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FURTHER INEQUALITIES OF HERMITE-HADAMARD TYPE
FOR CONVEX FUNCTIONS AND RIEMANN-LIOUVILLE
FRACTIONAL INTEGRALS

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we establish several upper and lower bounds for the
functions

% [J% £ (2) + 2 f(a)] fora<a<b
and 1
5 [Jo (@) + J& f(b)] fora<az<b

in the case of Riemann-Liouville fractional integrals J%_, for convex and h-
convex functions f : [a,b] — R, for @« > 0 and z € (a,b). Some particular
cases of interest are examined. Various Hermite-Hadamard type inequalities
are also provided.

1. INTRODUCTION

The following integral inequality

¢ b a
(1) H(*50) <55 [ roa < HOTID,

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [12], the recent survey paper [10] and the references therein.

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for a > 0 by

Jof (2) = %a) / (@ -0 (1) de
fora < x <band
b
Jgf (2) = ﬁ / (t— o)™ (1) dt

for a < x < b, where I' is the Gamma function. For a = 0, they are defined as

0 (@) = 0 f (@) = f (@) for a € (a,b).
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In [25] Sarikaya et al. established the following Hermite-Hadamard type inequal-
ity for a > 0

fla)+f(b)
2

12 g (“; b) < ((b“_+a§i 2 f () + I f (@)] <

provided f : [a,b] — R is a convex function.
A different version was also obtained by Sarikaya and Yildirim in [27] as follows

a+b 2010 (v + 1 N ) @)+ (b
2 >§ (b—(a)o‘ )[“T“’+f(b)+JaT+b_ (a)}gf()

provided f : [a,b] — R is a convex function.
In the recent paper [11] we established the following results:

1) 2 [Lroy+ L0 L[5S it (o)

z/ola—s)“lf(sx+<1—s>“jb)ds

1 « T a+b
Zozf<oz+1 <a+ 2 )>

for any x € (a,b) . In particular, we have

(1.5) fl@+f®) _«a [1 (a+b)+f(a)+f(b)}

(13) f(

2 a+1 2\ 2

29710 (a+ 1) T, a+b o a+b
Tmar () e ()
a+b
>1(*3)
for any a > 0.

We also have the dual result [11]:

1f(a)+f(b)]
a 2

L[S @) TR
o1 ( )[«c—a)”(b—m)“}

1
Ol (str(ls)a;_b)ds

1 o la+d
> = —
_af<a+1<x+a 2 )>

for any x € (a,b) . Moreover, we have the particular inequalities

(1.7) f(a);Lf(b)> a {f<a+b>+;f(a)+f(b)}

(1.6)

a—+1

Y]

[f () +

>

S—

a+1 2 2
2971 (a4 1) {

fo £+ T8 F0)] 2 1 (557)).

for any o > 0.
The first inequality in (1.7) is improving the second inequality in (1.3).
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From a different perspective we also have [11]

(1.8) f(a);f(b) > ail f(a);'f(b) +f(gc)+fQ(;z+b_gg)]
_;W[Jf+f(x)+Jff(a+b—x)] >f(“+b>

for a < x < b. We observe that if we take x = b in (1.8), then we get the inequality
(1.2).

For other Hermite-Hadamard type inequalities for the Riemann-Liouville frac-
tional integrals, see [1]-[6], [16]-[34] and the references therein.

Motivated by the above results, we establish in this paper several upper and
lower bounds for the functions

%[J§+f(x)+J§7f(a)] fora<axz<b
and
%[inf(m)—i—]a?;f(b)] fora <z <b

in the case of convex and h-convex functions f : [a,b] — R and for a > 0. Some par-
ticular cases of interest are examined. Other Hermite-Hadamard type inequalities
are also provided.

