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SOME HERMITE-HADAMARD TYPE INEQUALITIES

LOREDANA CIURDARIU

ABSTRACT. The aim of this paper is to present several Hermite-Hadamard
type inequalities for functions whose second derivative in absolute value are
convex or satisfies also other kind of convexity.

1. Introduction

The inequality of Hermite-Hadamard type has been considered very useful in
mathematical analysis being extended and generalized in many directions by many
authors, see [17, 6, 5, 7, 1, 10, 14, 18, 8] and the references therein.

We begin by recalling below the classical definition for the convex functions.

Definition 1. A function f: I C R — R is said to be conver on an interval I if
the inequality

(1) fltz+ (1 =t)y) <tf(x)+ (1 —t)f(y)
holds for all x,y € I and t € [0,1]. The function f is said to be concave on I if the
inequality (1) takes place in reversed direction.

It is necessary to recall below also other kind of convexity. For other type of
convexity see also [15, 13].

Definition 2. A function f :[a,b] = R is said to be quasi-convex onl [a,b] if

[tz + (1 —t)y) < sup{f(z), f(y)}
holds for all x,y € [a,b] and t € [0,1].

Definition 3. A function f : I — R is said to be P-convex on [a,b] if it is nonneg-
ative and for all x,y € I and X € [9,1]

fltz + (1 =t)y) < f(z) + f(y)

The classical Hermite-Hadamard’s inequality for convex functions is

2) f(‘”")< : /abf(x)dx<f(“)+f(b).

2 b—a 2

Moreover, if the function f is concave then the inequality (2) hold in reversed
direction.
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The main aim of this paper is to establish a lemma which to order to help us to
prove several new Hadamard-like inequalities for different type of convex functions
using in these proves some Holder type inequalities.

2. Main results

The following result is a variant of the Lemma 1 from [17] and a generalization
of Lemma 1 from [4].

Lemma 1. Let f : I — R be a twice differentiable function on the interior I° of
an interval I in R, witha,be I, 0 <a<b. If f € Lyla,b] and M is a positive
constant so that ¢ < M for I,k,n € N withn > 2,1 <k <n and é > M or

a

(3 < é) then the following identity takes place:

I(f, a, b,n,k,l) = (lb— ka)3(11 +I2) + [@ - (lb— ka)]3(13 +I4) =
b n?(b—a r(n—k)a
=2n3/ f(z)dz + b )[4(lb—ka)—n(b—a)][f (%)—
_f/(ka—&— (:—l)b)] —n3(b—a)[f((n_kr)ba—i_lb)—kf(ka_'— (:—l)b)]’

where

1
I :/ 2f" (tw +(1 t)a) dt,
0

I = /Ol(t— 1)2f" <tb+ § —t)kaﬂn_l)b> dt,

n
1 j—
0 n 2
1 —
[4:/ t2f” (tm+(1_t)MW)) dt.
0 2 n

Proof. Using integration by parts for Iy, I, I3, I, we will obtain first:

1
I n I ((n—k;za—i—lb) 2n / i (t(n—k;za—klb +a t)a> it
0

“lb—ka T b ka
B n o (ka+(n—-10b 2n ! ’ ka+ (n—1)b
b=t ( n )‘zz;-m/o (t=1)f (“’Hl_t)n) dt,
I = 2n It (ka+ (n—l)b) B 4n _
57 b(n—21) — a(n — 2k) n b(n —21) — a(n — 2k)
./1th (tka+(n_l>b+(1—t)a+b>dt,
0 n 2
I = 2n rf(n—Fk)a+1b 4n
477b(n—2l)—a(n—2k‘)f ( n )b(n—2l)—a(n—2k)).
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-/Ol(t—l)fl (ta-i-b +(1_t)(n—k;)a+lb> dt,

