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A SURVEY FOR GENERALIZED TRIGONOMETRIC AND
HYPERBOLIC FUNCTIONS

LI YIN AND LI-GUO HUANG

ABSTRACT. The generalized trigonometric functions which have a short history,
were introduced by Lindqvist two decades ago. Since 2010, many mathemati-
cian began to study their classical inequalities, general convexity and concavity,
multiple-angle formulas and parameter convexity and concavity. A number of re-
sults have been obtained. This is a survey. Some new refinements, generalizations,
applications, and related problems are summarized.

1. INTRODUCTION

It is well known from calculus that

. r 1
arcsin x = ; mdt
for 0 <z <1 and

1
T . 1
5 = arcsinl = /0 mdt
<

For 1 < p < oo and 0 < x <1, the arcsine may be generalized as

. ¥ 1
arcsin, x :/0 mdt (1.1)
and .
T 1
- = arcsing 1= /0 = tp)l/pdt. (1.2)

The inverse of arcsin, on [0, ”—2”] is called the generalized sine function, denoted
by sin, and may be extended to (—o0,00). See [29] and closely related references
therein.

For z € [0, 7], the generalized cosine function cos, z is defined by

dsin, x

= — 1.3
CoSp T W (1.3)
It is easy to see that
cospx = (1 —singw)l/p (1.4)
and q
% =— cos?fp x simﬁf1 x. (1.5)
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The generalized tangent function tan, x is defined as

sin, U
t =L eER\S K Likezs. 1.6
any, cos, 7" x \{ T+ 5 } (1.6)
From (1.6), it follows that
dtan, x Tp T
Tmpzl—i-\tanpm\p, x € (—;,;). (1.7)
The generalized secant function sec, x is defined as
1 us
= €10,-2). 1.8
secp & P T [ , 2> (1.8)
It follows from (1.6) and (1.7) that
sechr = 1+tanhz, x € (0, 7;p> (1.9)
and q
Scel(;p - secpartangfl x, TE [O, 7;1)) (1.10)

The generalized cosecant function csc, x may be defined as

CSCp T = - x € (0, 7;‘”] (1.11)
It is clear that
cscpr =1+ tarig:z’ T e (O, 7;p> (1.12)
and
T R G (113)
The generalized inverse hyperbolic sine function arcsinh,z is defined by

» 1
/ ————dt, z€[0,00),
arcsinhy,(z) = { Jo (1+t2)V/p (1.14)

—arcsinh,(—z), z € (—00,0).
The inverse of arcsinhy, is called the generalized hyperbolic sine function and denoted
by sinhy,.
The generalized hyperbolic cosine function cosh, x is defined as

coshy, z = %. (1.15)
It is easy to show that
(coshbz) — |sinh, 2P =1, z € R (1.16)
and
w = coshz_p xsinhg_1 x, x>0. (1.17)

The generalized hyperbolic tangent function and the generalized hyperbolic secant

function are defined as )
sinh, ©

tanh, x = (1.18)

cosh, x
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and 1
h,o= ———. 1.19
Sectip® cosh, x ( )
Their derivatives are
dtanh,z 1 WP 2 — sech? S 1.9
4 - — tanh? x = sechbz, x>0 (1.20)
and dsech
% = —sechyx tamhg_1 x. (1.21)

Recently, Takeuchi [46] studied the (p, q)-trigonometric functions depending on
two parameters. For p = ¢, these functions reduce to the so-called p-trigonometric
functions introduced by Lindqvist in his highly cited paper [34]. In present, there
has been a vivid interest on the generalized trigonometric and hyperbolic functions,
numerous papers have been published on the studies of generalized trigonomet-
ric functions and their inequalities. The following (p, ¢)-eigenvalue problem with
Dirichlét boundary condition was considered by Drabek and Mandsevich [23]. Let
¢p(z) = |z|P~22. For T,\ > 0 and p,q > 1

{ (6p()) + Xg(u) =0, € (0,T),
u(0) =u(T) = 0.

They found the complete solution to this problem. The solution of this problem also
appears in [46, Thm 2.1]. In particular, for T' = m, , the function u(t) = sin, 4(t) is
a solution to this problem with A = p/q(p — 1), where

! 1 2 11
wp,q_/ (1—t) Vgt =="B(1-=~). (1.22)

0 q P q
For p = q, m, 4 reduces to m,, see [6]. In order to give the definition of the function
siny, 4, first we define its inverse function arcsin,,, then the function itself. For

x € [0,1], set

€T
Fp,q(x) = arcsing, 4 = / (1—t9)"YPat. (1.23)
0
The function F), 4 : [0,1] — [0, 7, 4/2] is an increasing homeomorphism, and
sing, 4 = prql
is defined on the the interval [0,7,,/2]. The function sin,, can be extended to
[0, 7pq] by
sinp () = singq(Mpq — @), @ € [Tpq/2,Mp .
By oddness, the further extension can be made to [~y 4, Ty 4]. Finally, the functions
siny, 4 is extended to whole R by 2, ,-periodicity, see [25].