2. MAIN RESULTS

We have:
Theorem 1. Let f : [a,b] — R be a convex function, then
1T 1
en (550 sy s @+ s ) < L9
fora <z <band
+b 1T (a+1) o + f(b
21 1(57) < 5o s 0+ g f @) < HE L
fora <z <b.
In particular, for z = b in (2.1) we obtain (1.2) and for z = 22 we get
3a+b 2011 1 b
(2.3) f< a: > < (b—(Z)i_ ) l: ard <a+ ) +Ja+b f(a):|
@ +2f (%)

In particular, for z = a in (2.2) we re-obtain (1.2) while for x = “TH’ we get
a+3b 20717 (e + 1) a+b

2.4 < o b) + Ji'

(2.0) f( - >_ e e s s (4

- f (“2“’)2+f(b)_
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If we add (2.3) and (2.4) and divide by 2, then we get
(25  f (a . b)

() 52)
20972 (e + 1)
= (b—a)"

{ +f(“+b)+m (a) + T2 f<b>+J£f<“;bﬂ
;{f<a+b>+f(a)+f(b)] @+ r0)

IN

X

2 2 2

Theorem 2. Let f : [a,b] — R be a convex function, then

26) 1 (“j”

at+zxz\xT—a z+b\b—u
<
_f< 2 >b—a+f< 2 )b—a

LT (04 1) [J0 @) 42 (@) | 2SO+ TS ()
—2 (b—a) (xfa)o‘*1 (bf:c)(k1
<3 @ =0+ @] < 3 U@+ 10

for any a < x <b.

We observe that if we take in (2.6) 2 = %2 we recapture (2.5).
We also have the integral inequality:

Corollary 1. Let f : [a,b] — R be a convex function, then

@7 f (“;b)

1 b at+z\ r—a 1 b z+b\b—2z
<
_b—a/af< 2 >b—adx+b—a/af< 2 >b—adz

1F(a—|—1)
=2 (b—a)
1 *’ (@) + T f (a) 1 P Jg f () + I f (x)
X [b (m—a)a_l dm+b—a/ +(b_$)ab_1 dx]
;l )2 pit @ x] S @+r 0.

Assume that I and J are intervals in R, (0,1) € J and functions h and f are real
non-negative functions defined in J and I, respectively.

Definition 1 ([32]). Let h : J — [0,00) with h not identical to 0. We say that
f:I —10,00) is an h-convex function if for all z,y € I we have

(2.8) fle+ A =t)y) <h(@)f(@)+h(1-1)f(y)
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for allt € (0,1).

For some results concerning this class of functions see [32], [3], [20], [26] and [30].
We can give the following examples of h-convex functions.

Definition 2 ([15]). We say that f: I — R is a Godunova-Levin function or that
f belongs to the class Q (I) if [ is non-negative and for all x, y € I and t € (0,1)
we have

1 1
(2.9) flz+(1-1t)y) < gf(ff)+17_sz(y)'
Definition 3 ([13]). We say that a function f : I — R belongs to the class P (I)
if it is nonnegative and for all x, y € I and t € [0,1] we have

(2.10) flte+1=t)y) < f(z)+f(y).

It is important to note that also P (I) contain all nonnegative monotone, convex
and quasi convex functions.
We can introduce now another class of functions [9].

Definition 4. We say that the function f : I — [0,00) is of s-Godunova-Levin
type, with s € [0,1], if
1 1
(2.11) flz+(1-1t)y) < tjf(@ + mf(y%
for allt € (0,1) and z,y € 1.

We observe that for s = 0 we obtain the class of P-functions while for s =1 we
obtain the class of Godunova-Levin. If we denote by Qs (I) the class of s-Godunova-
Levin functions defined on I, then we obviously have

PI)=Qu(I) S Qs (I) CQs, (1) S Q1 (1) =Q ()
fOI‘O§81SSQSI.

Definition 5 ([4]). Let o be a real number, o € (0,1]. A function f : [0,00) —
[0,00) is said to be o-convex in the second sense or Breckner o-convez if

flz+1-t)y) <t"f(x)+(1-1) f(y)
for all z, y € [0,00) and t € [0,1].