2 n
and then

h= lbfkaf/ ((n_ kga—i—lb) - (lbznZa)z[f <(n_]2a+lb) B

—Alf(tm"ij—t)a)dtL

he " g (ka—l— (n— l)b) B (lbz—nlia)z[f <ka+ (n— l)b) B

n n
1 —
_/ f(tb+(1_t)ka+(”l)b> dt),
0 n
. — 2n It ka+(n—0b\ 8n? f ka+(n—0b\
7 b(n—21) — a(n — 2k) n (b(n —2l) — a(n — 2k))? n
1 —
7/ f<tka+(n l)b+(1t)a+b>dt],
0 n 2
1= 2n It (n—kla+1b\ 8n? i (n—kla+1b\
YT b —20) — a(n — 2k) n (b(n —21) — a(n — 2k))2 n
1 j—
_/ f(ta+b+(l—t)(n k)a+lb>dt].
0 2 n
By making use of the substitutions, x = tw + (1 —-ta, x =tb+ (1 —
LG, ¢ = RERT + (1 232 and @ = t22 4 (1 =R i the
integral from the end of expressions I, I, I3 and I, we get
5" It (n—k)a+1b\ 2n? s (n—Fk)a+1b n 2n3 et f@)d
Y= b —ka n (b — ka)? n (b — ka)? J, .
n r(ka+ (n—10b 2n? ka+ (n—10)b 2n3 b
Io = — - d
2= T ke ( n > (Ib — ka)? / n B TEE /ka,+<:_l>b f(z)dz,
2n (ka4 (n—=1)b 8n? ka+ (n—10)b
b(n — 2l) — a(n — 2k) n (b(n —21) — a(n — 2k)) n
1603 e
d
T oln = 20) — a(n — 2k)? /+ f(@)dz
- 2n 7 (n—k)a+1by 8n? f (n—k)a+1b n
b(n —2l) — a(n — 2k) n (b(n —21) — a(n — 2k)) n
16n3 =

T o(n = 20) — aln — 2k))? /MH“, f(@)dz,

respectively.
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We notice that our hypothesis show that the expressions, ("_kgaﬂb and kat(n=bb

are in (a,b). Now, we compute the expression, I(f,a,b,n, k,1) = (Ib — ka)3(I; +
L) + [w — (Ib — ka))?(I3 + 1) in order to obtain fab f(x)dz and we have by
calculus the desired identity.

We will use this result in order to obtain below several Hermite-Hadamard type
inequalities which extend some Hermite-Hadamard type inequalities..

Theorem 1. Let f: I — R be a twice differentiable function on the interior I° of
an interval I in R, with a,b € I, 0 <a <b. If f € Lla,b] for Il k,n € N with
n>2andl <k<n.If \f//| s a convex function, M is a positive constant so that
¢ <M and é > M or(§ < é) then the following inequality takes place:

_ ka)3 nb=a) _ 1y _ ka)l3 (- Ka

100m, k) < (R0 B m 2 B2kl o (0 2 Rt By

” a n — — ka 3 . . n(b—a) i —ka 3 4
B T G T ] it Ll YR L)

Proof. From Lemma 1 we have

[I(f, a,b,n,k 1) = |(Ib—ka)*(I, + I5) + [n(b—a)

! v (n—k)a+1b
S(lb—/m)?’{/o e f <tn+(1—t)a> |dt+
! 2 ka + (n — )b
+/O (t—12|f (tb+(1—t)n) dt}+
n(b_a’> ! 21 ¢’ ka+(n—l)b a+b
P2 - rapg [ e (P )22 e

2
1

— (Ib— ka)P(Is + I)| <

and use the convexity of | f| on [a, b] we obtain,

—k)a+1b
n

1
(f,a,b,n,k,1)| < (Ib— ka)?’{/o tz[t\f"((n )|+ (L= 0)lf" (a)|]dt+

! a n —
+ [ = @l 0o =
I T e S RN G
+ [ e e a0 (R,

By calculus we get the desired inequality.
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Theorem 2. Let f: I — R be a twice differentiable function on the interior I° of
an interval I in R, with a,b € I, a <b. Letl,k,n e Nwithn>2andl <k <n
L If f7 e Lla,b], and if |f|7 is a convex function for some fized ¢ > 1 and M
is a positive constant so that ¢ < M and é >M or (< é) then the following
inequality takes place:

1(fabom )] < 22D o By @y 4
2% (2p +1)7 n
vt g ket = Db [P — (b — ka)? ,
Cls O+l FEEEER )
G R P (T e TR (U CRal TS

where C(p,1;), (i = 1,2,3,4) are defined as in Theorem 1.4 from [17], see also [4].