In this survey, we give an account of the work in the generalized trigonometric
and hyperbolic functions. In many of these results, the I’'Hospital Monotone Rule is
a very useful tool. Because of practical constraints, we have to exclude many fine
papers and have limited our bibliography to those papers most closely connected to
our work.

This survey is organized as follows: In Section 1, we give the introduction. Sec-
tion 2 gives multiple-angle formulas of generalized trigonometric functions. Section
3 presents classical inequalities for generalized trigonometric and hyperbolic func-
tions. In Section 4, we focus on general convexity and concavity for generalized
trigonometric and hyperbolic functions. In section 5, Some Turan type inequalities
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have been obtained. Section 6 shows some new results about generalized elliptic
integrals. Finally, we gives some open problems in Section 7.
2. MULTIPLE-ANGLE FORMULAS OF GENERALIZED TRIGONOMETRIC FUNCTIONS

Motivated by addition formula for sine function, Edmunds, Gurka and Lang ob-
tained a very beautiful result named by Edmunds-Gurka-Lang identity:

2 Sil’l4/3’4 JJ(COS4/374 x)1/3
1+ 4(sing 3 4 )" (cosy 3 4 ©)4/3)1/2

sin4/374(2x) = ( (21)
for z € [0,m,/34/4] in [25]. The proof of formula (2.1) applied the addition formula
of the Jacobian elliptic function.

Later, in 2012, Bhayo and Vuorinen gave two sub-additive inequalities. For p,q >
1, then

sing,q(r + s) < sinpg(r) + singq(s), 1,5 € (0,mpq/4); (2.2)
and

sinhy, ,(r + s) > sinh,, 4(r) + sinhy, 4(s), 7, s € (0,00). (2.3)
See Lemma 2.14 of reference [13] in detail.

Recently, Takeuchi [50] gave an alternative proof of formula (2.1) based on multiple-
angle formula of lemniscate function slx in 2016. In the paper, he also presented
multiple-angle formulas between two kind of the generalized trigonometric functions
with parameters (2,p) and (p#,p) where px = p%l.

Theorem 2.1 (Theorem 1.1 [50]). Forp € (1,00) andz € [0,27%/Pmy )] = [0, Tpu p/2],
we have

i 2/pp) = 92/P g px—1
sing ,(2/Px) = 2%/ siny, p x coshy” " x (2.4)
and
c0827p(22/px) =coshy v —sinh,  x=1-2sinb,  x=2cosh] z—1. (2.5)

Moreover, for x € R, we have

sing,p(22/px) — 9%/p SiNp p | COSpa p 2[P* 2 COSpi p T (2.6)
and
COSQ’p(22/p$) = | cospup P — | sinps p P =1 — 2| sing, p x|’ = 2| cospsp [P* — 1.
(2.7)

The general multiple-angle formulas of generalized trigonometric functions with
single and two parameters are till open.

3. CLASSICAL INEQUALITIES FOR GENERALIZED TRIGONOMETRIC AND
HYPERBOLIC FUNCTIONS

3.1. Mitrinovié¢-Adamovié-type inequalities and Lazarevié-type inequali-
ties. In 2010, Klén, Vuorinen and Zhang [32] obtained Mitrinovié-Adamovié¢ in-
equality and Lazarevi¢ inequality for generalized trigonometric and hyperbolic func-
tions, showing that, for all p € (1,00) and z € (0, )

siny, ()

(cosp(x))™ < <1 (3.1)

X
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1

with the best constant oo = ST and that, for all p € (1,00) and z € (0, 00),

(coshy(x))* < sinhy (z) < (coshy(z))?, (3.2)

X

with the best constants o = 1% and 8 = 1.

In 2013, Bhayo and Yin solved conjecture 3.12 posed by Klén, Vuorinen and
Zhang [32]. In [19], they gave the following inequalities:

For p € [2,00) and x € (0,5), then

x P siny () x
3.3
<sinhp(x)> STz = sinh,(z)’ (3:3)
and
1 sing () 1
3.4
(coshy(z))? < x < (coshy(z))®’ (3.4)
. _ 1 _ log(ZP)
with the best constants o« = ) and g = Tog(cosin (D))’

The inequality (3.4) had also been obtained by Yang. See Theorem 1.6 of reference
[52].

