)
convex function, x; € I, p; > 0 with P, := > p; > 0 and >, pip (z;) # 0,
where ¢ € Of, then

(4.1) Pi Zpif (zi) < f

" i=1

As pointed out in [IT], p. 208], the monotonicity assumption for the derivative ¢
can be replaced with the condition

Ei:l pip (.171)
which is more general and can hold for suitable points in I and for not necessarily

monotonic functions.
The following result holds:

el,



TRACE INEQUALITIES OF JENSEN TYPE 41

Theorem 20 (Dragomir, 2014 [31]). Let I be an interval and f : I — R be a convex
and differentiable function onl (the interior of I) whose derivative f’ is continuous
onl. If A is a selfadjoint operator on the Hilbert space H with Sp (A) C [m, M| C I
and f' (A) is a positive invertible operator on H, then

tw[PAf (A)]\  tr[Pf(A)
(43) 0=/ ( [P/ (A)] ) T T u(p)
, (t[PAF (A] (t[PAF (A)]  tr(PA)
=/ ( w[Pf(A)] ) ( w[Pf(A)]  w(P) > ’
for any P € B (H)\ {0}.

Proof. Since f is convex and differentiable on I , then we have

(4.4) fris)t=s)<f)=f(s) < f (&) (t—9)

for any t,s € [m, M].
Now, if we fix ¢t € [m, M] and use the continuous functional calculus for the
operator A, then we have

(4.5) tf'(A) = Af (A< f®)-1g—fA) <Ot 1u—f () A
for any t € [m, M].

If we apply the property of the trace to the inequality then we have
(4.6) ttr [Pf' (A)] = tr [PAf (A)] < f () tr (P) — tr[Pf (A)]

< f (#) ¢ (P) — f (1) tr (PA)

for any P € B (H)\ {0}.

Now, since A is selfadjoint with mly < A < M1y and f’ (A) is positive, then

mf'(A) < Af' (A) < Mf'(4).
If we apply again the property of the trace, then we get
mtr[Pf' (A)] < tr [PAf' (A)] < Mtr [Pf (A)],

which shows that
_u[PAr ()
" ulPf(4)
Observe that since f’ (A) is a positive invertible operator on H, then tr [Pf’ (A)] > 0
for any P € B (H)\ {0}.
Finally, if we put ¢ = o in the equation (4.6)), then we get
tr [PAf' (A)]
tr [Pf/ (A)]
tr [PASf' (A)]
< (HErds ) e - aipra)
< (SIEAL G wipAr )
I upray ) wer)
o (tr[PAS (A)])
* () e

which is equivalent to the desired result (4.3]). O

€ [m, M].

(4.7) tr[Pf' (A)] — tr [PAf' (A)]

tr (P)
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Remark 10. [t is important to observe that, the condition that f' (A) is a positive
invertible operator on H can be replaced with the more general assumption that

tr[PAS"(A)]

(48) w[PJ (A)

€l and tr[Pf (A)] #0
for any P € By (H)\ {0}, which may be easily verified for particular convex func-
tions f in various examples as follows.

Also, as pointed out by the referee, if (f' (A)z,x) > 0 for any x € H, x # 0,
then tr[Pf' (A)] > 0 for any P € Bf (H)\ {0} and the inequality is valid as

well.

Remark 11. Now, if the function is concave on I and the condition holds,
then we have the inequalities

wIPF(A)] (i [PAS (A)]

(49) o<t~ (S mpar)
[ [PAF (A [tr(PA)  tr[PAS (A)]
<7 (etmpran ) ( )

tr[Pf"(A) w(P)  w[Pf(A)

for any P € B (H)\ {0}.

Utilising the inequality (4.9) for the concave function f : (0,00) — R, f (¢) = Int,

then we can state that
tr (PA™!
(4.10) Ogtr(PlnA)_ 0 tr (P) < r ( ) tr (PA)
tr (P) tr (PA-1) tr (P)  tr(P)

for any positive invertible operator A and P with P € Bf (H)\ {0} .

Utilising the inequality (4.3) for the convex function f : (0,00) — R, f (t) =t71,
then we can state that
(4.11) 0 < tr (PA™?)  tr(PA™Y) < tr (PA) tr (PA™2)  tr(PA™Y)

' ~ tr(PA-Y) tr(P) — tr(P) tr(PA-1) tr(PA-2)’

for any positive invertible operator Aand P with P € B (H) \ {0} .
If we take B = A~1 in (4.11)), then we get the equivalent inequality

(4.12) 0 < tr (PB?) _ tr(PB) - tr (PB?) tr (PB™')  tr(PB)

’ ~ tr(PB) tr(P) — tr(PB) tr(P) tr (PB2)’
for any positive invertible operator B and P with P € By (H) \ {0}.

