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REVERSES OF JENSEN’S INTEGRAL INEQUALITY AND
APPLICATIONS: A SURVEY OF RECENT RESULTS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Several new reverses of the celebrated Jensen’s inequality for con-
vex functions and Lebesgue integral on measurable spaces are surveyed. Appli-
cations for weighted discrete means, to Holder inequality, Cauchy-Bunyakovsky-
Schwarz inequality and for f-divergence measures in information theory are
also given. Finally, applications for functions of selfadjoint operators in Hilbert
spaces with some examples of interest are also provided.

1. INTRODUCTION

Let (92, A, 1) be a measurable space consisting of a set 2, a o-algebra A of parts
of  and a countably additive and positive measure p on A with values in RU{co} .
For a p-measurable function w : Q@ — R, with w (z) > 0 for p-a.e. (almost every)
x € Q, consider the Lebesgue space Ly, (Q,p) := {f : @ —» R, f is y-measurable
and [, w (z)|f ()| dp (z) < co}. For simplicity of notation we write everywhere in

the sequel [, wdp instead of [, w (x)du (x). We also assume that [, wdp = 1.

An useful result that is used to provide simpler upper bounds for the difference
in Jensen’s inequality is the Gruss’ inequality. We recall now some facts related to

this famous result.

If f, g: Q — R are p-measurable functions and f, g, fg € Ly, (€, ), then we

may consider the Cebysev functional

(1.1) Tw (f,9) = / wfgdp — / wfdu/ wgdj.
Q Q Q
The following result is known in the literature as the Griiss inequality
1
(12) T (f,0)] < 3 (T =) (A —4),
provided
(1.3) —0<y<f(r)<T'<oo, —0<§<g(r) <A<

for p -a.e. a. x € Q. The constant i is sharp in the sense that it cannot be replaced

by a smaller quantity.

Note that if @ = {1,...,n} and p is the discrete measure on 2, then we obtain

the discrete Griiss inequality

n n n 1
1.4 iTiYi — iTi iyi| < = (=) (A =9),
(1.4) ;wwy ;ww ;wy < @-m(A-9
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provided v < x; < T, 6 < y; < A for each i € {1,...,n} and w; > 0 with

Wn = Z?:l w; = 1.
With the above assumptions, if f € Ly, (€, 1) then we may define

(15) Du (1) = Dus ()= [ ]f— [ wran
In 2002, Cerone & Dragomir [7] obtained the following refinement of the Griiss
inequality (|1.2):

Theorem 1 (Cerone & Dragomir, 2002 [7]). Let w, f, g: @ — R be p-measurable
Junctions with w > 0 p-a.e. (almost everywhere) on Q and [, wdp = 1. If f, g,
fg € Ly, (2, 1) and there exists the constants §, A such that

(1.6) —0<d<g(r) LA<oo for p-a.e. x €€Q,

then we have the inequality

(17) T (£,9)] < 5 (A= 5) Dy ().

The constant % is sharp in the sense that it cannot be replaced by a smaller quantity.

Remark 1. The inequality was obtained for the particular case Q = [a,b] and
the uniform weight w (t) =1, t € [a,b] by X. L. Cheng and J. Sun in [6]. However,
in that paper the authors did not prove the sharpness of the constant %

For f € Ly (A p) = {f:Q>R, [qw|f’du<oo}, p > 1 we may also

define
P13
(18)  Duy(f)i= Uﬂw’f—/gwfdu du} - Hf—/ﬂwfdu

where [|||, ,, is the usual p-norm on Ly, ,, (2, A, p) , namely,

Q,p

1
P
Q,p = (A’LUVLWdM) ) PZl

Using Holder’s inequality we get
(1.9) Dy (f) < Duwp (f) forp=1, f€Lpw(Q,A p1);

and, in particular for p = 2

15|

-

(1.10) Duvs (f) < Duns () = [ /ﬂwﬁdu - ( /wadu> 2] N

if f € L2,w (Qa A7 /j/) :
For f € Lo (Q, A, p) := {f 1 Q= R, [[fllg e = essup,eq | f (2)] < oo} we also

have

(L.11) Duy () < Duvoe (f) 1= Hf - [ wia

Q,00

The following corollary may be useful in practice.
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Corollary 1. With the assumptions of Theorem[1, we have

(112) T (fi0)| < 5 (A~ 6) Du(f)
<30 Duy(f) i e Ly Ap), 1<p< o0
< 3B =0 Due () i€ Lo (@A),

Remark 2. The inequalities in are in order of increasing coarseness. If
we assume that —o0o < v < f(z) < T < oo for p-a.e. x© € Q, then by the Griiss
inequality for g = f we have for p =2

(1.13) [/wazdu (/wadu)T < 7).

By , we deduce the following sequence of inequalities

(114) (ol <5 =0) [wlr= [ wrada
< (A-0) Vﬂwadu— (/wadu)T
<=5 r-7)

for f, g : Q — R, p-measurable functions and so that —oco < v < f(z) < T < oo,
—0 < d < gx) <A< oo for pra.e. x© € Q. Thus, the inequality s a
refinement of Griiss’ inequality .

In order to provide a reverse of the celebrated Jensen’s integral inequality for
convex functions, S. S. Dragomir obtained in 2002 [I4] the following result:

Theorem 2 (Dragomir, 2002 [14]). Let ® : [m, M] C R — R be a differentiable
convez function on (m, M) and f : Q — [m, M| so that ®o f, f, ®'of, (&' o f)f €
Ly, (1), where w > 0 p-a.e. on Q with fQ wdp = 1. Then we have the inequality:

(1.15) og/Qw(qu)du—cI)(/wadu)
< [w@ o) fan= [ w@o)dn [ wran

IN

%[(I)’ (M) — @' (m)}/ﬁw’f—/ﬂwfdu‘dw

For a generalization of the first inequality when differentiability is not assumed
and the derivative @' is replaced with a selection ¢ from the subdifferential O®, see
the paper [42] by C. P. Niculescu.
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Remark 3. If u(Q) <oc and ®o f, f, ' o f, (¥ o f) f e L(Q,pun), then we have
the inequality:

(1.16) Ogﬂ(lm/ﬂ@of)du—(b(u(lm/gfdu)

1 ' 5 _L "o L
gm/ﬂ@ f) fdu M(Q)/Q@ f)duum)/ﬂfdu
1

5[@’(]\4)-@’@)}@/@ f—ﬂ(lm/Qfdu’du-

Remark 4. On making use of and , one can state the following string
of reverse inequalities for the Jensen’s difference

(1.17) 0</Qw(<1>of)du—q></ﬂwfdﬂ>
S/Qw@’Of)fdu—/Qw(i”Of)du/wadu

<5000 -] [ wlr- [ wfada
<512 ()~ &' (m) [ [wran- (] wfdu>2] 5
< 51000 - @ ()] (M~ m).

We notice that the inequality between the first, second and last term from was
proved in the general case of positive linear functionals in 2001 by S. S. Dragomir
in [13].

The discrete case is as follows. Let a = (a1,...,an), b = (b1,...,b,), P =
(p1. .., pn) be n-tuples of real numbers with p; >0 (i € {1,...,n}) and >\, p; =
1.Ifb<b; < B, i€ {l,...,n}, then one has the inequality

(1.18) Zpiaibi - Zpiai Zpibi < % (B—-"b) Zpi a; — ijaj
i=1 i=1 i=1 i=1 =1
j .
< % (B —0) Zpi a; — ijaj
i=1 j=1
SE(B—b)m% @i—zn:pjaj )

2 i
1=1,n i=1

where 1 < p < co. The constant % is sharp in the first inequality.
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If more information about the vector a = (a1, ...,a,) is available, namely, if
there exists the constants ¢ and A such that a < a; < A, i € {1,...,n}, then

(1.19) szaz i szazsz i ! B_b)zpi a; —ijaj
i=1 =

IN
I

21 2
1 n n
<5 (B—1) Zpi a; — ijaj
i=1 =1
1
< B-n-a.

with the constants % and i best possible.

Corollary 2. Let @ : [m, M] — R be a differentiable convex function on (m,M).
Ifz; € [m,M] and w; >0 (i=1,...,n) with W,, :== Y  w; = 1, then one has
the reverse of Jensen’s weighted discrete inequality:

(1.20) 0< iw - (i wﬂi)
i=1 i=1
< iw — iwiq)/ (mz)iwle
i=1 i=1 i=1
< % [® (M) — @' (m)] zn:wi T — zn:wjmj :
i=1 J=1

Remark 5. We notice that the inequality between the first and second term in
was proved in 1994 by Dragomir & Ionescu, see [26].
On utilizing (1.20) and (1.19) we can state the string of inequalities

(1.21) 0< Zw, () (Zw x)
< Z w; @' (z;) w; — Z w; @' (x;) Z Wil
i=1 i=1 i=1
51800 = ()] S foi = > wyey
i=1 j=1

IN

97 1/2

IN

5 00 = @ (m)] |3 wia? - (Z w)

< i [@' (M) — &' (m)] (M —m).

We notice that the inequality between the first, second and last term in was
proved in 1999 by S. S. Dragomir in [12].

In this paper we survey several new reverses of the celebrated Jensen’s inequal-
ity for convex functions and Lebesgue integral on measurable spaces. Applications
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for weighted discrete means, to Holder inequality, Cauchy-Bunyakovsky-Schwarz
inequality and for f-divergence measures in information theory are also given. Fi-
nally, applications for functions of selfadjoint operators in Hilbert spaces with some
examples of interest are also provided.

2. A REFINEMENT AND A DIVIDED-DIFFERENCE REVERSE

2.1. General Results. Following Roberts and Varberg [46], p. 5 ], we recall that

if f:1 — R is a convex function, then for any x¢ € I (the interior of the interval
I) the limits

£too) o= tim LOZTEO) g g1 () =t LS 00)

exists and f (z0) < f! (20) . The functions f’ and f/ are monotonic nondecreasing
on I and this property can be extended to the whole interval I (see [46} p. 7 ]).

From the monotonicity of the lateral derivatives f’ and f| we also have the
gradient inequality

flo@)(@—y) > fx)—fy) > () (x—y)

for any z, y € I.
If T = [a,b], then at the end points we also have the inequalities

f@)=f(a) = [} (a) (v - a)
for any x € (a,b] and
fly)—f @)= () (y—10)

for any y € [a,b).
For a real function g : [m, M] — R and two distinct points «, 8 € [m, M] we
recall that the divided difference of g in these points is defined by

g(B) —g(a)
f—a

In what follows, we assume that w : @ — R, with w (z) > 0 for y-a.e. z € Q, is a
p-measurable function with [, wdp = 1.

[, B3 g] :=

Theorem 3 (Dragomir, 2011 [20]). Let ® : I — R be a continuous convex function
on the interval of real numbers I and m, M € R, m < M with [m, M) C I, I the
interior of I. If f: Q — R, is u-measurable, satisfying the bounds

(2.1) —oco<m< f(x) <M<oo forpu-ae x€Q

and such that f, ®o f € L, (, ), then by denoting

3

fow:= /wad,u € [m, M]
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and assuming that ?Qﬂu % m, M, we have

(2.2)

/ ‘(I’ fQ w)|Sgn [f _?Q,w] wdp
< /Q (®o flwdp—® (fq.,)

§§([fﬂw7McI)] [m’797w;¢])Dw(f)
< 5 (o M30] = [, T, 9]) Dz ()
< 1 (Forr Ms®] — [m,Fo 0 @]) (M —m),

where sgn is the sign function, i.e. sgn(z) = ﬁ for x # 0 and sgn (0) = 0. The
constant % in the second inequality from is best possible.

Proof. We recall that if & : I — R is a continuous convex function on the interval
of real numbers I and « € I then the divided difference function @, : I'\ {a} — R,

o(t) - (o)

D, (t) = [, t; D] := —

is monotonic nondecreasing on I \ {a}.

For f as considered in the statement of the theorem we can assume that that
it is not constant p-almost every where, since for that case the inequality is
trivially satisfied.