Theorem 3. Assume that the function f : [a,b] — [0,00) is h-symmetrized convex
on the interval [a,b] with h integrable on [0,1] and f integrable on [a,b]. Then

(2.12) zahl(;) f (a ;r x) < ;(xr_(o;))a (T2, f (@) + T2 f ()]

1-— u)a_l + ot
2

IN

[ﬂ@+ﬂm4( h (u) du

fora <z <band

(2.13) 2ah1(§)f (w;rb>

< S 2 )+ T f @)

1—u)* ' 4 yet
2

IN

1
U@+NMA( h (u) du

fora <z <b.
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If we take x = b in (2.12) or = a in (2.13), then we get

(2.14)

a+b 1 T'(e) o o
037 (57) < 5 Ve 0+ 9 )]

1— S)a_l + g1

<ir@+ro) [ S s

that was obtained in [31].
If we take in (2.12) and (2.13) z = %t then we have

sy () < e [t (57) s @)

< [f<a>+f<“jb)}/01 (=™ s ) as

(2.15)

and

(2.16)

gy (5) < e P 0 (5]

< [r(2)+r0) / (=™ 2 ) s,

If we add the inequalities (2.15) and (2.16), then we get

F () + (=5

_ 27T (a)

= - a)a

« [Jaﬂf <;b> i f(a)+ Tupn fO) + TS (317)]

<[r(=) + L O] [a-gm s neas

If f:]a,b] — [0,00) is of P-type and integrable, namely h(t) = 1, t € [0,1],
then by Theorem 3 we have for a > 0 that

(215) 3 (30) < 3 e @)+ I 1 @)
<f@)+f (@)

fora < ax <band

(2.19) i (”C;b> < ;F(b(“ Z)? % £ (5) & Jp f ()]
< f @)+ )

for a < x <b.
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If f:[a,b] — [0,00) is integrable and of s-Godunova-Levin type, with s € (0,1),
namely h (t) = &, t € [0,1], then by Theorem 3 we have for a > s that

s

220) o (50 S e S @)+ I @)
LS+ i) {B(l—s,a)—&— ! }

2

a— S

for a < x < b and

(2.21) 1 <x : b) <1 (br _<0;>) (2, (6) + I f (@)]
f @)+ 1) !
< 5 {B(l—s,a)-i— _J

for a < x < b, where B is Beta function, i.e.
1
B (u,v) := / =1 (1—¢)"" " dt and u, v > 0.
0

If f:]a,b] C[0,00) — [0,00) is integrable and Breckner o-convex with o € (0, 1]
then by Theorem 3 we have for a > 0 that

(2.22) a;ﬂ ; (a42—$> < %(xr _(Z))a (72, f (@) + J°_f (a)]
fla) + [ (=) 1
< 5 [B(1+U’a)+a+a]
fora < ax <band
(2.23) a;_af (m "; b) < ;(br_(z))a (T2, F (0) + J5 ] ()]
f (@) + f(b)
< 5 [B(1+J,a)+a+g}
for a < x <b.

Finally, we note that if f : [a,b] — [0, 00) is quasi-conver, namely

flz+(1—1)y) <max{f(x),f(y)} forall z,y € I and ¢ € [0, 1]

then

220) 3 [ @)+ J2f @] < max{(f (@) f @)}, fora <o <t
and

(2.25) ;W [J2f () + J2 f (2)] < max{f (z),f(B)} ora<a<b

Similar results may be obtained by writing the inequalities (2.17) for these examples
of h-convex functions. The details are omitted.
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3. PROOFS

In 1906, Fejér [14], while studying trigonometric polynomials, obtained the fol-
lowing inequalities which generalize that of Hermite & Hadamard:

Lemma 1 (Fejér’s Inequality). Consider the integral f: h(x)g (x)dz, where h is
a convex function in the interval (a,b) and g is a positive function in the same
interval such that

g+t =g—1), 0<t<50-a),

i.e., g is symmetric. Under those conditions the following inequalities are valid:

(3.1) h(“;b> /abg(t)dt</abh(t)g(t)d:c<h(a);h(b)/abg(t)dt.

If h is concave on (a,b), then the inequalities reverse in (3.1).