Proof. Using Lemma 1 and the well-known Holder integral inequality (1), see [17],
we have

1(f, b, .k, 1)] < (b—ka) {C(p, ) (/01t2pdt) (/ il Hat b <1—t>a>|th);+
+C(p, 1) (/0 (t—lzpdt) (/ 7 ( tb—i—(l—t)wﬂth);}—&—
+|n(b2_a)—(lb—k;a)|3{C’(p,l3) (/O t2”dt>p(/ |f”(tlm+(n_l)b+(1—t)a+b)|th)l+

+C(p,l4)(/0 (t—12pdt> (/ 7 (¢ “*b 4 opln=kaerl ’“)“”b)th>l}.

By definition of the convexity of |f" |7 we have:

1
q

abn —ka)? 1 ! 1 (n—k)a—i—lb q _ //aq
0. ) < ke (0 1) | [ (D ol e+

1 a4 (1— e Ar Y
+o(p,12>>w[/ 1l ) + (1 -l

A (ihka) P, 1)

1

[ EEEE Ry i e+

1 vatb (= k)a+lb .
00 [ [ i 0 i

and by calculus we get the inequality from Theorem 2.

2p+1)7
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Theorem 3. Let f: I — R be a twice differentiable function on the interior I° of
an interval I in R, with a,b € I, a <b. Letl,k,n e Nwithn>2andl <k <n
L If 7 e Lla,b], and if |f|7 is a convex function for some fized ¢ > 1 and M
is a positive constant so that ¢ < M and é >M or (< é) then the following
inequality takes place:

17,0, D) < (0 = k[ (P Dy @+
1 @1 =D 0y MO D g
e R e N ) ek [T P AU LR AL

where C(p,1;), (i = 1,2,3,4) are defined as in Theorem 1.4 from [17], see also [4].

Proof. We use Lemma 1 and the well-known power mean inequality and then the
convexity of |f |9, as in [17], obtaining:

(b, )] < (b—ka) 2 [ (PR Dy, Ly oy (i )

3

gl =Dy (PO ka1 (PO
T IO R S T Gl TR P CUR R ITIE)

which leads to des1red inequahty.

Theorem 4. Let f: I — R be a twice differentiable function on the interior I° of
an interval I in R, with a,b € I, a <b. Let l,k,n € N withn > 2 and |l < k < n.
Iff' e Lla,b], and if |f”\q is a concave function on [a,b] for some fized ¢ > 1 and
M is a positive constant so that ¢ < M and % > M or(§ < é) then the following
inequality takes place:

(2n—k)a+1b
2n

uﬁmaanns<ql)p«w—k@ﬂc@Jgu%

301 )+

v, (2n —1)b+ ka n(b—a) v, (n+2k)a+ (3n — 20)b
cp. )P DRy 200 ayplog, i) (PR B 220
v, (3n —2k)a+ (n + 20)b
C(p. ) (2 20y )
n
Proof. We use again Lemma 1, the power mean inequality and the Holder integral
inequality , as in [17] Theorem 2.4 , and we will have:
3 2 1 )a + b 1
[I(f,a,b,n, k1) < (Ib—ka)>[C(p,11)( t Pdt) v ( \f +(1-t)a)|%dt) s+
0
' 2p 742 i ka+ (n—1)b L
st [ (= 17rant([ 1 @+ 0Bt 0Dy
0 0

)|+
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+|n(b2— a)—(lb—ka)l3[0(p7l3)(/0 tdet)%(/ |f”<tw+(l_ga+b)|th)%

+0<p,z4></0 QPdt%/ G s A k]

We take into account that | f |7 is concave on [a, b] and substracting = = WJF
(1 —t)a and then using the inequality

ia/abf(x)dxsf(“;b)

we get
1 (n—k)a+lb
" (n—k)a—l—lb q o n n
A |f (tn + (1 — t)a) | dt = m/@ f(x)dx S
v (2n—k)a+1b
<If G, %
1
A G e e O’
0 n n
1
/ Iz (tka—I—(::—l)b +(1_t)a+ ) adt < |f ((n—&—Qk)aL(Sn—Ql)b)'q
0
and
Yo a+b (n—kla+1b\ , v, (3n —2k)a+ (n+20)b
L (5 - R < g - e

From these inequalities we obtain the desired inequality.