For fﬂ’w € (m, M), we consider now the function defined p-almost everywhere
on ) by

®(f (@) = ® (o)
f@) = Fow

We will show that <I>?Q and h:= f — TQM are synchronous p-a.e. on 2.
Let z, y € Q with f (2), f (y) # fq.- Assume that f (z) > f (y), then

O (f(z)—@ (?Q w) @ (f(y) - (?Q w)

(I)?Q,w (ZL’) =

B e ) = T ) T o FW) —Taw T
and
(2.4 h@) > h(),

which shows that
(2.5) (@7, @ =27 @] hE)-hrw)]=o0

If f () < f (y), then the inequalities (2.3) and (2.4]) reverse but the inequality (2.5)
still holds true.

This show that for p-a.e. z,y € Q we have (2.5) and the claim is proven as
stated.
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Utilising the continuity property of the modulus we have
(|27, @]~ |o7,, || b @ -nw)
<|[o7,. @ =27, W]k -
= |07, @ =5 )] 1@ -

for p-a.e. x,y € L
Multiplying with w (z), w (y) > 0 and integrating over u (z) and u (y) we have

[ @)= o, o]

m> w (@) w (y) dy () dps ()
<) -

By
o5, @ -5, )]
Mﬂw@)(mmm oS
A simple calculation shows that
2.1) // o @) - |27, 0]
(Mw@)(MM)W@)
/b ()] h (@) w (=) dp ()

- [ fo5... ¢ M du>Aw@mmwmw

:/ @ (f(2) =2 (fo.u)
Q f(z) _Yﬂ,w

= [ |2(f (@) = @ (fau)|sen [f (2) = fou] w (@) dp ()

Q

(2.6)

[f (@) = Fou] w (@) dp ()

and

(2.8) % /Q /Q [fbfw (z) =Pz (y)}
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On making use of the identities (2.7) and (2.8) we obtain from (2.6]) the first in-
equality in ([2.2)).
Now, since f satisfies the condition ([2.1) then we have that
_ ®(faw) —®(m)
(29) [mv fQ,w; q)] = ( 77111) < (I)f (l‘)
fﬂ,w —-—m @

(D(M)_(I)(?Q,w) _ .
M — ?Q,w a gQ,w,M’ q)]

for pu-a.e. x € €.

Applying now the Griiss’ type inequality (|1.7)) and taking into account the second
part of the equality in (2.7) we have that

Aw<¢of>dﬂ—@(?ﬂ,w)

1 _ _
S 5 (EQ,U}?M; é] - [mva,w’q):I) ‘/Qw |f - fQ,w| dlu’
which proves the second inequality in .

The other two bounds are obvious from the comments in the introduction.

It is obvious that from (2.2)) we get the following reverse of the first Hermite-
Hadamard inequality for the convex function ® : [a,b] — R

(2.10) bia/CLb@(t)dt—q’(a;b)
< % ({a;b,b;é} - {a,a;b;@DDw(e)

where e (t) = t,t € [a,].
Since a simple calculation shows that

1 a+b a+b
([ - [ 55e))

bza {@(a)—;—@(b) _(I)(a—i—b)]

2
and
1 a+b 1
D, (e) b—a/a t— 5 ‘dt—4(b—a),

and we get from (2.10) that

1 b a+b
2.11 < — o - ¢
( ) O_b—a ’ (t)dt ( 5 >

el o))

To prove the sharpness of the constant % in the second inequality from 1) we
need now only to show that the equality case in (2.11]) is realized.

If we take, for instance ® (t) = |t — “T'H’| , t € [a,b], then we observe that @ is
convex and we get in both sides of 1l the same quantity % (b—a).

O
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Corollary 3. With the assumptions in Theorem [3 and if the lateral derivatives
', (m) and ' (M) are finite, then we have the inequalities

(2.12) 0< / (@0 flwdu — @ (fo,.,)
Q

S [?Q,w?M;q)] - [m7?97w;¢])Dw (f)

<

<

<

BN =N =N =

oL (M) — @ (m)) (M —m).

The constant % in the second and third inequality from 18 best possible.

Proof. We need to prove only the third inequality.
By the convexity of ® we have the gradient inequalities

@ (M)~ @ (7,

<" (M
M_fﬂ,w B _( )

and

@(?Q,w) —®(m) ",
?Qw_m Z(I)+( )

)

These imply that

[fow M;®] = [m, fq., @] <@ (M) -, (m)

and the proof is concluded.

We observe that from we get the following reverse of the Hermite-Hadamard
inequality for the convex function ® : [a,b] — R having finite lateral derivative
@', (a) and @’ (b)

bia/abfb(t)dt<b<a;rb>

S;[W_cp(a;bﬂ gé[c}’_(b)—@ﬁr(a)] (b—a).

(2.13)

We observe that the convex function ® (t) = }t — @b has finite lateral derivatives
@’ (b)) =1and ¥, (a) = -1

and replacing this function in 1) we get in all terms the same quantity i (b—a).
This proves that the constant 5 in the second and third inequality from 1D
is best possible. [l

Remark 6. Let ® : I — R be a continuous convex function on the interval of
real numbers I and m, M € R, m < M with [m,M]| C I, I the interior of I.
Let a = (a1,...,an), D = (p1,...,0n) be n-tuples of real numbers with p; > 0
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(ie{l,...,n}) andZ?:lpi =1LIfm<a <M,ie{l,...,n}, wzthz _,Dia; #

m, M, then
(2.14) Zpl l|<I> (a;)] — |® (ZZM%)

< sz al <2p1a1>
< % <[2piai,M§ ‘I’] — m,mei;@ > Zpi a; — ijaj .
i=1 =1 P ot

If the lateral derivatives ®', (m) and ®' (M) are finite, then we also have the
inequalities

(2.15) 0< Zpl (as) (Z plal)

1 n n

3 ([Zpi%M;@ m, > piai; ®
=1 =1

n
] sgn |a; — ijaj
j=1

n n
) sz' a — ijaj
i=1 j=1

1

n n
5 (‘I’/— (M) — <I>’+ (m)) Zpi ai — ijaj .
i=1 j=1

Remark 7. Define the weighted arithmetic mean of the positive n-tuple © =
(1, ..., xn) with the nonnegative weights w = (w1, ..., wy) by

1 n
A, (w, ) = W Zwixi
" oi=1

where W, == Y1 w; > 0 and the weighted geometric mean of the same n-tuple,

b
Y n /W,
i=1

It is well know that the following arithmetic mean-geometric mean inequality holds
Ay (w,2) > Gy (w, 7).

Applying the inequality for the convex function ® (t) = —Int, t > 0 we have
the following reverse of the arithmetic mean-geometric mean inequality

IA

Ay (w,x)
2.16 1<
( ) - Gy (w,x)
w.z)—m 1A, (w,|z—A, (w,z)|)
(An(w,z))A"( ) 2
S M-A,(w,z)
M
(An(w,z))
1M —-—m
< — A - A
<o |3 M A (e = A w2

provided that 0 < m < x; < M < oo fori € {l,..,n}.
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2.2. Applications for the Holder Inequality. It is well known that if f €
L, (2, 1), p> 1, where the Lebesgue space L, (€2, 1) is defined by

L,(Qu):={f:Q—R, fis p-measurable and /Q If (z)]” dp (z) < oo}

and g € Ly (2, 1) with % + % =1 then fg € L(Q,p) := L1 (R, ) and the Holder
inequality holds true

1/p 1/q
p P
/Qlfg\dué (/Qlf du> </Q|g| du)

Assume that p > 1. If h:  — R is y-measurable, satisfies the bounds
—co<m< |h(x)] <M < oo for prae. z €

and is such that h, |h|” € L, (Q, u), for a p-measurable function w : @ — R, with
w () > 0 for p-ae. z € Qand [, wdp > 0, then from (2.2) we have

-, -
(2.17) ‘/Q [1BP = ThTG o | sem [10] = TRl ] ’wdu’

< fQ 1" wdp fQ |h| wdp

= Jqwdn _< Jo wdn )

< 5 ([Pl M5 7] = [, Tilg (7] ) D (18D
< 3 (o 5 7] = [, il 5 (7)) D (11D
< 3 ([Pl M) = [, Tl (7)) (M = m),

where mg,w = dglhlwdu [m, M] and

Jowdn
[ | - 2o
Jo wp

D ()=

while

[N

2 2
Duz (Ihl) = [f“M' o (fﬂ'hwd’”‘) 1

Jo wp Jo wp

The following result related to the Holder inequality holds:

Proposition 1 (Dragomir, 2011 [20]). If f € L, (Q, 1), g € Ly (Q, 1) with p > 1,
% + % =1 and there exists the constants v, I' > 0 and such that

£

y< 2l
lg*

<T p-a.e on €,
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then we have

W_(fglfgldu>p L Jalfldn] o
(2.18) /Q a7~ e ) [P g T lgan |
~ Jol/"dp <f9 Ifgldu>p
= Jo lgl* dp Jo gl dp
1 ([Jalfoldn W1 [ Julfelde, )D £l
<s([papanmer] = s or]) e ik
U folfoldn ][ Jolfeldn, )D ]
< 9 <_fQ |g|q dlld’ a() | -77 fQ |g|q d;L’() | lg|?,2 |g|q_1
1 _fQ|fg|d,U . 1 [ fQ|f9|dM, ]
<! < NRrr R e i du,o)p_) (T,
where
~ |f] 1 a| |f] Jo lfgldp
D q = — d
v <glq‘1) Jo Igl"du/sz|g| g " JololTan| ™
and

1
o 1

DI 0.2 /] _ 1 / \f|2 d,u—(fﬂfmdu) ’

T\l [alol i Jo g1 Jo lgl dp
Proof. The inequalities ([2.19) follow from (2.17]) by choosing
h = ‘5'71 and w = |g|?.
9l

The details are omitted. U

Remark 8. We observe that for p = q = 2 we have from the first inequality in
the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

9 2
fgldp fgldp
(2.19) / % - (fﬂ 5 sgn £ —7“[9 5 lg|? dp
a|lgl Jo lgl” du gl Jo lgl” dpe
2
_ JolfPdp (fglfgldu>
T JolelPdu \ Sy lgl dp
1 1 fl - Jolfgldp
<y o [ 1o |} - g
JolglPduJa ™ |lol [ lgl du
R
1 1 | fgl du
<5 @) | [ 1 (f
Jolgl” dp Ja Jo lgl” du
1
S Z (F - 7)2 )
provided that f, g € Lo (Q, u), and there exists the constants v, T' > 0 such that

’ygmgFu—a.eonQ.

|91



14 S.S. DRAGOMIR

2.3. Applications for f-Divergence. One of the important issues in many ap-
plications of Probability Theory is finding an appropriate measure of distance (or
difference or discrimination ) between two probability distributions. A number of
divergence measures for this purpose have been proposed and extensively studied
by Jeffreys [32], Kullback and Leibler [37], Rényi [45], Havrda and Charvat [29],
Kapur [35], Sharma and Mittal [48], Burbea and Rao [4], Rao [44], Lin [38], Csiszar
[9], Ali and Silvey [1], Vajda [55], Shioya and Da-te [49] and others (see for example
[40] and the references therein).

These measures have been applied in a variety of fields such as: anthropology [44],
genetics [40], finance, economics, and political science [47], [53], [54], biology [43],
the analysis of contingency tables [28], approximation of probability distributions
[8], [36], signal processing [33], [34] and pattern recognition [3], [5]. A number of
these measures of distance are specific cases of Csiszar f-divergence and so further
exploration of this concept will have a flow on effect to other measures of distance
and to areas in which they are applied.

Assume that a set €2 and the o-finite measure p are given. Consider the set of all
probability densities on p to be P := {plp: Q@ =R, p(z) > 0, [,p(z)du(z) =1}.

Csiszdr f-divergence is defined as follows [10]

(2.20) It (p,q) :=/Qp(ﬂc)f [q(x)] du(z), p, € P,

p(z)
where f is convex on (0,00). It is assumed that f (u) is zero and strictly convex
at w = 1. By appropriately defining this convex function, various divergences are
derived.
The Kullback-Leibler divergence [37] is well known among the information diver-
gences. It is defined as:

(2.21) Dis(p,a) = [ plo)n [zm du (). p, g P,

where In is to base e.