Clearly, for g (z) =1 on [a, b] we get (1.1).
Using the definition of Riemann-Liouville fractional integrals we have

Jo_f(a) = ﬁ /I (t—a)* " f(t)dt

1 T (w_t)cxfl —|—(t—a)a71
F(a)/a 2

for a < x < b, which is an identity of interest in itself.
Observe that the function g, : [a, ] — [0, 00) defined by

[(:,E —t)* -t

and then

S e f @)+ 72 f (@)] =

F(t)dt

9z (1) = oF (@)

is symmetric on the interval [a,z] for any a < z < b.
Applying (3.1) on the interval [a, 2], we get

(32) (1)l [ e,
Lo 0
<t ) >
h((],) +h($) 1 z (ZE _t)o‘71 + (ﬁ—a)a71
2 F<a>/a dt

IA

for any a <z < 0.
Since

x.’E— a—1 _aafl
R b VRS

then by (3.2) we get

a+x 1 1 @ 1 « @
P(5) s -0 < 5 U @)+ 2 £ )
h

2 (o)
(a)+h(z) 1 1
- 2 I'(a) a

which proves (2.1).
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‘We have

b
J2,f () = ﬁ / (b— )" f (t)dt

£(t)dt

and then
1 S L (R
3.3 — | Jg Jr f)| =
63 EI@+ 0] = 5 [ !
for a < x < b, which is an identity of interest in itself.
Using Fejér’s inequality for the symmetrical function
b—t a—1+ t—x a—1
oy = Ot 02 )
on [z,b], we get in a similar way the inequality (2.2).
If we multiply (2.1) by =% and (2.2) by 2:—2 we have

a+z\zx—a _1 I'(a+1) o a
()= <y [T (&) 2 (a)]
/

2 b—a (x—a)* ' (b—a)

IN

fora < x <band

f<$+b)b—w<; L(a+1) [T f (b)) + JE f ()]
/

2 Jb-a (b—2)*""(b—a)
(@)+fb)b—=
- 2 b—a

for a <z < b.
If we add these inequalities, we get

atzxz\zT—a r+b\b—=x
(34) f( 2 )ba+f< 2 )ba

1T (a+1) | Jo f () + J7 [ (a) N Jor f (0) + S f (2)
-2 (b—a) (CU—a)a_l (b_x)a—l
<f(a)+f($)$—a+f(:c)+f(b)b—x
- 2 b—a 2 b—a
:;H—Zf(a)ﬂLz_Zf(b)Jrf(x)}

for a < & < b. This proves the second and third inequalities in (2.6).
By the convexity of f we also have

at+z\zx—a z+b\b—=z
f< 2 >b—a+f< 2 >b—a
a+zrxr—a x+bb—=x a+b
> =
_f( 2 b—a+ 2 b—a) f( 2 )
for a <z < b. This proves the first inequality in (2.6).
By the convexity of f we have

T—a b—=x T—a b—=x

ro =1 (5ot =ta) < T2 0+ 1 @

fora <z <b.
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Therefore
_ h—
e @+ )+ £ @)
_ b— — b—
<3 [T @ I 0+ 4 s @)

1
=S F@+70),

which proves the last part of (2.6).
If we change the variable t = (1 — s) a+ sz, with a < & < b, then dt = (z — a) ds,
x—t=(1-8)(r—a),t—a=s(x—a)

1 T(w)

(3.5) 2@—a)y [Jay f () + T2 f (a)]
1 1— a—1 a—1
:/ (1—s) 5 S f (1= s)a+ sx)ds
0
and, by replacing s with 1 — s we also have
1 I'(o)

@—a” (o f (x) + T3 f (a)]

2(z—
:/ (1_5)a—2 +8a_1f(sa+(1—s)a:)ds
0
giving
B9 5w VS @)+ IS @)
:/1 (1—3)0‘_1—1—50‘_1f((l—s)a—l—sx)—i—f(sa—l—(l—s)x)ds
; 2 2

for a < x <b.