3.2. Huygens-type inequalities. In 2010, Klén, Vuorinen and Zhang [32] ob-
tained the following inequalities of Huygens type for the generalized trigonometric
and hyperbolic functions

psiny(z) n tany(z)
x

> 1+ p, (3.5)

Tp

for p>1and z € (0, F);

psinhy,(x) N tanh,(x)

> 1 , 3.6
- +p (3.6)
for p>1and z > 0.
In the same paper, they also showed that
siny () .
1)—=% > 2, > 1,2 € (0,-2), 3.7
(p+1)—" con,@) P forp>1lae (0, (3.7)
and
(p + 1)e() >p+2, forp>1,2>0 (3.8)
or T . .
P x cosh,(z) P P4

In 2014, Yin, Huang and Qi [58] obtained the second Huygens-type inequalities.
PT
siny, () * tan,(x)

>14p, forpe(1,2,xe(0,7), (3.9)

and
pr__ @
sinh,(z) = tanh,(x)

The formulas (3.5) and (3.9) had also been obtained by Neumann in 2014. See
formulas (41) and (43) of references [39]. A particular case p = 2 of formulas
(3.5)(3.9) and (3.10) also appeared [37] in 2014.

>1+4p, forpe (1,2],z € (0,00). (3.10)
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3.3. Wilker-type inequalities. In 2010, Klén, Vuorinen and Zhang [32] obtained
Wilker-type inequalities for generalized hyperbolic functions

<sinhp(:c)>p | tanhy(@) 9. (3.11)

X X

for p>1and z > 0.
In 2014, Yin, Huang and Qi proved Wilker-type inequalities involving the gener-
alized sine and tangent functions: For p > 1 and z € (0, Z2), then

<sinp(w)>p L temp(@) (3.12)

T x

In the same paper, they also proved the second Wilker-type inequalities, showing
that, for z € (0, 2),p € (1,2],

D
(.QE ) b2 > (3.13)
sing, tan, x

and that, for z > 0,p € (1,2],

(Sinli(:v)y - tan}i,@) > 2 (3.14)

Later, Yin and Huang [56] generalized above the first and second Wilker-type
inequalities, showing that, for z € (0,%2),p > 1, —pB < 0,8 >0,

sin, \ ¢ tan, 2\
( p) +< ”) > 2 (3.15)
x x
and that, for p > 1,2 > 0,a —pB < 0,58 >0,
(Sinh”x>a + (tanh”xy > 2. (3.16)
x x
Using different method, Neumann [37] and Yin el. [58] proved the following
inequality
b in,(t)\” | tan,t
| t ) N t - <smp( )) L (3.17)
sin, (t) tany t t t

for p >1andt € (0, %’7) Applying AGM inequality, Yin, Huang and Qi had proved
that, for p > 2,t > 0 and « € (0, 22),

(Sin:(@yt * (smfp(x)y > 2 (3.18)

p(@)tJr (%mi@;))t >p+1. (3.19)

and
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3.4. Cusa-Huygens-type inequalities. In 2010, Klén, Vuorinen and Zhang proved
the following Cusa-Huygens type inequalities for generalized trigonometric and hy-
perbolic functions, showing that, for p € (1,2] and x € (0, 2],
siny (z) - cosp(z) +p < cosp(z) + 2
x 1+p - 3
and that, for p € (1,2] and = > 0,

(3.20)

sinhy, () - coshy,(z) +p
T 1+p

Later, Yin and Huang [56] obtained the following version of (3.20): For p € (1, 2]
and x € (0, 3],

(3.21)

p+cospx ¢ < Sinp(:c) < p+cospx ﬁ. (3.22)
p+1 T p+1

In( -2
The constrants a = % and 8 = 1 are best possible.
Pl
In 2013, Yin and Huang [55] also obtained the following inequality

2+cosz\*  sin,z 2+ cospx\”
< < 3.23

In(-2
for p € (1,2] and = € (0,%]. The constants o = %’%p)) and f = 1% are best

possible.

3.5. Neumann inequality. In 2014, by using Schwab-Borchadt mean, Neumann
proved that

1
sin, t P sin, t
P ]p< p,forp>1,m€(0,%)

1
cospt)rtl < | ———F —
(cosp 1) [tanhl(sinp t) t

and

1 .
1 [ sinhy, ¢ ] P smhpt7 forp>1la>0.

cosh, t)r+1 <
(cosh, 1) tanh ! (sinh,, t) t

3.6. Bounds of generalized trigonometric and hyperbolic functions. In
2013, Bhayo and Vuorinen [14] gave some bounds of generalized trigonometric and
hyperbolic functions by using properties of hypergeometric function. Their results
read as follows

Theorem 3.1 (Theorem 1.1 [14]). Forp > 1 and x € (0,1), we have

(1 + xp) T < arcsing x < Ty
p(1+p) o2

1+ M) (1 — 2P)M/P < arccos, © < @(1 — aP)/p
p(1+p) T2 ’