In Information Theory and Statistics, various divergences are applied in addition
to the Kullback-Leibler divergence. These are the: variation distance D,,, Hellinger
distance Dy [30], x>-divergence Dy, a-divergence D, Bhattacharyya distance Dp
[2], Harmonic distance Dy, Jeffrey’s distance Dj [32], triangular discrimination
Da [52], etc... They are defined as follows:

(2.22) Dy (p.q) = /Q Ip (&) — ¢ (@) du(z), p. g€ P

(2.23) Dy (p,q) :=/Q‘\/m—\/m‘du(w), p, ¢€P;

p(z)

2
(220) Dy (pg) = /Q p (@) [(‘”9”)) —1] du (). p. g€ P:

225 Dalpd)= oz [1- [ BEIF W@ wuw)], e P

(2.26) D (prq) == / Vo @a@du (), p, g€ P;
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(2.27) Dita () = /Q mcw), P, g P;
229 D)= [ ) -g@n mﬂ du @), p. g€ P
(2.29) Da (p,q) :—/deu(w), p, ¢ € P.

For other divergence measures, see the paper [35] by Kapur or the book on line [51]
by Taneja.

Most of the above distances —, are particular instances of Csiszédr f-
divergence. There are also many others which are not in this class (see for example
[51]). For the basic properties of Csiszar f-divergence see [10], [I1] and [55].

Before we apply the results obtained in the previous section we observe that, by
employing the inequalities from we can state the following theorem:

Proposition 2 (Dragomir, 2011 [20]). Let f : (0,00) — R be a convex function
with the property that f (1) = 0. Assume that p, ¢ € P and there exists the constants
0<r<1<R< oo such that

(2.30) r< —= <R for p-a.e. x €.

Then we have

(231) 0< 1 (a) < 3 [ (B)~ £ ()] Dy (0.0)
< [ (B) = 110 D (o))
< R=)[fL(R) - 11 ()]
Proof. From we have
(2.32) [r@s (5 auw) 1 ([ a@ano)
<1 ® - £ )
q(x)
< [ @D = [ 4 du)|ane)
< S - )

and since
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2 2
) 4 (o)
p(x)| —= | dpu— q(x)d =D,z (p,q),

Lr@ (29 au- ([ a@an) =Dy
then we get from (2.32)) the desired result (2.31)). O
Remark 9. The inequality

1

(2.33) Iy (pa) < 7 (R=7) [f2 (R) = f1 (r)]

was obtained for the discrete divergence measures in 2000 by S. S. Dragomir, see
[15].

and

Proposition 3 (Dragomir, 2011 [20]). With the assumptions in Proposition[d we

have

(2.34) | f1(sgn()—-1) (P, @)| < I (D2 q)
< S (LR S = 10 Do (,0)
< 2 (LR A= 11 ) [Dye (. )]
< JILR ) =LA (R =),

W

where I f|(sgn(-)—1) (P, q) s the generalized f-divergence for the non-necessarily con-
vex function |f| (sgn () — 1) and is defined by

(55)

Proof. From the inequality (2.2) we have

sen | 10 1 o)

(2.35) I #)(sgn()—1) (P, 9) iZ/Q

T
< [ s (42 au -1 ([ a@ )
< 3 (LR )~ [ 1 1)
X /Qp(w) ‘;Eg - /Qq(y)du(y)‘ dp (z)
< 3 (LR )~ [ 1 1)
xuyuwﬁgf@h(émmwfr
< L (LR = 1) (R=7),
from where we get the desired result . O

The above results can be utilized to obtain various inequalities for the divergence
measures in Information Theory that are particular instances of f-divergence.
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Consider the Kullback-Leibler divergence

Dkr (p,q) ::/Qp(x) In [Zgzﬂ du(z), p, g€ P,

which is an f-divergence for the convex function f : (0,00) — R, f(t) = —Int.
If p, ¢ € P such that there exists the constants 0 < r <1 < R < oo with

(2.37) r< a(x) < R for p-a.e. = € (),
p(z)

then we get from (2.31) that

R—r
2. D <——D
( 38) KL (p7Q) = %R ’U(pv(I)
R—r 12 _ (R—r)?
< D < M 7
o [P 0ol = =r
and from (2.34) that
1 1
(2.39) Dir (p,q) < 5 Do (p,q)In RE 1,17
1 1/2 1
<5 [Dx ()] "o <]%R17,1r>
1

IN

1
1 (R—r)ln (RR—L,«l—T) .

The interested reader can obtain other similar results by considering f-divergence
measures generated by other convex functions such as the Jeffrey’s distance Dy or
the triangular discrimination Da. The details are omitted.

3. REVERSE INEQUALITIES IN TERMS OF FIRST DERIVATIVE

3.1. General Results. The following reverse of the Jensen’s inequality holds:

Theorem 4 (Dragomir, 2011 [19]). Let ® : I — R be a continuous convex function
on the interval of real numbers I and m, M € R, m < M with [m, M) C I, where
I is the interior of 1. If f : Q0 — R is p-measurable, satisfies the bounds

—co<m< f(z) <M< oo for p-a.e. x €Q

and such that f, ®o f € L, (Q,u), then

(3.1) 0< / w (@) (f (2) du (2) - @ (Fou)
Q
< (M = fo) (o - m) T2 = 2
< 3 (M —m) [8 (0) — &, (m)],

where fo.u = [qw () f(x)du(z) € [m,M],®"_ is the left and ®', is the right
derivative of the convex function ®.
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Proof. By the convexity of ® we have that

(3.2) / w (@) ® (f (2)) dia () — B (o)

S/Q(M_f(m))q>(n;}+§£(x)_m)q)(M)w(x)du(a?)
m(M_fQ,w +M(_gzw—m)
_(I)< M—-m )
_ (M = fo,w) ® (m) + (fo,u —m) ® (M)
M—m
_¢,<m(M fﬂ,w)+M(wi—m)> )
M—m

Then, by the convexity of ® we have the gradient inequality

O (t) — @ (M) = 2L (M)(t— M)
for any ¢t € [m, M). If we multiply this inequality with ¢ —m > 0, we deduce
(33) (t—m)®(t)—(t—m)® (M) > (M)(t—M)(t—m), te[m,M].
Similarly, using the other gradient inequality

O (t) = @ (m) > ), (m) (t —m)
for any t € (m, M], we also get
(34) (M—-t)®(t)—(M—t)®(m) > (m)(t—m)(M—1t), te[m,M].
Adding to and dividing by M — m, we deduce

B (t—m)®(M)+ (M —1t)®(m) S (t—M)(t—m)
M—m - M—-—m

P (t) (@ (M) — @ (m)],
for any t € (m, M).
By denoting

(t—m)® (M) + (M —t)®(m)

Ag (t;m, M) = U —m

we then get the following inequality of interest
(M —1t)(t—m)
-m

< (M —m) [ (0) ~ @, (m)]

(3.5) 0<Ag (t;m, M) < (@ (M) — @' (m)]

4
for any ¢t € (m, M).
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Now, since with the above notations we have B = Ag (fq,w;m, M), then by
(3.5) we have

(M - fﬂ,w) (.fTQ,w -

™) o/ (1) - @, (m)]

B
- M —-—m
1
< (M —m)[@L (M) - @, (m)],
and the proof is completed. O

Corollary 4. Let ® : I — R be a continuous convex function on the interval of
real numbers I and m, M € R, m < M with [m,M| C I. If z; € I and p; > 0 for
i€ {1,....,n} with Y., pi = 1, then we have the inequality

(3.6) 0< Zp@ (z:) — @ (Zp)
L L (M) — @ (m)
S(M—xp)(xp—m) M—er
< i(Mfm) (@ (M) — @, (m)],

where Ty, ==Y i pix; € I.

Remark 10. Consider the positive n-tuple x = (21, ...,x,) with the nonnegative
weights w = (w1, ..., wy) where W, := Y7 w; > 0. Applying the inequality

for the convex function ® (t) = —Int, t > 0 we have
A, (w, ) 1
. < En ) — (M — -
(3.7) 1< Golw.z) = exp [Mm (M — A, (w,z)) (A (w,z) — m)
< EM
= €Xp 4 mM )

provided that 0 < m < x; <M < oo forie€{l,...,n}.

For the Lebesgue measurable function g : [o, 8] — R we introduce the Lebesgue
p-norms defined as

Ié; 1/p
190l g = (/ |g<t>|pdt> if g € Lo, ],

190l 57,00 = €ssup g (t)] if g € Lo [cr, A1,

€la

forp > 1 and

for p = o0.
The following result also holds:

Theorem 5 (Dragomir, 2011 [19]). With the assumptions in Theorem [J], we have
the inequalities

38)  0< /Q w () ® (f (2)) dpt () — @ (for)

_ (M= Fou) [0 1® @) de 4 (Faw —m) [, 19 (9)]dr
- M—-—m
= A<D (f_'ﬂ,w; m, M) )
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where the integral in the second term of the inequality is taken in the Lebesgue sense.
We also have the bounds:

(39) Ag (fQ,w§maM)

oo — mEM M
[; ; 'Mm} M9 (1) dt,

<
(S0 @lde+ S |f70 1@ @lde - [20 1o @) de|
and
(3.10) Ao (fo,wim, M)

3 w — M — f w / !
< Vool M Jow) figry oo 19 )

1 ||q)/H[fQ,u,,M],oo + ||@/||[7n7f_‘0.w}700 1 /
gi(M—m 5 Si(M—m) 12|, 017,00
and
_ 1 - = 1/
(311 Ao (fawim, M) < = |(fow —m) (M = fou) 19/l 7, aa],

+ (01 = Fou) (o =) 1917,
s ) 35 o)

+(M = fow)’ (fouw— m)]l/q [ Y.

<

1,1 _
wherep>1,;—|—§—1.

Proof. Observe that, with the above notations we have
(t —m)® (M) + (M —t) ®(m)

(3.12) Ag (t;m, M) = U —m —P (1)
_ t—m)d(M)+ (M —t)D(m)— (M —m)®(t)
M —m
B t—m)O(M)+ (M —-t)D(m)— (M —t+t—m)P(t)
o M—-—m
_E=m)[®(M) -2 ()] - (M —1t) [ () — P (m)]
M—-—m

for any t € [m, M].
Taking the modulus on (3.12)) and noticing that Ag (¢;m, M) > 0 for any t €
[m, M], we have that

(t—m)|® (M) -2 )+ (M—1)|®(t) —P(m)
M—-—m

(t—m)‘ftMCD’(s)ds‘—&-(M—t)
M—-—m

_(=m) [ () ds + (M =) [1, |9 (5)] ds

- M—-—m

(3.13) Ag (t;m, M) <

f;l D’ (s) ds‘

for any t € [m, M].