If we write the inequality (4.3) for the convex function f(t) = exp (at) with
a € R\ {0}, then we get

tr [PAexp (ad)] tr [Pexp (aA)]
(4.13) 0<exp (oz tr [Pexp (aA)] ) B tr (P)
tr [PAexp (aA)] tr[PAexp (@d)]  tr(PA)
S cexp (0‘ [P oxp (ad)] > ( w[Poxp(ad)]  w(P) > !

for any selfadjoint operator A and P € By (H)\ {0}.
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4.2. Further Reverses. We use the following Griiss’ type inequalities [2§]:
Lemma 2 (Dragomir, 2014 [28]). Let S be a selfadjoint operator with mly < S <

M1y and f : [m, M] — C a continuous function of bounded variation on [m, M].
For any C € B(H) and P € B (H) \ {0} we have the inequality

(4.14)

tr (Pf(5)C) tlf(lDf(S))tlf(PC)‘
tr(P) (P) tr(P)

<3V (|- 56 7)
"y F@mw_um :
<5\ =i

where \/ (f) is the total variation of f on the interval.

If the function f : [m,M] — C is Lipschitzian with the constant L > 0 on
[m, M], i.e.

@) = () < Lt — s

for any t, s € [m, M], then

(4.15) tr(Pf(g)) c) tr(PifP()S)) tr(fypc)v)‘
tr tr r
=t H o (];b;)lH tr (1P) i <‘ (C - tzf(];c;)m) P')
1/2
| R

for any C € B(H) and P € B (H)\ {0}.

Proof. For the sake of completeness we give here a simple proof.
We observe that, for any A € C we have

e[ (- )]
=[P4 (0 )
m“F( o) )

r(PAC)  tr( PA) tr (PC)
tr (P) tr(P) tr(P) "’

(4.16)
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Taking the modulus in (4.16]) and utilising the properties of the trace, we have

am  [era0)_aPhurg
e -2
= tr(lp) o {(A— Au) | €= tr(fi)l ) PH
<||A— Ay ﬁtf (‘ (C - z((P)) 1H) PD
for any A € C.

From the inequality (4.17]) we have
tr (Pf(S)C) tr(Pf(9)) tr(PO)

(4.18) tr (P) tr(P)  tr(P)
ot (e 5} )
for any A € C.
From we get
tr(Pf(S)C) tr (Pf( ) tf(PC)
(4.19) tr (P) tr( '
B tr (PC)
|- - " jor([ (o et ) 7))
Since f is of bounded variation on [m, M ] then we have
o [piy- LS00 |70 10 s@ - f )
M
< SIF@ — 7 )+ 1)~ F @l < 5V (0)

for any t € [m, M].
From (4.20) we get in the order B (H) that

M
i) - L LB < SV ()

which implies that

(121) Hﬂ&—fm*yﬁmnﬂs2yu»

Making use of (4.20)) and (4.21)) we get the first inequality in (4.14)).

The second part is obvious by the Schwarz inequality for traces

( (Ci ttifpc) 1H) PD _ tr (‘(C’ (PPC)) )le‘z)
(P

tr(
tr (P) - tr (P) ’

1/2
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and by noticing that

o (e t5) P ) (pion)

2

¢ tr (PC)
(422) tr (P) T tr(P) | tr(P)
for any C' € B(H) and P € B (H) \ {0}.
From we also have
tr (Pf(S)C) tr(Pf(S))tr(PC)
(423) tr(P)  tr(P) tr(P) ‘

<l (5@ ) ol e (I(0- ) 7)

any C € B(H) and P € B (H)\ {0}.

Since
[f @) = F(s)l < Lt s
for any ¢, s € [m, M], then we have in the order B (H) that
£ (8) = f(s)1u| < L|S - sly]
for any s € [m, M]. In particular, we have

i () s

tr (P)
which implies that

)

freor-s (5 ) ol = s oy

and by (4.23) we get the first inequality in (4.15)).

The second part is obvious. [l

We also have the following reverse of Schwarz inequality [28]:

Lemma 3 (Dragomir, 2014 [28]). If C is a selfadjoint operator with kly < C <
K1y for some real numbers k < K, then

tr (PC?)  [(tr(PC)\>
(4.24) TS ‘(u(P))

<38y (0~ ey ) )
S AR N R

for any P € B (H)\ {0}.
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Proof. If we take in (4.14) f (t) =t and S = C we get

tr (PC?)  (tr(PC)\>
(4.25) tr(P) ( tr (P) )
1 1 tr (PC)
<30 g ({0 ) 7)
1/2
1 tr (PC?)  (tr(PC)\?
S;E-PI=E < r(P) >
Since by we have
tr (PC?)  (tr(PC)\?
w(P) ( o (P) ) =0,
then by we get
tr (PC?) [t (PC)\”
(420) 0<% ()

< %(K — k) ﬁ tr (‘ <C - tir(ch)Y)lH> PD

w(PC?)  (uw(po)\?]"
R Gy

(K —Fk)

Utilising the inequality between the first and last term in (4.26)) we also have

1/2
tr (PC?) [t (PC)\” / <Yk_w,
tr (P) tr (P) 2
which proves the last part of (4.24). O