1 14 2P P p o\ /P
(p(L+p){1 +27) +2P)z <arctanpa?<21/pbp v )
p(1+4p)(1 + ap)1+1/p 1+ 2P
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Theorem 3.2 (Theorem 1.2 [I4]). Forp > 1 and xz € (0,1), we have

log(1 + xP 1 p \1l/p
z <1 + og(+x)> < arcsinh,z < z <1 + —log(1 + :zp)) 2= ( < > ,
1+p p

1 1
z|1— log(1l — 2P) ) < arctanh,z <z (1 — —log(1l —zP) | .
(1- 1 toet—an) o< (1= Llogl1—an))

Later, in [I3], they also gave bounds of generalized trigonometric and hyperbolic
functions with two parameters, showing that for p,q > 1 and = € (0, 1),

(1) z (1 + Mf—%) < arcsing g < min {%x, (1— xq)—l/(p(l—i-q))x} ’

1/p . L/p
(2) <%> L(p,q,z) < arcsinh, qx < <%> U(p,q, ),

-1 —-1/q
. x4 1 +p+qad
where L(p, ¢, x) = max { (1 — m) (x4 1)Y/P (%) }, and
—q/(p(g+1))
U(p,qw):(l—%) :

In 2014, Baricz, Bhayo and Pogény presented some new lower and upper bounds
for the functions arctan,(z) and arctanh,(z) in [5].

Theorem 3.3 (Theorem 6 [5]). Forp > 1,z € (0,1), there holds

2
) 2vbp
arctanhy,(z) < i | log(1 — %) + —=2— |,
2 b2
p (I+a2)r
arctany,(z) < x <1 — ————log(1 — aP) — 1log(l + :1:”)) =: R,(x),
p(1+p) p

where

)@

2 1
5 log(l—ajg)—i-p( tplte
+p p2+p)(1+z

Moreover, we have

P
2

arctanh,(x) > g (1 -

— |+
T
S| 8

(M)

N~

and

log(1 — aP) —

1 2
arctany(z) >z 1+ —
(@) ( p(1+p) 1+2p

In addition, they also proved that

1 1 1 111
xF <, 1+ =24+ —; —:Up> < arcsinhyz < oF (—1 +—,—;—;—aP | ,p,z € (0,1)
p p p P pp
(3.24)
and ) )
arctany(z) > xF(2,—;2+ —; —aP) (3.25)
p p

by proving that the function

arcsinhy,(x)

eF(=1+1,3;5; —aP)

X —
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is decreasing on (0,1) for all p € (0,1), while the functions
xF(%, 1+ %;24— %; —xP)

H
v arcsinhy,(x)
and (2.1 . )
xF(2,2;2+ & —aP
T L L

arctany(z)
are increasing on (0, 1) for all p > 0.

3.7. Griinbaum-type inequalities. In 2014, Baricz, Bhayo and Pogany gave Griinbaum-
type inequalities for generalized inverse trigonometric functions.

Theorem 3.4 (Theorem 5 [5]). Let z,y,2 € (0,1) be such that z2*> = 2% + 2. If
p > 1, then the following Grinbaum type inequalities are true

arcsin, (z?) S arcsing,(z?)  arcsing(y?)

1+ 5 ,

22 - x2 Y

arctanh,,(2?) S arctanh,(z?) n arctanh,(y?)

22 - xr2 y2

Moreover, if p > 2, then we have

arctan,(z?) < arctan,(z?)  arctan,(y?)

L+ 22 = 22 Y2 )
arcsinh, (22 arcsinh,, (22 arcsinh,, (12
1+ 2p( ) < 2p( ) + 2p(y ) :
z T Y

and the last inequality is reversed when p € (0,1].

Recently, Yin and Huang generalized these inequalities to generalized inverse
trigonometric function with two parameters in 2015. See [57].

4. GENERAL CONVEXITY AND CONCAVITY FOR GENERALIZED TRIGONOMETRIC
AND HYPERBOLIC FUNCTIONS

For two distinct positive real numbers z and y, the Arithmetic mean, Geometric
mean, Logarithmic mean, Harmonic mean and the Power mean of order p € R are
respectively defined by

Awy) =2, Glary) = Vi)
__T-y
00 = g 10sy) T

1
H x?y = A1 1\
= A7 17
and y
a;t—i-yt) t
Mt — ( 2 9 t 7é 0)
N t=0.
Let f : I — (0,00) be continuous, where [ is a sub-interval of (0,00). Let M

and N be the means defined above, then we call that the function f is MN-convex
(concave) if

f(M(z,y)) < (Z)N(f(2), f(y)) for all x,yel.
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Recently, generalized convexity /concavity with respect to general mean values has
been studied by Anderson et al. in [4]. We recall one of their results as follows.

Lemma 4.1 ([4], Theorem 2.4). Let I be an open sub-interval of (0,00) and let
f:I—(0,00) be differentiable. Then f is HH-convex (concave) on I if and only if
22 f'(x)/ f(x)? is increasing (decreasing).