REVERSES OF JENSEN’S INTEGRAL INEQUALITY AND APPLICATIONS 21

Finally, if we write the inequality (3.13) for t = fq., € [m, M] and utilize the

inequality (3.2)), we deduce the desired result (3.8]).
Now, we observe that

(t —m) [ 19 (s)|ds + (M — 1) [ |8’ (s)| ds
M—m
max {t —m, M — t} [ |®' (t)| dt

(3.14)

IN

max{j;M 1@/ (s)] ds, [ @' (s)] ds} (M —m)
[5 (M —m) + [¢ — =5[] [0 (1)) det

[% ff @ (s)|ds + 5 ftM |®’ (s)| ds — f; |®’ (s)|d5H (M —m)

for any ¢ € [m, M]. This proves the inequality (3.9)).
By the Holder’s inequality we have

(M =) 19|y, 17,00

/tM @ () ds <

1 .
(M_t) /a ||©I||[t7M] lfp>17%+l:1

P q

and

(= m) 19 11,00

t
/ 1 (s)] ds <
7 1
" (t—m)" ]|,

: 1 1 _
Ao Hp>L1pty=1

which give that

(t—m) [} |9’ () ds + (M — 1) [}, |9’ (s)| ds
M—m
_ (b= m) (O — )@ g+ (M 1) (= 10) @]
- M—m
(t—m) (M —1t)
=T M om [”(I)/”[t,M],oo + ||‘I’I||[m,t],oo]
12" [l1, 47,00 112" 47,00
2

1
(M —m)max |11, apj oo+ 19l a0 § = 5 (M = m) 197 211 o
2

(3.15)

IN

(M —m)

IN
N RN~
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and
M
(3.16) (t—m) [, |<I>’(s)|ds—|—(M—t)ﬁ;|¢>'(s)|ds
’ M—-m
) L= Y@ g gy (= 8) (6= ) 2,
- M—-—m
1 1/¢\? 1/q\? 1/
gMim[((t—m)(M—t) ) +((M—t)(t—m) H
1/p
x (12, aryp + 12D,

_ 1 q q /49 \|q/
= = [E=m)* (M = 1) + (M =) (¢ = )] 12,011,
for any t € [m, M].
These prove the desired inequalities (3.10]) and (3.11]). O

The discrete case is as follows:

Corollary 5. Let @ : I — R be a continuous convex function on the interval of
real numbers I and m, M € R, m < M with [m, M| C I, I is the interior of I. If
z; €I and p; >0 fori € {1,...,n} with >, p; =1, then we have the inequality

(3.17) 0< sz@ (z:) — @ ()

m Tp
- M—m
= Ao (Bp;m, M),

<<M—fmf?@%wMHw@—nwﬂﬂ@uNﬁ

where Ag (Tp;m, M) satisfies the bounds
(3.18) Ao (Tp;m, M)

7, mEM M
[% | g q fm |® (2)] dt,
<

30 1o @) ae+ §

SN @)l e~ [ 1 (8)]d|

and

(3.19) A (Tp;m, M)
(fp — m) (M - ‘%p) ! /
< B 19, e + 19 2,

19y 100 * 18 e _ 1
el 22 < (M =) [ 10

<= (M—m)

N | =
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and
_ . 1 _ _ \1/ ’
(3200 Aw(@im M) < o [(@ —m) (M = 5)"" ¥l ar),
(M = 2y) (@ =)@ ]
1 _ _
S]\/[_m[(3517_77%)(1@4_%7)

_ _ 1
+ (M = 2)" @ — )9 sy -

Remark 11. Under the assumptions of Remark [I0 , on applying the inequality
for the convex function ® (t) = —Int, we have the following reverse of the

arithmetic mean-geometric mean inequality
21) 1< (@) (An)\ MO e
. =~ Gy (w,x) — m A, (w,7) .

3.2. Applications for the Holder Inequality. Assume thatp > 1. Ifh: Q — R
is p-measurable, satisfies the bounds

—co<m < |h(z)| < M < oo for prae z€Q

and is such that h, |h|’ € L, (9, ), for a p-measurable function w : Q — R, with
w (z) >0 for p-a.e. x € Qand [, wdp > 0, then from (3.1) we have

o o< hlfu (v
T Jqwdp Jo wp
MpP—1 _ gpp-1 _ _
<p i (M =Tl (Pl = m)

< Lyt —my (471 =)

where [h|q, , = fsjlhu‘x;j” € [m, M].
’ Q

Proposition 4 (Dragomir, 2011 [19]). If f € L, (Q, 1), g € Ly (Q, p) with p > 1,
% + % =1 and there exists the constants v, I' > 0 and such that

v < |f|_ <T p-a.e on Q)
9"~

then we have

Jo I £ dp (fg Ifgldu>p
3.23 0< _
(3:29) = Jalgldun \ Jo lgl” du
L (F a |fg|du> <fg [fgldp >
=P, Jolgl"du ) \ Jolg%dn ~

1
< p(C=7) (TPt — 4271,

Proof. The inequalities (3.23)) follow from ([3.22)) by choosing
h = ‘5'71 and w = |g|?.
9l

The details are omitted. O
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Remark 12. We observe that for p = q = 2 we have from the first inequality in
the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

(3.24) OS/Q|g|2dlu/Q‘f|2du_ (/Qf9|du)2
)
E(F*V)Q (/SZIQIQdu)Z,

provided that f, g € Lo (Q, u) and there exists the constants v, I' > 0 such that

|1
lg|

Corollary 6. With the assumptions of Proposition[{) we have the following additive
reverses of the Holder inequality:

(3.25)

1/p
P q
0 < (/Qu du) (/Q 1 du) /\fgldu
" rp—l—w*)i( fQIfgldu> (fgfgldu ) .
=P ( -~ b Jo lgl* du Jo lgl* dp /g'g| a

e LR L R W

IN

v < <T p-a.e on Q.

3 =

wherep>1and5—|—6:1

Proof. By multiplying in (3.23) with ([, |g|? du)” we have

Lisvan( [rae)™ ([ 1solan)”
<o () (R ) (o)’
p@ =) () ([l an)

which is equivalent with

a0 [ira(f |g|qdu)p1

' _fsz|f9|dﬂ) (fszf9|du_ >

T -1 _ 7p71

_:;\H

IN

A X
A/~ 7
\D\
=
3 Q
QL
W
=
~_ Z
+ 5
W~ |
’Uﬁ
”4
i
—~
=
s
L
-s
M
<2
=y
T2
W
=
~_
=
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Taking the power 1/p with p > 1 and employing the following elementary inequality
that state that for p > 1 and «, 8 > 0,

(a+8)"/" <allr g pt/r
we have from the first part of (3.26) that

-
) [ 1P d ( / Iglqdu>
d
S/Qlfgl 1
~ fglfgdu) (fglfgdu - > ( ] >1’FP—1—¢J—T”
- [p (F Jolgl"du ) \ Jolgl%dn ~ /ngl an T '

Since 1 — % = %, we get from 1} the first inequality in 1) The rest is

obvious. O

If h: Q2 — R is p-measurable, satisfies the bounds
—oo<m < |h(z)| < M < oo for prae. €

and is such that h, |h|” € L, (, u), for a y-measurable function w : Q — R, with
w (z) > 0 for pra.e. z € Qand [, wdp > 0, then from Theoremwe have amongst
other the following inequality

P P
(3.28) 0< fQ A" wdp _ (fQ |hwdu)
Jo wdp Jo wp
1 1

< (MP —m?) {2+M—m

Jo Al wdp - m+M
fQ wd 2 ’

From this inequality we can state that:

Proposition 5 (Dragomir, 2011 [19]). With the assumptions of Proposition [{| we

have
= Jolgl"dp Jo lgl? du
1 1 d r
< - [+ o [l 22T
2 T—v]fylgl"du 2

Finally, the following additive reverse of the Holder inequality can be stated as
well:

Corollary 7. With the assumptions of Proposition [§] we have

1/p 1/q
(3.30) (/Qlf du) (/ﬂm du) - [ 1sola

/p
1 1 | fylfgldn v+

<FP—P1/p{+ 2 - / dp.

( ) Jo lg* dp 2 Q|g| s

- 2 I'—~
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Remark 13. We observe that for p = q = 2 we have from the first inequality in
the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

2
a0 [l [ 1P da- ( / Ifgldu)
L1 |fulfelds y4T

2
< (T2 _~2) |2 2
(-7 lQ " F=7/ lg* dp. 2 (/Q o du)

provided that f, g € Lo (Q, ) and there exists the constants v, I' > 0 such that
/]

v < == <T p-a.eonf

g1

One can easily observe that the bound provided by is mot as good as the one
given by . The details are omitted.

3.3. Applications for f-Divergence. The following result holds:

Proposition 6 (Dragomir, 2011 [19]). Let f : (0,00) — R be a convex function
with the property that f (1) = 0. Assume that p, ¢ € P and there exists the constants
0<r<1<R<oo such that

~

(z

x)

)

(3.32) r < < R for p-a.e. T € .

i}

Then we have the inequalities

fL(R) - fi (r)

(3.33) 0<If(pg) <(R-1A-r)=—FpH—

< im”‘) [f. (R) = £} ()] -

Proof. Utilising Theorem [4 we can write that

a3y [p@r (55w -1 (e )

<R/Qq(z)d“(x)) </Qq(w)du(:c)r> %

< 3<R*’"> (/2 (R) = f1 ()],

for p, ¢ € P satisfying 1) and since f (fﬂ q(z)du (:r)) = f(1) = 0 we get from
(3.34) the desired result (3.33]). O

By the use of Theorem [5| we can also state the following result:

IN

Proposition 7 (Dragomir, 2011 [I9]). With the assumptions in Proposition@ we
have the inequalities

(3.35) 0<1If(pq) < Bf(r,R)
where

(R=1) [} 1f Ol de+ (=) [F 1 (1) dt

(3.36) By (r,R) = .
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Moreover, we have the following bounds for By (1, R),

(3.37)
[; = nar
3101 @lae+ 5|1 @l = [ )]
and
(3.38) By (r, R)
— (R —
Y (VAT
f/ oo+ f, r,1],00 1 !
<L Mmee XMW e Ly
and
(3.39) (r, )
< = [A= ) R DY Ny g+ R= 1 A=),
< ﬁ[ﬂ—r)q (R=1)+(R-1)"(1-) Ir. R

whe'rep>1,%+%:1.

The above results can be utilized to obtain various inequalities for the divergence
measures in information theory that are particular instances of f-divergences.
Consider, for example, the Kullback-Leibler divergence measure

Dkr (p,q) = /Qp(x) In [zgg

which is an f-divergence for the convex function f: (0,00) — R, f(t) = —Int.
If p, ¢ € P such that there exists the constants 0 < r < 1 < R < oo with

(z)
()

}du(z), P, ¢ €P,

LS

(3.40) r <

< R for p-a.e. x € Q,

3

then we get from ((3.33)) that

(R—-1)(1—-1)

41 D <
(3.41) kL (p,q) < 5

and from (3.35) that

ler R—r
Dkr (p,q) SIH(TR_1> :

The interested reader can obtain similar results for other divergence measures
as listed above. However, the details are omitted.
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4. MORE REVERSE INEQUALITIES

4.1. General Results. The following reverse of the Jensen’s inequality that pro-
vides a refinement and an alternative for the inequality in Theorem [ holds:

Theorem 6 (Dragomir, 2011 [18]). Let ® : I — R be a continuous convex function
on the interval of real numbers I and m, M € R, m < M with [m, M] C I, I is the
interior of 1. If f : Q0 — R is u-measurable, satisfies the bounds

—co<m< f(z) <M< oo for p-a.e. x €Q

and such that f, ® o f € L, (Q,p), where w > 0 p-a.e. on  with fQ wdp = 1,
then

< (M~ fow) (fow —m) M—m

IA
|
<
|
g
)
=
|
&
&
2

where fo.u = [qw (@) f(z)dp(z) € [m,M] and Ug (;m, M) : (m,M) — R is
defined by

We also have the inequality

(M —m) Ve (fgﬁw;m,M)

] =

@2 02 [ w@of)du= (fau) <

—

?

< i(M—m) [ (M) — @/, (m)

provided that f_Q,w € (m,M).



REVERSES OF JENSEN’S INTEGRAL INEQUALITY AND APPLICATIONS

Proof. By the convexity of ® we have that

(4.3) /Q w (@)@ (f (2)) dp (2) — B (Fo)

By denoting

A (t;m, M) = —®(t), te[m,M]

we have

(4.4)  Ag(t;m, M) = (t—m)®(M)+ (M —1)®(m) — (M —m)®(t)

M—-m
_ t—m)(M)+ (M —t)®(m)— (M —t+t—m)P(t)
M —m
_ (t=m)[®(M) =2 ()] = (M =) [®(t) = P (m)]
M—-m
= —(M ;j)—(tm_ m)\lhp (t;m, M)

for any t € (m, M).
Therefore we have the equality

(M — fow) (fow—m)

(4.5) B= T

Vg (fo,wim, M)

provided that fq, € (m, M).

29
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For fo., = m or fa., = M the inequality (4.1)) is obvious. If fq. € (m, M),
then

\Ij'i' (f_Q,w;maM) < sup \I,<P (t7m7M)
te(m,M)

B IR DR 0L 1)
te(m,M) L M—1 t—m
(@ (M) — @ (t)]
< sup + sup
te(m,M) L M—t te(m,M)

200-00]_ 4y [20-20)
te(m,M)

= Ssup f—m

te(m,M) L M-t

which by (4.3) and (4.5) produces the desired result (4.1).