Now, we write for (a, m)— convex functions, Theorem 2 from above.

Theorem 5. Let f : I C [0,b*] — R be a twice differentiable function on the
interior I° of an interval I so that f € L{a,b] with a,b € I, 0 < a <b, b* > 0.
Let Lk,n e Nwithn > 2 andl <k <n . If f € Lla,b], and if |f"|9 is (o, m)—
convex function for (a,m) € [0,1] x [0,1] and p > 1 and M is a positive constant
so that ¢ < M and é > M or(§ < %) then the following inequality holds:

—_ a3 12 n — a n QA 1
1(foabm kD)) < — P ZFDT oGy (TR o g (L ey it
@p+ DFat 1) n m
O, B)mlf (7 4 alf” (I Dy
(2b=e) _ (1p — ka)]? v ka+ (n—10)b voa+b. 1
1 1 C ) -~ )|? mao 4Yq
e S CE R ey D
0t (D ol (PR Ry
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Proof. We use Lemma 1 and then Theorem 2, see [4] and [3], we get
1 —
(b k) < (0= kel |17 (PR 1 ) e
0

ka+ (n—10)b n(b—a)

n

1 J—
-[/O 2| f" (tkaHg l)b+(1—t)a;b) \dt+

1 wf a+b (n—Fk)a+1b
+/O (t—1)2|f (t +(1t)n) |dt]

— (Ib - ka)]?-

+/01(t_1)2f” (tb+(1—t) )Idt]+[

2

and

- (Ib — ka)® Yo (n—k)a+1b g [2gn
10kl < B 1 (N 0 0a) s

j4dt)e] + [ — (b — ka))*-

+C(p7 ZQ)(/O |f// (tb + (1 — t) n(b2— a)

e[ 1 (A 1o ) i+

([ 1 (150 + 0= TR iy

ka+ (n — l)b)

2

By definition of the (o, m)— convexity we have below the following inequality:

|I(faaab>nakal)‘ <

< M{C@,m (/ e (=R = el (22) par)

vt ([ et (2 ) ey (0000 ) g

n
1

+{ )|q]dt> ' +

"(b; %) (b—ka) [C(p, Is) (/O o (Fadtn = Db (;Z =000 4 (1 — gy (A2

2m

v ([ et (G ) e - (=D gt

From here, by calculus, we obtain the desired inequality.

The following result is a generalization of Theorem 12 from [4] for P-convex
functions.



SOME HERMITE-HADAMARD TYPE INEQUALITIES 9

Proposition 1. Let f: I — R be a twice differentiable function on the interior I°
of an interval I in R, witha,b€ I, a <b. Letl,k,n e Nwithn>2andl < k <n.
If f € L'[a,b], and if | f"|9 is a P-convex function on I for some fized p > 1 and
M is a positive constant so that ¢ < M and é >M or(§< é) then the following
inequality takes place:

(b k) < LD 0, 1) (BB oy
(2p+1)» n
O F W+ 17 D0y
(22 _ (1b — ka))? voka+(n—0b . oa+b 9+
e AL
e (7 (1 (B Dy

Next result is a generalization of Theorem 7 from [4] for quasi-convex functions.

Proposition 2. Let f : I C [0,00) — R be a twice differentiable function on the
interior 19 so that [ € L'la,b], where a,b € I, a < b. Let l,k,n € N with n > 2
and I < k <n so that § < M and % >M or (3 < é) If|f" |9 is quasi-convez on
[a,b] for p > 1 then we have:

1(F.0,6m kD) < LED (00, 1y sup( (BT a4
(2p+1)7 n
O, 1) sup(l B, | (F =0
n(b—a) )13 v ka n v a
P O R e sup B0 @
2p+1)»
e tysup(lf (E D) Ry
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