In [4], Baricz studied that if the functions f is differentiable, then it is (a, b)—convex
(concave) on I if and only if '~ f'(x)/f(2)' = is increasing (decreasing).

It is important to mention that (1,1)-convexity means the AA-convexity, (1, 0)—convexity
means the AG—convexity, and (0,0)-convexity means the AG-convexity, and (0,0)-
convexity means GG—convexity.

Recently, Bhayo and Yin considered extensively LL-convex, II-convex by using
Chebshev inequality in [17, [I8]. They presented the following results.

Lemma 4.2 ([I7], Theorem 1). Let f : I — (0,00) be a continuous and I C (0,00),
then

1 L(f(z), f(y)) = (<)f(L(z,y)),
2. L(f(z), f(y)) = () f(A(=z,y)),

if [ is increasing and log-convex(concave).

Lemma 4.3 ([18], Theorem 1). Let f : I — (0,00) and I C (0,00). Then the
following inequalities holds true:

I(f(2), f(y)) = f(L(z,y)) (I(f(x), f(y) < f(A(2,9)))-

If the function f(x) is a continuous differentiable, increasing and log-convex(concave).

Other results of MN-convexity may see references [59, [I8]. When these results ap-
plied to generalized trigonometric and hyperbolic functions, we can obtain a number
of inequalities.

In 2015, [15], Bhayo and Vuorinen proved some power mean inequalities for gen-
eralized trigonometric functions with single parameter.

Theorem 4.1 ([I5] Theorem 1.1). Forp > 1,t >0 and r,s € (0,1), we have
(1) arcsing, (M (r, s)) < M;(arcsing(r), arcsing(s)),
(2) arctanhy,(My(r, s)) < M(arctanhy,(r), arctanh,(s)),
(8) arctan, (M¢(r, s)) > M;(arctany(r), arctany(s)),
(4) arcsinhy,(My(r, s)) > M;(arcsinh,(r), arcsinhy(s)).

Theorem 4.2 ([15] Theorem 1.2). For p > 1,t > 0 and r,s € (0,1), the following
relations hold
(1) sin,(My(r,s)) > M,
(2) cos,(My(r,s)) < My(cosy(r),cosp(s)),
(8) tan,(M;(r,s)) < M;(tan,(r), tany(s)),
(4) tanhy,(M;(r,s)) > My(tanh,(r), tanh,(s)),
(5) sinh,(M;(r, s)) < My(sinhy,(r),sinhy(s)).

Using the same method, Baricz, Bhayo and Klén obtained some power mean
inequalities for generalized trigonometric functions with two parameters.

> My (sing(r), siny(s)),
<
<

Theorem 4.3 ([7] Theorem 1). Ifp,q > 1 and a > 1, then arcsiny, 4 is (a, a)—convex
on (0,1), arctany 4 is (a,a)—convex on (0,1), while arcsinhy, , is (a,a)—conver on
(0,00). In other words, if p,q > 1 and a > 1, then we have

arcsing o(Mg(r, s)) < Mg(arcsing, 4(r), arcsing 4(s)), r,s € (0,1),
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arctany, (Mq(r, s)) > M, (arctan, 4(r), arctan, 4(s)), s € (0,1),
arcsinhy, ,(M,(r,s)) > M, (arcsinhy, 4(r), arcsinhy, 4(s)), 7,5 > 0.
Theorem 4.4 ([7] Theorem 2). Ifp,q > 1 and a > 1, then siny, 4 is (a, a)—concave,

and cosy q, tany, 4, sinh, ; are (a, a)—convez on (0,1). In other words, ifp,q > 1,a > 1
and r,s € (0,1), then the next inequalities are valid

sing q(Ma(r, s)) = Ma(sing,¢(r),sing ¢(s)),

cosp q(Mq(r,s)) < Mg (cosp q(1),cospq(s)),

tany (Mq(r, s)) < My(tany, 4(r), tan, 4(s)),
sinhy, o (Mq(r, s)) < My(sinh,, 4(r),sinhy, 4(s)).

The next theorems improve some of the above results.

Theorem 4.5 ([7] Theorem 3). Ifp,g > 1,a <0 andbeR or0<a<bandb<1,
then arcsiny, 4 is (a,b)—convex on (0,1), and in particular if p = q, then the function
arcsin, = arcsing, , is (a,b)—convez on (0,1). In other words, if p,q > 1,a <0, and
beRor0<a<bandb<1, then for allr,s € (0,1) we have

arcsing o(Mg(r, s)) < My(arcsing, 4(r), arcsing, 4(s)).