Since, obviously

(M_.fﬂ'w) (wi_m) 1

; ; <l _

M—m S g (M-m),

then by (4.3) and (4.5) we deduce the first inequality (4.2]). The second part is
clear. (]

Corollary 8. Let @ : I — R be a continuous convex function on the interval of
real numbers I and m, M € R, m < M with [m,M] C I. Ifz; € [m,M] and p; >0
forie{l,..,n} with 3" p; =1, then we have the inequalities

(4.6) 0< Zpicb (z:) — @ (Zp)
(M — 3,) (5, — m) |
= M —m te(srlrlPM) Ve (fim, M)
o' (M) — @, (m)

< (M —2) (Tp —m)

M—m
i(M—m) (@ (M) — @', (m)],

where Ty =Y ! pix; € (m, M) .

Remark 14. Consider the positive n-tuple x = (x1, ..., x,) with the nonnegative
weights w = (w1, ..., wy,) where W, := Y"1 | w; > 0. Applying the inequality between
the first and third term in @ for the convex function ® (t) = —Int, t > 0 we


e5011831
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have
(4.8) 1< éz EZ’i; < exp {]\;TTL (M - A, (w,z)) (A, (w,z) —m)
2
<o |25

provided that 0 < m < x; <M < oo forie€ {1,..,n}.
Also, if we apply the inequality for the same function ® we get that

Ay (w, )
4.9 1<
(4.9) - Gp(w,x)
—% M—m
I S I
- An (w7 LE) An (w7 1‘)
< exp | LI =m)
SSPNTToM |

The following result also holds:

Theorem 7 (Dragomir, 2011 [I8]). With the assumptions of Theorem@ we have
the inequalities

(4.10) og/ﬂw(@Of)du(x)—@(fﬂ,w)

MM—_fs;;w’ f;\z;_—mm} {‘I’(m);‘b(M) _ <m;M)}

< 2max{

< gmax {M — fou, fow —m} [ (M) &, (m)].

Proof. First of all, we recall the following result obtained by the author in [I6] that
provides a refinement and a reverse for the weighted Jensen’s discrete inequality:

(4.11) n  min {p;} [iZ@(xQ—@(ini)]

ie{l,...,n}

1 ¢ 1<
< S p®(z) -0 | 5 Y pis
R i:1pl @) (P" i—1plml>
n max {p;} Ly D (z;)— @ Ly x
X ir | = E i)~ - E il
i€{l,...,n} p n = n P

where ® : C' — R is a convex function defined on the convex subset C of the linear
space X, {xi}ie{l,...,n} C C are vectors and {pi}ie{lqu} are nonnegative numbers
with P, := Y"1 p; > 0.

For n = 2 we deduce from that

(4.12) 2 min {t,1 t} {‘P(fc) +2@) 4 (m-l—y)]

2
<t®(x) + (1 —t) @ (y) — @ (tr+ (1 —1)y)

< 2max {t,1 — t} [CI)(JJ)—l—(I)(y) — P <x+y>}

2
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for any z, y € C and t € [0, 1].
If we use the second inequality in (4.12)) for the convex function ® : I — R and

m, M € R, m < M with [m, M] C I, we have for ¢t = Af\;if“m‘” that

(M = fo,w) ® (m) + (fo,u —m) ® (M)

(4.13) M —m
_® m(M_fQ,w)+M(fQ,w_m)
M—-m
M_fﬂ,w fQ,w_m
§2max{ M-m > M-m }

el

Utilizing the inequality (4.3)) and (4.13)) we deduce the first inequality in (4.10)).

Since

@(m);@(M) _ % (m;M)

M—-—m
_1 [‘I’(M%‘P(’”EM) @ (=5H) —<I>(m)1
TI|T wmE T ey,

and, by the gradient inequality, we have that

(I)(M)_CD(#) S(D/_ (M)

M — m+M

and

then we get

D(m)+d(M m
()2()7q)(-§2—M)<1
M—-m !
On making use of (4.13)) and (4.14) we deduce the last part of (4.10]). O

Corollary 9. With the assumptions in Corollary[8, we have the inequalities

(4.14) [® (M) — @' (m)].

(415)  0<> pd () — @ ()
i=1

§2maX{M_xp %—m} {‘1>(m)+<1><M) _¢<m+Mﬂ

M—-m'"M—-m 2 2
1
§§maX{M—56p,33p—m} [® (M) — @' (m)].

Remark 15. Since, obviously,

M — fﬂ,w fﬂ,w —m

, <1
M—m M—-m —
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then we obtain from the first inequality in the simpler, however coarser in-
equality

(4.16) 0< /Qw(%f) dp (z) = @ (fo,u)
ey (=)

We notice that the discrete version of this result, namely

(4.17) 0<ipi¢(xi)—®(xp)<2{®(7n)‘;w_@(m;Mﬂ

was obtained in 2008 by S. Simié in [50].

Remark 16. With the assumptions in Remark[1{ we have the following reverse of
the arithmetic mean-geometric mean inequality

An(w,2) _ [ Alm, )Pt e
4.18 1< o< :
a1 < (Gon)

where A (m, M) is the arithmetic mean while G (m, M) is the geometric mean of
the positive numbers m and M.

)

4.2. Applications for the Hélder Inequality. Assume thatp > 1.Ifh: Q — R
is p-measurable, satisfies the bounds

0<m<lh(z)] <M < oo for prae. x €

and is such that h, |h|” € L, (Q, ), for a p—measurable function w : @ — R, with
w (x) > 0 for p-a.e. z € Q and [, wdp > 0, then from (4.1)) we have

(4.19) o< JolMwdn (fﬂ |h|wd“>p
T Jqwdp Jo wep
(M _WQ,’UJ) (mﬂﬁw - m)
< Y By, (m, M)

MpP—1 _ pp-1 _ —
<P (M~ Tila) (o —m)

< ip(M—m) (Mp_1 —mp_l) ,

where Wg,w = Jolhlwde [m, M] and ¥, (-;m, M) : (m, M) — R is defined by

Jo wdp
MP —P P — P
U (t;m, M) = —
p (t7 m, ) M ¢ t—m
while
(4.20) By, (m,M):= sup V,(t;m,M).

te(m,M)
From (4.2) we also have the inequality
h|? wd, h| wdp\”
o) ngzlwu_<kku>§l
Jo wdp Jo wdp 4

p(M —m) (MP~' —mPh).

(M —-m)7, (mﬂ’w;m,M>

<

| =
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Proposition 8 (Dragomir, 2011 [I8]). If f € L, (,u), g € Ly (Q, ) with p >
1, % + % =1 and there exists the constants v, I' > 0 and such that

v < |{|_1 <T p-a.e on €,
lg]
then we have
~ Jolgl®dp\ fq lgl” dp
< BT (F_ Jo Ifgldu> (fg |[fgldu _7>
- I'—y Jolal®du ) \ Jolgl* du
[Pt — ot Jolfaldu [ Jo|fgldu
SP I'— q a7 7
- Jolgldu ) \ [ lgl® du
1
< EP(F—V) (TPt — P71,
and
= Jololdp \ o lgl"dp

1

JololTdu’ "
where By, (+,+) and U, (+;+,) are defined above.

Proof. The inequalities and follow from and by choosing
/]

= o and w = |g|?.

The details are omitted. O

1“) < ip (C =) (TP =771,

Remark 17. We observe that for p = ¢ = 2 we have Uy (t;7,I') ==~ = By (v,
and then from the first inequality in we get the following reverse of the
Cauchy-Bunyakovsky-Schwarz inequality:

2
azo [l [ 1P ([ 1dlan)
Q Q Q
d d 2
. (F _Jalfol u) (fQ ol _7> (/ |g|2dﬂ)
Jolal®du ) \ Jq lgl™ dp Q
provided that f, g € Lo (Q, 1), and there exists the constants vy, I' > 0 such that

/]

v < = <T p-a.e on S

g1




REVERSES OF JENSEN’S INTEGRAL INEQUALITY AND APPLICATIONS 35

Corollary 10. With the assumptions of Proposition[8 we have the following addi-
tive reverses of the Holder inequality

az) o< ([ IfI”du)l/p ([ |g|qdu)l/q— [ gl

< [Bl;:(vl“)} e <F_ Jo f9|du>1/p (j’Q \fgl du )1/p

= — o 91" du JolglTdp

x / 9l7 ds
Q

< pl/p <F1)—1 _ ,yp—l)l/i) (F ~ fQ |fg|du>1/p <fg \fgl du B 7>1/p
- L —y Jo lgl® du Jalgl" dp

></ lg|? du
& / 1917 dp
Q

1
= 41/p p!7 (T =)t (e

and

(126) 0= ( / If”du>1/p ( / |g|qczu)1/q | £l
< g (- )”W”p(ﬁfgq'd“ )/ 9l du

_1\1/p
< 41/pp1/P(F ,Y)l/P (Fp 1 AP )”/ng‘qdﬂ

wherep>1and%—|—%:

Proof. By multiplying in (4.22)) with ([, |g|? du)” we have

/g'f‘pd“ (/Q Igl"du>p1 - (/Q fgldu>p

A () (b ) ([
p—1 _ p—1 .
e () () (L)

i (0 —=7) (TP~ =77 (/ |9|qdu)p,

IA
s
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which is equivalent with

az [ [ |g|qcm)p1

< ([oan) - 222 (- ) (i)
X (/Q Iglqdu>p
f 8 ; g Z;:;pl(;”ff; i) (i o)
Q I'—~
< ([1sotan) +Jo = @ =) ([ 1gtan)

Taking the power 1/p with p > 1 and employing the following elementary inequality
that state that for p > 1 and «, 5 > 0,

(a+ 5)1/17 < al/? 4 pl/v
we have from the first part of (4.27) that

1/p 1-41
(4.28) ( / |f”> dy ( / |g|qdu)
Bmmr/p( _fszfgw)”” (MM_ )”p

X / lg|* dp
Q

and since 1 — 1% = % we get from li the first inequality in (4.25)). The rest is
obvious.

The inequality (4.26]) can be proved in a similar manner, however the details are
omitted. O

If h: Q2 — R is p-measurable, satisfies the bounds
0<m<lh(z)] <M < oo for prae x e

and is such that h, |h|” € Ly, (Q, ), for a p-measurable function w : Q — R, with
w(z) > 0 for p-ae. x € Qand [,wdy > 0, then from (4.10) we also have the
inequality

P P
(4.20) 0< Jo IAP wdp B <fQ || wd,u)
Jowdn Jo wdn

’I"I’Lp —+ Mp m+M p a M _Wﬂ,w mﬂ,w -m
— max
2 2 M—-—-m >~ M-m

P (Mp_l — mp_l) max {M - WQJINWQ,U} - m} :

IN
)

1
< Z
-2

where, as above, |h], , = f‘j«“ﬁ%i“ € [m, M].
’ Q
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From the inequality (4.29)) we can state:

Proposition 9 (Dragomir, 2011 [I8]). With the assumptions of Propositz'on@ we
have

Jo 1£1" dp (fg Ifgldu>p
4.30 0
(430 = Jololdn ~ \Jylal"dn

AP 4TP p
). e (#) maX{F Jolfgldu [o|fgldp }
r—~ Jolgldu” [o 19l* dp
Jolfgldp Jo|fgldn }
Jolgl®du’ [o1gl* du '

Finally, the following additive reverse of the Holder inequality can be stated as
well:

<

(Fp ! 7”_1) max {F —

w\»—*

Corollary 11. With the assumptions of Proposition[§ we have

asy o< ([ Iflpdu>l/p ([ g|qczu)1/q— [ \sslan

1 P
4P (4T \P /p
2 2

[—y
max _Wu)l/p <fﬂ|f9|dﬂ > 74
e {(F fQ|g|qd/‘ fQ|g|qd,u /|g| K
L ax ( fﬂ|f9|d“> (W )1/p
< 21/pp ma { - fQ \g|qdu fQ \g\qdu vy

x (rP! —’V’H)l/p/Q 19| dp.