Theorem 21 (Dragomir, 2014 [31]). Let I be an interval and f : I — R be a
convex and differentiable function on I whose derivative f' is continuous on I. If
A is a selfadjoint operator on the Hilbert space H with Sp (A) C [m, M| C I and
f'(A) is a positive invertible operator on H, or

tr[PAf"(A)]

wppoy €0 wPs @)#0

for any P € Bf (H)\ {0}, then
tr [PAS (A)]\ _ tr[Pf(A)]
azm) o< (L) - et

o
(P) . (tr[PAS(A) :
= wipray’ (tr[Pf’(A)] >L(P’Avf (4)),
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for any P € By (H)\ {0}, where
tr[PAf (A)]  tr(PA) tr[Pf'(A)]
tr (P) tr (P) tr (P)

L(PA, f'(A)) =

3 (7 O0) = 7 (m) sty o | (4 = 55 1) P
<
LM —m) gl tr ( (7 “(iﬁff” 1H) 7))
L(f (M) — 1 (m) [“&’?ﬁf L (tiif;?)z} "
< 1
LM - m) ltr(Pt[j(’I(;;l)]z) 3 (tr(i{;;l)))j /2
< 3 U (M) = f () (M = m)

Proof. Utilising Lemma [2] and Lemma [3] we have

tr (Pf (A)A)  tr(Pf(A)) tr (PA)
tr (P) tr (P)  tr(P)

<00 -1 m) i (|(a- S5 )

(4.28) 0<

< L n g oy | R (Y v
2 tr (P) tr (P)
< L (70~ F () (M —m)

and

(4.29) 0< TP A)A) _ tr(Pf(A)) tr (PA)

) w (PUAF) w4\
<5 (M-m tr (P) _< tr (P) )
< i(f’ (M) = f"(m)) (M —m)

for any P € B (H)\ {0}.
The positivity of

tr (Pf (A)A)  tr(Pf (A)) tr (PA)

tr (P) tr (P) tr (P)

follows by Cebysev’s trace inequality for synchronous functions of selfadjoint oper-
ators, see [27]. O

The case of convex and monotonic functions is as follows:
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Corollary 11. Let I be an interval and f : I — R be a convexr and differentiable
function on I whose derivative f! is continuous on I. If A is a selfadjoint operator
on the Hilbert space H with Sp (A) C [m,M] C I and f' (m) > 0, then

onves (S s o
for any P € B (H) \ {0}.
The proof follows by observing that
tr(P) (tr [PAf (A)]> - £ (M)
tr[Pf (A)]" \ tr[Pf’(A)] 77 (m)

for any P € B (H)\ {0}.
If we consider the monotonic nondecreasing convex function f (t) = t? withp > 1
and ¢t > 0, then by (4.30) we have the sequence of inequalities

tr (PAP) \* tr (PAP)
(4:31) 0= <tr(PAP—1)) T Tw(p)

MN\P™" [ tr(PAP)  tr(PA)tr (PAPY)
<p<m) (tr(P) T w(P) t(P)

L(P, A, f'(4)),

0<

p—1
2%
m

=) ey (| (4 - 5 1) P))

1
2

_ tr(PAP~!
{ oy (| (a7 - 510 ) )
1 P !
2 m
5 1/2
{ Mp 1 mpfl) {“(PA ) (tr(PA))?
1
4p

2

tr(P) tr(P)

511/2
tr PAz(p 1)) tr(PApfl)
tr(P) - tr(P)
p 1
2 (MP~Y — P (M — m)
m

I /\

for any P € Bf (H)\ {0} and A with Sp (A) C [m, M] C (0,0).

Theorem 22 (Dragomir, 2014 [31]). Let I be an interval and f : I — R be a
convex and twice differentiable function on I whose second derivative f" is bounded
on I, i.e. there is a positive constant K such that 0 < f" (t) < K foranyt e I.If
A is a selfadjoint operator on the Hilbert space H with Sp (A) C [m, M] C I and
f'(A) is a positive invertible operator on H, or

tr[PAS"(A)]

WPy €D wlPs @)#0
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for any P € Bf (H)\ {0}, then

o o< () -

o ey (4 ) )
tr (P) tr [PASf' (f;])} >

wipr )’ ( w[Pf (A
PA

<xfa-§

X

1/2

< wfla- S | - ()
“ [tfr’;f() ! (tg%{(( i) ,
g |- S| Sl ()
or any P B+ .
ot o €20 e
o g
<awmpi (e HBAT @),
i D) e A e
(@3  0)L(PAF (A)
et e (CR= o)
a2, | [oled  (weayT
for any P € BY (H)\ {0},
Therefore, by and we get
G
tr (P P
<KH } H ’ (‘( r(<P>)1H) PD
Xtr[tz—iﬁ) A)] (tirﬁijf< )1)
2 271/2
oz (s
< (tﬁﬁi{(;)f )

that proves the second and third inequalities in (4.32]).
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The last part follows by Lemma [3] O

The inequality (4.32]) can be also written for the convex function f (t) = t? with
p > 1 and t > 0, however the details are not presented here.
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