Theorem 4.6 ([7] Theorem 4). If p,g>1,a<0>bor0<a<banda <1, then
arcsinhy, 4 is (a,b)—convex on (0,00), and in particular if p = q, then the function
arcsinh,, = arcsinhy, , is (a,b)—concave on (0,00). In other words, if p,q > 1,a <
0>bor0<b<aanda <1, then for all r,s € (0,00) we have

arcsinhy, , (M, (7, s)) > Mp(arcsinh,, 4(r), arcsinhy, 4(s)).

Due to geometric convexity (concavity), Bhayo and Vuorinen [13] posed a conjec-
ture in 2012:

Conjecture 4.1. Forp,q € (1,00) and r,s € (0,1), we have
(1) sing, 4(v/78) < /sing q(r) sing 4(s),
(2) sinhy,q(y/r5) > \/sinhyq(r) sinhy ¢(s).
Very quickly, the conjecture has been proved to be correct by Jiang et. in [29].

In 2014, Bhayo and Yin gave some logarithmic mean inequalities for generalized
trigonometric functions by using Lemma 4.2. Their results read as follows:

Theorem 4.7 ([I7] Theorem 2). For x,y € (0,m,/2), the following inequalities
1. L(siny(z),siny(y)) < siny(L(z,y)), p > 1,
2. L(cosp(x),cosp(y)) < cosp(L(z,y)), p>2.

Theorem 4.8 ([17] Theorem 3). For p > 1, we have
1 1
1. L(sm;i(x)’ smpl(y)) Z sinp(Al(x,y))7 z,Y < <077Tp/2)7
2. L(cosp(x)’ cosp(y)) > cosp(L(z,y))’ Y < (07 7r77/2)’
3. L(tanh,(z), tanh,(y)) < tanhy,(A(z,y)), =,y € (0,00),
4. L(arcsinh,(z), arcsinh,(y)) < arcsinh,(A(z,y)), z,y € (0,1),
5. L(arctany(x), arctan,(y)) < arctan,(A(z,y)), =,y € (0,1).

Later, in 2014, Cui and Yin [22] obtained logarithmic mean inequalities for gen-
eralized trigonometric functions with two parameters.
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5. PARAMETER CONVEXITY AND CONCAVITY FOR GENERALIZED TRIGONOMETRIC
AND HYPERBOLIC FUNCTIONS

In 2015, Baricz, Bhayo and Vuorinen began to discuss parameter convexity and
concavity of generalized trigonometric functions in [6]. Their main results read as
follows.

Theorem 5.1 ([6] Theorem 1). For all z € (0,1) fized, the following hold:

(1) The functions p — arcsin,(z) and p — arctanhy,(z) are strongly decreasing
and log-convex on (1,00). Moreover, p — arcsing(z) is strictly geometrically convex
on (1,00).

(2) The function p — arctany,(x) is strictly increasing and concave on (1,00). In
particular, the following Turdn type inequalities are valid for all p > 2 and x € (0,1)

2

arcsmp

(x) < arcsiny_(x) arcsing (),
arctanhg(:n) < arctanh,_;(x)arctanhy,(z),
arctanf,(a:) > arctany_i(z) arctan,;1(x).

Theorem 5.2 ([6] Theorem 2). For all x € (0,1) fized, the following hold:
(1) p — arcsing, 4(x) is completely monotonic and log-convez on (1,00) for g > 1.
(2) p — arcsing, 4(x) is strictly geometrically convex on (1,00) for g > 1.
(3) q — arcsin, ¢(z) is completely monotonic and log-convex on (1,00) for p > 1.
(4) p — arcsinhy, 4(z) is strictly increasing and concave on (1,00) for ¢ > 1.
(5) q — arcsinhy, 4(x) is strictly increasing and concave on (1,00) forp > 1.
In particular, the following Turdn type inequalities are valid for allp > 2,9 > 1 and
z € (0,1)

arcsin?

() < arcsing 1 4(z) arcsingq 4(7),

arcsinh?),q(x) > arcsinhy,_1 4(z)arcsinhyiq ().
Moreover, for p>1,q > 2 and x € (0,1), we have the next Turdn type inequalities

i 2
arcsmp,q

(x) < arcsing q—1(z) arcsing g+1(x),
arcsinh}%’q(ac) > arcsinhy, ;1 (z)arcsinhy g1 ().
In the same paper, they also posed two conjectures.

Conjecture 5.1. For x € (0,1) fized, the function p — arcsinhy(z) is strictly
concave on (1,00). In particular, the following Turdn type inequality is valid for all
p>2andz e (0,1)

arcsinhi(a?) > arcsinh,,_; (z)arcsinhp ().

Conjecture 5.2. The following Turdn type inequalities hold for all p > 2 and
xz € (0,1)
sinf,(x) > sin, 1 () sinp41 (),
cos?,(x) > cosp—1(x) cospt1(x),
(

tan?