< 9l/p .

Remark 18. As a simpler, however coarser inequality we have the following result:

1/p 1/q
0< </Qf|”du> </Q gw) —/Qlfgldu

1/p

P HIP [+ TN

<o | (1 91" ds
Q

where f and g are as above.
4.3. Applications for f-Divergence. The following result holds:

Proposition 10 (Dragomir, 2011 [I8]). Let f : (0,00) — R be a convez function
with the property that f (1) = 0. Assume that p, ¢ € P and there exists the constants
0<r<1<R< oo such that

~—

(x

s}

(4.32) r <

< R for p-a.e. x €.
)

hS
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Then we have the inequalities

(4.33) Ir (p,q) < (Riﬂ})# sup ¥y (47, R)
r te(r,R)
<@m-pa-n L0
<IR-DL® - 10,

4
and ¥y (57, R) : (r, R) — R is defined by

fR)—f#) f@)—[f(r)
R—t t—r

Uy (t;r, R) =

We also have the inequality

(4.34) I (p.q) < % (- L1 (2};7“)1;({ (r)T§R —1)
< HR-[ B - 11 0)].

The proof follows by Theorem |§| by choosing w (z) = p(x), f(z) = %, m=r
and M = R and performing the required calculations. The details are omitted.

Utilising the same approach and Theorem [7] we can also state that:

Proposition 11 (Dragomir, 2011 [I8]). With the assumptions of Proposition
we have

. 5 (o) §2maX{R—1 l—r} [f(T)+f(R) _f<r+R>}

R-r"R—r 2 2
1
< §maX{R— L1=r}[fL(R) = fi(r)].
The above results can be utilized to obtain various inequalities for the divergence

measures in Information Theory that are particular instances of f-divergence.
Consider the Kullback-Leibler divergence

Dkt (p,q) :=/Qp(w) In [zg” du(z), p, g€ P,

which is an f-divergence for the convex function f : (0,00) — R, f (t) = —Int.
If p, ¢ € P such that there exists the constants 0 < r < 1 < R < oo with

(4.36) r < @ < R for p-a.e. x € Q.

p(z)
then we get from (4.33) that

(R—1)(1-1)

4. D <
( 37) KL (paQ)— TR )

from ({4.34) that
1 S SN T
D1 (p,q) < 1 (R—r)ln [R RTp l,r]
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and from (4.35) that

R—-1 1-7r A(r,R)
. <
(4.38) DKL(P’Q)—QmaX{R—r’R—r}ln<G(r,R))
1 R—1r
<7 — J—
_QmaX{R 1,1 T}( R >’

where A (r, R) is the arithmetic mean and G (r, R) is the geometric mean of the
positive numbers r and R.

5. SUPERADDITIVITY AND MONOTONICITY PROPERTIES

5.1. General Results. For a pg-measurable function w :  — R, with w(x) > 0
for yu-a.e. x € Q and [, wdp > 0 we consider the functional

G1) T :—/Qw@of)ducb(m)/ﬂwduzm

where @ : I — R is a continuous convex function on the interval of real numbers I,

f:Q — Ris p-measurable and such that f, o f € L, (Q, ).

Theorem 8 (Dragomir, 2011 [21]). Let w; : Q — R, with w; (x) > 0 for p-a.e.
x € Q and fQ widp > 0,4 € {1,2}. If & : I — R is a continuous convex function
on the interval of real numbers I, f : @ — R is u-measurable and such that f,
Do fe Ly (Qp) N Ly, (Qpup), then

(5.2) J(w1 +w2;<I>,f)2J(w1;<1>,f)+J(w2;<I>,f)20

i.e., J is a superadditive functional of weights.
Moreover, if wy > wy > 0 p-a.e. on §2, then

(53) J(w27q)7f)2‘](w1’©7f)207

i.e., J is a monotonic nondecreasing functional of weights.
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Proof. Utilising the convexity property of ® we have successively
(54) J (w1 + wo; P, f)

_ o -~ Jo (w1 +ws) fdp wi 4w
_/Q(’LU1+U)2)(<I> f)du (I)<f9(w1+w2)du>/g( 1+ z)du

= [wr@opydut [ wn@op)dn

fQ wldu . 76? ul;llfdduu —+ fQ wgd‘u, . 71“5[7 Ili?fdiu
-9 2 2 / (w1 4+ ws) dp
Jo (w1 4 w2) dp Q

>/Q (®o fd;H—/ wa (Do f)du
[ o () e (e

(w1 + we) dp Jowidp Jq (w1 +w2) dp Jo wadp

></ (w1 + ws) dp
Q
/le (Po f)du— (I)<fﬂ’w1d,u /ledu
d
oine o () o
Q

= J(wi; 9, f) + J (we; @, f)
which proves the superadditivity property.
Now, if we > w; > 0, then on applying the superadditivity property we have
J (w23 @, f) = J (w1 + (w2 —w1); D, f) > J (w3 @, f) + J (w2 — w13 @, f)
> J (w1; @, f)
since by the Jensen’s inequality for the positive weights we have J (wg — wq; @, f) >

0. (]

The above theorem has a simple however interesting consequence that provides
both a refinement and a reverse for the Jensen’s integral inequality:

Corollary 12. Let w; : @ — R, with w; (x) > 0 for p-a.e. € Q, [, widp > 0,
i € {1,2} and there exists the nonnegative constants v, I' such that
(5.5) O§7§%§F<oo,u—a.e. on .

w1
If @ : I — R is a continuous convex function on the interval of real numbers I,
f:Q — R is u-measurable and such that f, ® o f € Ly, (2, 11) N Ly, (1), then

(5.6) om[/gwl (q’Of)du@(Jm)/ﬂmdu}
</Qw2(<1>of)du—¢(m>/ﬂwgdu

e () [
=t [/Q o ((I’ f) dp—® < fQ wrdp /Q wdp
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or, equivalently,

fQ widp fﬂ wy (P o f)du fQ wi fdu
5.7 0= vfg wadp [ fQ wydp - ? < fQ wydp >:|
wiz (®o f)du % (fﬂwgfdu)
B Jo wadp Jo wadp
fﬂwldu [fﬂwl (Pof)du _& (wilfdu>}
fQ wadp Jowidp Jowidp ) |-

Proof. From we have yw; < ws < Tw; < oo p-a.e. on § and by the
monotonicity property (5.3) we get

Since the the functional is positive homogeneous, namely J (aw; ®, f) = aJ (w; @, f),
then we get from (5.8)) the desired result (5.6). O

Remark 19. Assume that p(Q) < oo and let w : Q@ — R, with w(x) > 0 for
p-a.e. x© €, fQ wdp > 0 and w is essentially bounded, i.e. essinf,cqw (x) and
essup,cqw (x) are finite. If ® : I — R is a continuous convex function on the
interval of real numbers I, f : Q0 — R is u-measurable and such that f, ® o f €
Ly (Qu)NL(Q,u), then

essinfcow (z) [ [o (®o f)du B Jo fap
59 R Ny e ()
Jow(®ofdu ( Joywidn
= fQ wdy - ( Jo wap )
essup,cqw (2) [fo (®of)du ([ Fdp
=TI Jowdn { () q’(mm ﬂ

This result can be used to provide the following result related to the Hermite-
Hadamard inequality for convex functions that states that

1 b a+b
>
b_@/ﬂ@(t)dt_(l)( 5 )

for any convex function ® : [a,b] — R.
Indeed , if w : [a,b] — [0, 00) is Lebesgue integrable, then we have
essinf g0 w (2)

e o w (1) dt bla/abq)(t)dt—(p(a;b)

Jow(®)®(t)dt fQ t) tdt
S w () dt Jow (t) dt
essu w(x 1 b b
< pach[a,b] ( ) / (I)(t) dt — @ <a+ )
= [Jwtydt [b—ala 2
Now we consider another functional depending on the weights

. T, f)  Jow(®o f)du [ wfdp
K (i f) o= D) ot fgwdu @(};MM)zo

(5.10) 0

IN
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and the composite functional

D, f) o= ([ w5 (ws . 0) 412 0

where ® : I — R is a continuous convex function on the interval of real numbers I
and f:Q — R is py-measurable and such that f, ®o f € L, (Q,pn).

Theorem 9 (Dragomir, 2011 [21]). With the assumptions of Theorem@ L isa
superadditive and monotonic nondecreasing functional of weights.

Proof. Let w; : Q — R, with w; (z) > 0 for p-a.e. x € Qand [, widp > 0,1 € {1,2}
such that f, ® o f € Ly, (£, 1) N Ly, (2, 1) .
Utilising the superadditivity property of J we have

(5.11) L (wy 4 wa; @, f)

— (/ (w1+w2)dﬂ) In [K (wy + wa; @, f) + 1]

J (w1 + wa; @, f)
(w1 + wo d#)l [fQ (w1 + w2) du 1}

-(/,
</ wy + ws) du) [J(wl;é,f)+J(w2;<I>,f)+1]
-(/

Jo (w1 +w2) dp

(w1 + ws) du)

+1
fQ wy + wa) dp

< (w1 + wo du)

J(wy;P, wa2; P,
Jowidp- (220 1) 4 [ wadp- (4220 4 1)
Jo (w1 +w2) dp

J(w1;®, f) J(w2;®, f
{fsz widp - 7} 11u1dH + Jo wadp - f(ﬂfmdu)

X In

= A.
By the weighted arithmetic mean - geometric mean inequality we have
wi;P, J(w2;®P,
fQ wld'u’ ( } izld/]j) + 1) + fQ wsz ’ ( }n 121)2d£) + 1)
Jo (w1 4 ws) dp
Jo widn Jo wadn
> (J<w1;¢, n . 1) ol (J<w2,¢ Y/ 1) P
Jowidp Jo wadp

therefore, by taking the logarithm and utilizing the definition of the functional K,
we get the inequality

(5.12) A> </Qw1du) In (K (wi;®, f) + 1) + (/ngdu> In (K (wy; @, f) + 1)
=L(w;®, f) + L (wy; @, f).

Utilising (5.11) and (5.12)) we deduce the superadditivity of the functional L as a
function of weights.
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Since L (w; @, f) > 0 for any weight w and it is superadditive, by employing a
similar argument to the one in the proof of Theorem |8 we conclude that it is also
monotonic nondecreasing as a function of weights. O

The following result provides another refinement and reverse of the Jensen in-
equality:

Corollary 13. Let w; : Q@ — R with w; (z) > 0 for p-a.e. © € Q, [ow;dp > 0,
i € {1,2} and there exists the nonnegative constants v, I' such that

0§7§%§F<oou—a.e. on €.
w1

If ® : I — R is a continuous convex function on the interval of real numbers I,

f:Q — R is p-measurable and such that f, ® o f € Ly, (Q, 1) N Ly, (Q, 1), then

(Jq widn)

Jown @0 fydu ( fpwnddu ] T
o[l (ot
wig(q)of)du(I)<wi2fdu)
- Jo wadp Jo wadp

FM
< |:fQ w1 (@ o f) d,u’ _ @ (fQ U)lfd/,L) n 1:| (fQ wodpu) 4
L Jqundu o widp :

Proof. Since L is monotonic nondecreasing and positive homogeneous as a function
of weights, we have

'VL(wU(I)»f) SL('IU%(I)?][) SFL(U}I;(I)M](.)?

namely

[K (wl; P, f) + 1]7(f9 wldﬂ) < [K (’wg; P, f) + 1](fQ wgdu)
< [K (w; @, f) + 1]1‘([9 wydp) :

which provides that

(Jo widn)

(K (wy; @, f) 4+ 1) Uawed) — 1 < K (ws; ®, f)

(Jo widn)

< [K (wi;®, f) +1] Gomem) 1,

O

Remark 20. Assume that p(Q) < oo and let w : Q@ — R, with w(x) > 0 for
p-a.e. x € 1, fQ wdp > 0 and w is essentially bounded, i.e. essinf,cqw () and
essup,co w (x) are finite. If ® : I — R is a continuous convex function on the
interval of real numbers I, f : Q — R is p-measurable and such that f, ®o f €
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Ly (0, 0) NL (2, 1), then

essinfycq w(z)