(
() < tany_1(7) tanyi1 (),
)

sinh%(x) < sinhy,_1 (z) sinhyq (),

tanh?)(x) > tanh,_i(z) tanh,; ().
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Later, Karp and Prilepkina [31] studied extensively the conjectures in 2015. Using
an auxiliary Lemma, they obtained the following results, showing that, for each fixed

€ (0,1), the function p — sin,(y) is strictly log-concave on (0, 00), and that, for
each fixed y € (0,log2), the function p — tany(y) is strictly convex on (1,00), and
the function p — cos,(y) is strictly concave on (1,00) respectively, and that, for
each fixed y € (0,00), the functions p + sinhy,(y) and p — cosh,(y) are strictly
log-concave on (0, 00), the function p — tanhy,(y) is strictly concave on (0, c0).

6. GENERALIZED COMPLETE ELLIPTIC INTEGRALS

We may define all kinds of general complete elliptic integrals via generalized
trigonometric functions.

6.1. Complete p-elliptic integrals. In 2016, Takeuchi [49] defined a new form
of the generalized complete elliptic integrals via generalized trigonometric functions
with single parameter. We repeat the definition of complete p—elliptic integrals of
the first kind K, (k) and of the second kind E,(k): for k € (0,1)

ki d9 1 dt
K (k) = / A / ; (6
0 (1—FkPsinb6) » 0 (1—tP)r(1—kprtr) »
? ' L/ ke b
(k) = / (1— kP sin? 0)5d6 = / <> dt. (6.2)

In the paper, he showed Legendre’s relation for K,(k) and E,(k)
Ky (k) Ey (k) + Kyp(k)Ej(k) — Kp(R)K(K) = 2L, for k€ (0,1),  (63)

where k' := (1 — kp) , K, (k) = Kp(K') and E,(k) := Ep(k'), and observed relation-
ship between the complete p-elliptic integrals and the Gaussian hyperbolic functions.
As applications of complete p-elliptic, Takeuchi also gave a computation formula of
mp with p = 3 and an elementary proof of Ramanujan’s cubic transformation.

Later, Yin and Mi [59] presented some Landen type inequalities related to K, (k)
as follows.

Theorem 6.1 ([59] Theorem 2.1). Let a,b,c € R,p > 1 such that c is not a negative

integer or zero and consider the function H : (0,1) — (0,00), defined by H(x) =
F(a,biciw)

F(pl-piLa)”
(1) Ifa+b—c>0 and p>ab > max{(p — 1)c, (p

and

Then the following results are true.

(p—1)}, then H(x) is increasing,
F(a,b;c;rP) < K,(r)

< , (6.4)
F(abc(+)> KP(?YE)
(a b; c; ( —r ) S K, (i%r:) 65)

F(a,b;c;1 —

hold true for each other r € (0,1).
(2)If a+b—c <0 and p*ab < max{(p — 1)c, (p — 1)}, then H(z) is increasing,

e Fa,biesr?) — Kp(r
Fone ) R (1)

(6.6)
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e [ 1=1 P 1—r
Flona(E)) %) (6.7)
F(a,b;c;1—1P) — K, ((1 — rp)l/p) '
hold true for each other r € (0,1).

6.2. Complete (p, q)-elliptic integrals. In 2015, for all p, € (1,00) and r € (0,1),
the complete (p, ¢)-elliptic integrals of the first and second kinds [20, [47] are defined
by

kR qqind  +)(1/p—1) ! ! /
Kpq(r) = ; (1—r7sin] 1) dt, K, , = K, ,(r) = Kp4(r')
and
Byo(r) = /0 (1— rising  0)/Pdt, B, = B, (r) = Epg(r').

respectively. Here, p,q > 1,7 € (0,1) and 7' = (1 — rP)1/P.
In [20], Bhayo and Yin studied Turan type inequalities and series representation
of complete (p, g)—elliptic integrals in detail. Their main results read as follows.

Theorem 6.2 ([I§] Theorem 2.6). Forp,q > 1 and r € (0,1), we have

(1) The function r — K, 4(r) is strictly increasing and log-convex. Moreover,
r = Ky 4(r) is strictly geometrically convez on (0,1).

(2) The function r — E, ,(r) is strictly decreasing and geometrically concave on

(0,1).

Theorem 6.3 ([18] Theorem 2.7). For fized r € (0,1) and g > 0,
(1) The functions p — Ky, 4(r) is strictly increasing and log-concave on (0, 00),
(2) The function p — Ep, 4(r) is strictly increasing and log-concave on (0, 00).
For fized r € (0,1) and p > 0,
(3) The functions q — Kp 4(r) is strictly decreasing and log-convex on (0, 00),
(4) The function q — Ep 4(r) is strictly decreasing and log-convex on (0, 00).
In particular, for r € (0,1), the following Turdn type inequalities hold true

Kp,q(r)z > Kp-1,4(r)Kpt14(r), p>1,¢>0,
Epq(r)? > Ep1,4(r)Epi14(r), p>1,¢>0,
Kpg(r)? < Kpg1(r)Kpgi1(r), p>0,g>1,
Epg(r)? < Epg1(r)Kpgr1(r), p>0,¢>1.
Theorem 6.4 ([I8] Theorem 2.9). For p,q>1 andr € (0,1),\ < 3, we have

- FE (1) o B () () (7 e

P o

and

s 5 () () () (e
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Later, Bhayo and Yin [20] gave two interesting inequalities. First of all, they
denoted the function

A _ Epg - (T/)pr,q . Ezlhq — TpKJID,q
pa(r) = P (r/)p

and obtained following theorems.

Theorem 6.5 ([20] Theorem 1.3). The function A, 4 is strictly increasing and strict-

1-1 1-YHr
ly convex from (0,1) onto <;(1+”1)7_rplq) —-1,1— ;(lfl)_plq)> for p, q satisfy the following
q p q p
conditions:
(i) 24 5+ 5 < 24 5 <3+ 5

(9.4) = 20 42+6+21 2 20+9 3 1
e(p,q) = -ttt — = - —.
p q p* ¢ pg p*q p> pq

Moreover, for all r € (0,1), we have

(1-— %)wpq (1= 3)7pq
— P 1talr) <Apy(r) < —2— —1+p8r (6.10)
I 1 v I 1
20+ 5 -5) 20+, -13)
_1y.
with best possible constants « =0 and § =2 — %
q P

Theorem 6.6 ([20] Theorem 1.4). For allr,s € (0,1) and p,q satisfying conditions
(i) and (ii), we have

(1-— %)qu (1= 3)7pa
— 1< A - A - A <l-—2 6.11
201 1 % _ %) p.q(Ts) p.a(T) p.a(8) 2(1 + % _ %) (6.11)

Theorem 6.5 and 6.6 generalized results of Alzer and Richards in [2]. It is worth
to note that Yin and Huang also denoted another (p, q)—elliptic integrals in 2015.
The reader may see the reference [55] for more. Very recently, Takeuchi [51] gave a

new complete (p, g, r)— elliptic integrals with three parameters. These integrals are
defined by

1 dt
Kpgr(k) = T n (6.12)
0 (1 — ta)p(l — kqtq):
and
11— gagat/r
By (k) = / Rl (6.13)
0 1 —tdp

wherep € P* := (—00,0) U (1,00],¢,7 € (1,00) and 1/r + 1/r* = 1.
For p € P* and ¢,7 € (1, 00), using sin, 4 6 and 7, 4, we can express K, (k) and
E, 4.r(k) as follows.

Kpgr(k) = / el 40 (6.14)
P T (1 — k9sind  6)1/r’ '

Tpa/2 q 34 1/rx
Bpgr(k) = /0 (1— Ksind ,6)"/"*db. (6.15)
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In the paper, he proved Legendre type relation:
Let p € P*,q,7 € (1,00) and k € (0,1). Then

Tp,qTs,r
Epar (6 Kpgr (F) + Kpige (6) By (K) = Ko (B K (F) = 24 (6.16)

where k' := (1 — k)" and 1/s = 1/p — 1/q.
The research has just begun, and there are a lot of work remains to be further
research.

7. OPEN PROBLEMS
Here, we enumerate several open problems or unsolve problems.
Open Problem 7.1. (conjecture 3.29 [32]) For p € (2,00) and x € (0,7,/2),

sinhy,(z) o P +1
x p+ cosp(z)

(7.1)

Open Problem 7.2. (conjecture [31]) There exists pg € (0,1) such that the function

p = siny(y) is strictly concave on (po,o0) for all y € (0,1). If p € (0,po), concavity
is violated for some y € (0,1).

Open Problem 7.3. (open problem 3.1 [53]) For allp € (1,2] and x € (0,m,), then

In(1 — sin,(x)) Lz +p

In cosp(x) x

Open Problem 7.4. (conjecture 3.8 [14]) For a fizred z € (0,1), the functions

sin, (75%) , tany, (75%) ,sinh,(cp@) are monotone in p € (1,00). For fized z > 0,
tanhy,(x) is increasing in p € (1,00).

Open Problem 7.5. (open problem 4.1 [58]) For p € (1,+00),

(7.2)

sin,x tan,x x T
Py T | AT P (7.3)
x x sin, T tan, x
is valid on (0, %2).
Kp(V/T)

Open Problem 7.6. For p € [2,+00), the function % is strictly decreasing
for x € (0,1).

Open Problem 7.7. For A <0 and p > 2, then the inequality

My (m(x), m(y)) < m(Mx(z,y)) (7.4)
holds true for all x,y € (0, ), where My(x,y) is the power mean and m(r) is defined
by m(r) = 2 (1 — 1) Kp(r) ().
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