Jo(®ofydp [ Jo fdu Tty U win)
(5.14) og[ ) @(M(Q) )+1} .
Jow(®o Ndp f Jowldp
: Jo wp ? ( Jowdp )

esssupgeq wi@)

N

In particular, if w : [a,b] — [0,00) is Lebesgue integrable, then we have the fol-
lowing result related to the Hermite-Hadamard inequality for the convex function

D :fa,b] > R

essinf ¢ [4,5] (@)

1P a+b R
1 < O(t)dt -2 ! !
(5.15)  0< lb—a/a (t) dt ( 5 >+
§ [Pw ()@ (t) dt o Jow (t) tdt
T [Pw(t)dt S w (2) dt
1 a+b w0
- lb—a/a (t) dt ( 2 >+

5.2. Applications for the Ho6lder Inequality. Assumethat p > 1.If h: Q2 — R
is p-measurable, () < oo, |h], |h|" € Ly (2, 1) N L(Q, 1), then by (5.9) we have
the bounds

essinf,cqw () [ 1 / » ( 1 / )P}
5.16 0< hl"dpy — | —== h|du
(516) ay Jowdp L1 (Q) Q| | 1 (82) Q| |
<! / P d ( L Ih|d )p
— | w | w
= Jowdp Jo : Jowdn Jo :
essup,cq W () { 1 / » < 1 / )p]
< h|"dp — | —== h|d .
B ﬁfg“ﬂu 1 (82) Q| "y w(S2) Q| | d

Proposition 12 (Dragomir, 2011 [21). If f € L, (Q, i), g € Ly (Q, p) withp > 1,

% + % =1, u(Q) < oo and there exists the constants §, A > 0 and such that

(5.17) 0 <|g| <A p-a.e on Q,
then we have

: 54 1 Wdu—<1 |f|_ du)p]
ey Jo lol"dp | 1 (Q) Jo 19l n(Q) Jo |gl* !
JolfI"dp (fglfgldu>p

Jo gl dp Jo lgl* dp

A" L[ 1 A%
Yy — | —— d .
ﬁfsz lg|" dp | 1 (2) Jo lgl* H (M(Q)/Q|g|q1 M) ]

(5.18) 0<

IN

IN
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Proof. The inequalities ([5.18)) follows from ([5.16)) by choosing
_ il

lg|"™!

The details are omitted. O

Remark 21. We observe that for p = q = 2 we have from the following
reverse of the Cauchy-Bunyakovsky-Schwarz inequality

f 2

=l dp lg|? dps

g Q

1 fI? ( 1
- T odu— [ ——
u(ﬂ)/g gl ¥ u(ﬂ)/g

2
2 2,
< 1o [ 172 au ([ \solan)

L[] ( 1 f‘ )2 2
— = dp— | —= =\|d d
u(Q)/Q gl " N(Q)/ﬂ g™ /52|g| o
provided that f, g € Lo (Q, ) and g satisfies the bounds .

Similar results can be stated by utilizing the inequality ([5.13]), however the details
are not presented here.

and w = [g|?.

(5.19) 0<6%u(Q)

< A% (Q)

5.3. Applications for f-Divergence Measures. The following result holds:

Proposition 13 (Dragomir, 2011 [21]). Let f : (0,00) — R be a convex function
with the property that f (1) = 0. Assume that p, ¢ € P and there exists the constants
0<s<1<S8 <oo such that

(5.20) s < p(@) < S for p-a.e. x €.
q(x)
Then we have the inequalities
(5.21) s [If(;) (a.p) = f (Dy2 (psq) + 1)]
< Iy (p,q)

< S[1) (@p) = f (D () +1)].
Proof. If we use the inequality (5.6) we get

s [ ([)
e
S| (ar([5)]

q2
/ “—dp =Dy (p,q) +1
QP

4 —
/Q qf (p) dp = Ip(1y(4:p)
then from (5.22)) we deduce the desired result ([5.21)). O

Since

and
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Consider the Kullback-Leibler divergence

Dkr, (p,q) :=/Qp(:v) In [ng du(z), p, q€ P,

which is an f-divergence for the convex function f : (0,00) — R, f(¢) = —Int.
If p, ¢ € P such that there exists the constants 0 < s < 1 < § < oo with

(5.23) s < p(z) < S for p-a.e. x € Q..
q(x)

then we get from that
(5.24) s [In (Dy2 (p,q) +1) — Dxr (4.p)]
< Dk (p,q)
< S [ln (Dy2 (p,q) + 1) — Dxr, (q,p)] -

Similar results for f-divergence measures can be stated by utilizing the inequality
(5.13]), however the details are not presented here.

6. INEQUALITIES FOR SELFADJOINT OPERATORS

6.1. Preliminary Facts. The above integral inequalities can be used to obtain
various reverses of Jensen’s inequality for convex functions of selfadjoint operators
on complex Hilbert spaces. In order to state these results, we need the following
preparations.

Let A be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (A) included in the interval [m, M] for some real numbers m < M and
let {Ex}, be its spectral family. Then for any continuous function f : [m, M] — R,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral (see for instance [31], p. 257]):

M
(61 G Wz = [ FOd ().
and

M
(6:2) I @l = [ 1FQF I,

for any z,y € H.

The function g, (A) := (Eax,y) is of bounded variation on the interval [m, M|
and gz (m —0) = 0 while g, , (M) = (z,y) for any z,y € H. It is also well known
that g, (\) := (Exz, ) is monotonic nondecreasing and right continuous on [m, M]
for any z € H.

The following result that provides an operator version for the Jensen inequality:

Theorem 10 (Mond-Pecari¢, 1993, [41]). Let A be a selfadjoint operator on the
Hilbert space H and assume that Sp (A) C [m, M] for some scalars m, M with
m < M. If ® is a convex function on [m, M], then

(MP) @ ((Az,z)) < (®(A)z, )
for each x € H with ||z| = 1.

As a special case of Theorem [I0] we have the following Holder-McCarthy inequal-
ity:
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Theorem 11 (Hslder-McCarthy, 1967, [39]). Let A be a selfadjoint positive oper-
ator on a Hilbert space H. Then for oll x € H with ||z| =1,

(i) (ATz,z) > (Az,z)" for all v > 1;

(ii) (ATz,z) < (Az,z)" for all 0 <1 < 1;

(17) If A is invertible, then (A"xz,x) > <Ax z)" for all r < 0.

The following reverse for the (MP)) inequality that generalizes the scalar Lah-
Ribari¢ inequality for convex functions is well known, see for instance [27) p. 57]:

Theorem 12. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If ® is a convex function
on [m, M|, then

(Az,z) —m

M — (Az, z)
(LR) (P(A)z,x) < W

e (m) + o (M)

for each x € H with ||z| = 1.
In [24] we obtained the following weighted version of (MP]) and (LR]).

Theorem 13 (Dragomir, 2014 [24]). Let A be a selfadjoint operator on the Hilbert
space H and assume that Sp (A) C [m, M] for some scalars m, M with m < M.
If & : [k,K] C R—R is a continuous convex function on the interval [k, K],
w: [m, M] — [0,00) is continuous on [m,M], f:[m,M] C R — R is a continuous
function on the interval [m, M| and with the property that

(6.3) k< f(t) <K foranyt € [m,M],

then

(6.4) ¢<<w<(A) (A) z, x))

() >
() oo+ (e o

< )
- -k

for any x € H with (w (A) z,x) # 0.

For various particular instances of that are of interest being related to
Holder-McCarthy’s inequalities mentioned above, see [24].

For classical and recent result concerning inequalities for continuos functions of
selfadjoint operators, see the recent monographs, [27], [22] and [23].

6.2. Reverses for Functions of Operators. We have the following results:

Theorem 14 (Dragomir, 2015 [25]). Let A be a selfadjoint operator on the Hilbert
space H such that Sp (A) C [k, K] for some scalars k, K with k < K. Assume
that ® : [k, K] C R — R is a continuous convex function on the interval [k, K],
w: [k, K] — [0,00) is continuous on [k, K], f : [k, K] C R — R is a continuous
function on the interval [k, K] and satisfies the property
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(i) If ® is continuously differentiable on (k, K), then we have

on 05 S o (0 00)

f(A)w(A)z,x
A e

fc,x>
(w (A) z, )

UﬂmwMMwX_«MMfMMJ»2%
(w (4),2)

[@” (K) — @', (k)]

[® (K) — @, (k)] (K — k)

for any x € H with (w (A) z,x) # 0.
(ii) If we consider the function Ve (-;k, K) : (k, K) — R defined by

K) —

then

(w(A) (@0 ) (A)z,2) [ (w(A)f(A)z,1)
66) 0 < = @) z.2) @< (0 (4)z,) )

K — (w(A)f(A)%ﬂC)) ((w(A)f(A)ﬂf )
(w(A)z,z) (w(A)z,z)

-k
) sup Vg (t;k, K)

(
K—k te(k,K)
<(K_<w0®fM%mw>(@MAUT@wﬂﬁ_k>¢’UQ—@;m)
i

(w (A) z, x) (w(A) z,x) K-k
[ (K) — ¥, ()] (K ~ &)

for any x € H with (w (A) z,z) # 0.
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(iii) We have the inequalities

(w(A) (@0 f)(A)ae) [ (w(A)f(A)a.a)

(68) R | P S ( (w(A) z,2) )
. { e }
- K-k ’ K-k

" [«b(k)z@(K) _q)(kJ;KH

and
(w(A) @0 f) (A)z,z) [ {w(A)f(A)z,1)
(6.9 O @) q’( (w(A)z,2) )
® (k) + @ (K) k+ K
e (2

for any x € H with (w (A) z,z) # 0.
(iv) We also have the inequalities

{w(A) £ (4) $,$>>
(w(A) 2, )

(A wA)z,x)
<’ () - T e@eay

) (w(A)z, )
)

x, x>

for any x € H with (w (A) z,z) # 0.

Proof. (i) Let {Ex}, be the spectral family of the operator A. Let € > 0 and write
the inequality (1.17) on the interval [k — ¢, K| and for the monotonic nondecreasing
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function g (t) = (Eyx,z), * € H with (w (A) z,z) # 0, to get

(6.11)

fk (@0 f)(Hw(t)d <Et$,m>_q)<f,f(€f(t)w()d<Etﬂf x>)
Jieow (t) d(Byz, x) JE w(t)d (B, )
fk c (I)Iof)(t)f()w(t)d<Et%CC>

fk LW d{Fz,x)
7f;fig( of t>w()d<Et$7«T> JE_f)ywt)d (B, )
fzfis w (1) d(Ew, ) JE w(t)d(B,z)
k
“3JE et

i few(s)d (B, a)
SE w(s)d(E,x, )

w(t) d(Eyx, x)

IN

[® (K)— &, (k)] (K — k).

< § [8 (K) ~ ®, (k)
[ o wmdE, x>_<fk i >d<Em>>2 '
figw()d(me) fk L w(s)d(Esx,x)
1
i

Letting ¢ — 0+ and using the spectral representation theorem summarized in
we get the required inequality (6.5| .

(ii) Follows by the first part of Theorem [f], (iii) follows by Theorem [7] while (iv)
follows by the second part of Theorem [f] The details are omitted. (Il

We have the following generalization and reverse for the Holder-McCarthy
inequality:

Corollary 14 (Dragomir, 2015 [25]). Let A be a selfadjoint operator on the Hilbert
space H such that Sp (A) C [k, K] for some scalars k, K with k < K. Assume that
w: [k, K] — [0,00) is continuous on [k,K], f: [k, K] C R — R is a continuous
function on the interval [k, K| and satisfies the property with k > 0. Assume
also that p € (—o00,0) U (1,00).
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(i) We have
(w(A) fP(A)z,z)  ((w(A)f(A)z,z)\"
I T il e )

<y (fP(A)w(A)z,z) <fp*1(A)w(A)x :c><f(A)w(A)x x)

- (w(A) z, ) (w(A) z, ) (w(A)z,x)
Lt gy W)~ SR )

= P (K —k ) (w(A)z,z)
Loy ey [P w @),z (w(A)f(A)z,2)\]?

< gt —w) e (Mt o ”
1

for any x € H with (w (A) z,z) # 0.
(i1) If we consider the function ¥, (- k,K) : (k,K) — R defined by
KP — P 4P _ kP

Uy Gk K) = e — 5

then
(w(A) 7 (A)w,2) [ (w(A)f (A)z.2)\"
(613) 0 < =0 @ z,2) ( (w(A) 7, 2) )

(10— s (iagnes )

IN

sup VU, (t;k, K
K-k te(k,K) p( )

i () (<

p(KPh— kP71 (K — k)

IN

IN
NSO S

and

(w(A) f (A)a,z) [ (A) 2"
(6.14) O (@) za) ( (w (A)z. 1) )

-y, (DI Do) )

p (KPP~ — kPN (K — k)

<
for any x € H with (w (A) z,x) # 0.
(i1i) We have the inequalities

' T (w(A)z,z) (w(A)z, )

(WA (A)ra)  (w(A)f(A)r.z)
comaxd BT wen (e F
= K-k ' K-k

[EE K (kKN
2 2
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and
R e
<2 {kp;m’ - <kJ;K)P]

for any x € H with (w (A) z,z) # 0.
(iv) We also have the inequalities

(6.17)  0< (w(A) fF(A)z,z) ((w (A

= %\I/,, <<w<(£)(£)(j)$x>;k,l(> <‘f(A) B mlH‘w,w>
< 3o (U e x)

for any x € H with (w (A) z,x) # 0.

If p € (0,1), then by taking ® (t) = —tP we can get similar inequalities. However
the details are omitted.

If we take ® (t) = —Int, ¢t > 0 in Theorem [14] then we get the following logarith-
mic inequalities:

Corollary 15 (Dragomir, 2015 [25]). Let A be a selfadjoint operator on the Hilbert
space H such that Sp (A) C [k, K] for some scalars k, K with k < K. Assume that
w: [k, K] — [0,00) is continuous on [k,K], f: [k, K] C R — R is a continuous
function on the interval [k, K] and satisfies the property with k > 0.

(i) We have
(w(A) f(A)z,z))  (w(d)Inf(A)z )

(6.18) 0<In < > (w (A) 7, 7)
T A w @)z z) (f (A w(A) 2 z)

) (w(A)z, )

-1
X
f(A)w(A)z,x
i) Uit

1 l‘,$>
2 kK (w(A)z,z)

(FPAwA)z,z) (<w (A) f(A)z,2) )
(w (A)z, )

4
for any x € H with (w (A) z,z) # 0,
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(11) If we consider the function ¥_y, (1 k, K) : (k,K) — R defined by
Int—Ink InK —Int

53

\ijln(t;er): t—k - K —t !
then
L (fwA) f(A)z2)  (w(A)Inf(4)z,z)
819) 0. (e ) e
( K_ <w<A>f<A>w,w>) (< w(A)f(A)ea) _ k)
(w(A)z,2) (w(A)z,2)
< T tes:;};{)\lhm (t;k, K)
1 A A 1(K —k)*
= Kk (K (w( ) ( (w( k) = 4 kK
and
A lnf )
(6.20) 0<lIn ( o )
HUSL S ( Af(A) > )<1<K—k)2
"\ T w(A) z, 7) =4 kK

for any x € H with (w (A) z,x) # 0.
(1ii) We have the inequalities

(6.21) 0<n (LA Az )\  (w(d)nf(4)z,2)
' - (w(A) z, ) (w (A) z, )
_ (wA)fA)zx) (wA)f(Az,z)
< 2max K- e (w(Aaa)  _F (K
- K~k ’ K —k 2WEK

and

(w(A) f(Az,2)\ _ (w@hfA)rz) (kK
wines )~ aties < (i)
for any x € H with (w (A) z,x) # 0.
(iv) We also have the inequalities
(A)f(A)%@) _(w(A)Inf(A)z,z)
(w(A)z, ) (w(A) z, )

(622) 0<In (

(6.23) 0<In (<w

IN
N = N =

v <<w A) f(A) x,x)lk K) <‘f(A) - 7”%2)&()3)5@) 1H’x,:r>
T (w(A)z,z)

IN
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6.3. Some Examples. If we choose w(t) = 1 and f(t) =t with ¢t € [k, K] C [0, 00)
then we get from Corollary [14] that

(6.24) 0

IN

APz, x) — (Az,x p [(APz,z) — (AP 'z, 2) (Az, 2)]

IN

p (KPPt (Az,z) 1y|x, )

INA
=N R N
=

"<
7 (14

;D(Kp*1 kP~ 1) [<A2m z> Ax,x)z}
) (K

IN

p (K~ — kPt

(6.25) 0 < (APz,z) — (Az,x)?
(K — (Azx,x)) ((Az,z) — k) sup U, (& k, K)
K-k te(k,K)
KP p—1 _ kpfl
K-k
p(KP = kPN (K — k),

IN

IN

p (K — (Az,z)) ((Az, 2) — k)
_1
=3P

(6.26) 0 < (APx,z) — (Az,2)’ < = (K — k) ¥, ((Az,z) ; k, K)

pM»—‘

< <p (KPP =K (K — k),

(6.27) 0 < (APz,z) — (Az, z)"
K — (Az,z) (Az,z) —k} {karKP B <k+K>P} ’

<2
= max{ K-k ' K-k 2 2

(6.28) 0< (A”x,x>—<Ax,x>p§2[kp—;Kp - (k;Kﬂ

and

(629)  0< (A%,a) — (Aw,2)" < LW, ((Aw, )1k, K) (1A~ (Av, ) L] 2,)
< %\pp ({Aw,2) b, K) [(A%2,2) - <Ax,x>2f
< 1, ({Az,2) b, K) (K k)

for any x € H, ||z|| = 1.
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If we choose w(t) =t9, g # 0 and f(t) =t with ¢t € [k, K] C [0,00) then we get
from Corollary [14] that

(APtag, x) (AT 2, ) ?
630 0= w0 ‘( A1z, 2) )

(APtag ) (APTIlg ) <Aq+1m,x>1

=P (Adz, ) (Adz, x) (Adz, x)

Atz
1 p—1 p—1 <'A_ <<Aqw’x>>1H x,x>
= bl (7=t =) (Adz, )
273
1 _ _ <Aq+2m $> <Aq+1:r :17>
_ p—1 _ 1.p—1 ’ _ ’
= 9P (K k) (Adz, x) (Adz, x)
1
- p—1 _ p.p—1 _
<P (K kP (K — k),

(APTag ) (AT g, z) g
(6:31) 0< (Adz, x) _< (Adz, x) )

<Aq+1m,z> <Aq+1z,x>
(K_ (Adz,z) (Adz,z) —Fk
sup ¥, (t;k, K)

K-k te(k,K)

Kp—1 — pp—1 (AT, ) (AT 2, )
PR TR (K_ (Adz, x) ) ( (Adz, x) _k>

IN

IN

1
< = p—1 _ pp—1 _
< Syt ey ),
P
<Ap+qx7$> <Aq+1x,x> 1 <Aq+1x,x>
.32 < — <-(K-kV,| ———; kK
(6:32) 0= (Adz, ) (Adz, ) - 4( k) (Adz, ) ik,
< ip (KP~' — kPN (K — k),
P
(APTag x) (ATHlg o)
. < —
(6:33) 0= (Adz, x) (Adz, x)
Adtly o Adtly o
K_<A‘1x:v> <A‘1xx>_k kp+Kp /{1+K p
< 2max (Atz,z) (Atz,z) -
- K-k ’ K-k 2 2 ’
(6.3) O<(Ap+qx,x)_ (ATHg 2) p<2 kP +KP  (k+ K\
’ - (Adz,x) (Adz, ) - 2 2
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and
P
(Artag ) (AT, )
. < —
635 0= Ty T
<Aq+1z,x>
1, <Aq+1x’x>-/€K <‘A_<A(11,I>1H T,z
=2 P\ (Aaz,z) (Adz, z)
1\1/ <Aq+1x,m> kK <Aq+2x,m> <Aq+1:1:,:r> 1®
-2 P\ (Aaz,z) T (Aiz, x) (A1z, x)
1 (AT, z)
_Z p(Wm7k7K (K_k)

for any x € H \ {0}.
If we choose w(t) = 1 and f(¢t) =t with ¢ € [k, K] C [0,00) then we get from
Corollary [15] that

(6.36) 0 <In(Az,z) — (InAz,z) < (A" 'z, 2) (Az,z) — 1
1K -k
< BTV g
< B R A ar ) 1l
1K—kp, , 213 1(K —k)?
<27 - <=
=2 kK [(4%2.2) — (4z.2)"] =4 kK
(6.37) 0 <In(Az,z) — (In Az, )
< (K—<A],‘7$>) (<A.13,.73>—k') sup U, (t,k,K)
K-k te(k,K)
< L (= (o) (A~ by < TR
= Kk DDA T =T
(6.38) 0<Iln(Az,z) — (In Az,z) < i (K —k)U_y, ((Az,z); k, K)
2
LK -k
—4 kK
(6.39) 0 <In(Az,z) — (In Az, x)
K — (Az,z) (Az,z) —k k+ K
<
_2max{ % K" In ik
(6.40) 0 < In(Az, ) — (In Az, z) <1 <k+K>2
. n(Azr,z) — (lnAz,z) <In | ——
- 2VEK
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and

(6.41) 0 <Iln(Az,z) — (ln Az, z)

< %\1/_1,1 (Az,2) : k, K) (|f (A) — (Az, ) 1| 2, 2)

1

5‘11—111 (Az, z); k, K) {(A%,x) - (Ax,gg>2]

1
E\II—IH (<A33, $> ; k7 K) (K - k)
for any x € H with ||z| = 1.

If we choose w(t) =9, ¢ # 0 and f(t) = ¢ with ¢t € [k, K] C [0,00) then we get
from Corollary [T5] that

(AT g, ) ~ (A9ln Az, z)
(i, ) (i, 2)

N

IN

IN

(6.42) 0<In (

<Aq+1w,z
(A1-1g, 2) (AT+1g o) - 1K—I<:<‘A<Aq”v-”> lu|z,x
(Adz,z) (Adz,z) =2 kK (Adz, z)
1K —k | (A9 2z, 2) (AT 2, ) 17 (K —k)®
< = - <=
~ 2 kK (Adz, ) (Adz, ) —4 kK
(AT g, ) (A91n Az, )
. <1 _ ’
(6.43) 0<In ( AT 2) > Aiz.2)
<Aq+la:,x> <Aq+1x7:v>
- (K T T {Adxx) (Adz,x)y k \IJ (t " K)
su —1in ; )
B K-k oty
1 (e (At 1
- Kk (Aaz, ) (Adz, x) —4 kK
(AT, ) (A%1n Az, )
. <1 —
(6.44) 0<In ( Tiima] in o)
1 <Aq+1m,z> 1(K — k:)2
< - — -~ 7. < -7
! A ( (Adz, x) B E) S 4 kK
(AT g, ) (A%1n Az, x)
. < _
(6.45) 0<In ( Tiina) > e o)
Aty o Aq+lac,x>
< 9max K- (Adz,z) (Aaz,x)y k In k+ K
- K-k K-k WEK )’

(ATt g 2) ~ (A%In Az, ) k+K\>
(6.46) 0<m<<A%w>> (472, 2) <m<m@K>’
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and

(6.47)  0<In

S.S. DRAGOMIR

Adtly o Alln Az, x
{ ( )

(Asg,z) | (A, @)
<Aq+lm,x>
=2 "\ (Aag) (Adg, z)
< E\P,ln <Aq+1m’z>;k,K <Aq+2z,m> B <Aq+1$,1‘> 2
2 (Adz, ) (Adz, z) (Adz, z)
1 (AT 2, )
< -v_ — kK| (K —
=3 In <Aq$,$> 7k7 ( k)
for any x € H \ {0}.
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