Now, if we assume that f is h-convex on [a, b], then

flsa+ (I —=s)z) <h(s)f(a)+h(l—-s)f(z),
which implies, by (3.5), that

BN g U @)+ g2 @)
L1—s) 4 got
</ . [ (5) £ (@) + B (1= 5) f (@) ds
1 — s a—1 Sa_l
= (a)/o (1=s) 5 + h(s)ds
1 — s a—1 Sa_l
+f(:c)/0 (1=s) k(1 5)ds
Since

1 _ a1l a—1 1 _ a—l a—1
/ (L=s)" +s h(l—s) ds:/ (1=s)" +s h(s)ds,
0 2 0 2

then by (3.7) we get the second inequality in (2.12).
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By the fact that f is h-convex on [a, b], we have
1 a+zx f((l=98)a+sz)+ f(sa+ (1 —3s)x)
vl <
2h (%) 2 2
for s € [0,1]. Then we get

I

( —S)a71+sa*1f((1—s)a+sx)+f(sa+(1—s)x)
2 2

for s € 0,1].
If we integrate the inequality (3.8) over s € [0, 1] and use (3.6) we get

(3.9) <%) f (a + x) /01 (1— s)a; st

S @ (4 o
5( ) [Ja+f ($) + Jx—f(a):l .

1 a—1 a—1
1—
/ ( S) R dt = la
0 2 o

hence by (3.9) we obtain the first inequality in (2.12).

Since

REFERENCES

[1] P. Agarwal, M. Jleli and M. Tomar, Certain Hermite-Hadamard type inequalities via gener-
alized k-fractional integrals, Journal of Inequalities and Applications 2017 (2017) :55

[2] E. F. Beckenbach, Convex functions, Bull. Amer. Math. Soc. 54(1948), 439-460.

[3] M. Bombardelli and S. Varosanec, Properties of h-convex functions related to the Hermite-
Hadamard-Fejér inequalities. Comput. Math. Appl. 58 (2009), no. 9, 1869-1877.

[4] W. W. Breckner, Stetigkeitsaussagen fiir eine Klasse verallgemeinerter konvexer Funktionen
in topologischen linearen Réumen. (German) Publ. Inst. Math. (Beograd) (N.S.) 23(37)
(1978), 13-20.

[5] Z. Dahmani, On Minkowski and Hermite-Hadamard integral inequalities via fractional inte-
gration, Ann. Funct. Anal. 1(1) (2010), 51-58.

[6] J. Deng and J. Wang, Fractional Hermite-Hadamard inequalities for (a;m)-logarithmically
convex functions. J. Inequal. Appl. 2013, Article ID 364 (2013)

[7] S.S. Dragomir, A mapping in connection to Hadamard’s inequalities, An. Oster. Akad. Wiss.
Math.-Natur., (Wien), 128 (1991), 17-20.

[8] S. S. Dragomir, Two mappings in connection to Hadamard’s inequalities, J. Math. Anal.
Appl., 167 (1992), 49-56.

[9] S. S. Dragomir, Symmetrized convexity and Hermite-Hadamard inequalities, J. Math. Ineq.

0 (2016), No. 4, 901-918.

[10] S. S. Dragomir, Ostrowski type inequalities for Lebesgue integral: a survey of recent results,
Australian J. Math. Anal. Appl., Volume 14, Issue 1, Article 1, pp. 1-287, 2017. [Online
http://ajmaa.org/cgi-bin/paper.pl?string=v14n1/V14I1P1.tex].

[11] S. S. Dragomir, Some Inequalities of Hermite-Hadamard type for convex functions and
Riemann-Liouville fractional integrals, Preprint RGMIA Res. Rep. Coll. 20 (2017), Art.

[12] S. S. Dragomir and C. E. M. Pearce, Selected Topics on Hermite-
Hadamard  Inequalities and  Applications, RGMIA  Monographs,  2000.[0nline
http://rgmia.org/monographs/hermite_hadamard.html] .

[13] S. S. Dragomir, J. Pecari¢ and L. Persson, Some inequalities of Hadamard type. Soochow J.
Math. 21 (1995), no. 3, 335-341.

[14] L. Fejér, Uber die Fourierreihen, II, Math. Naturwiss, Anz. Ungar. Akad. Wiss., 24 (1906),
369-390. (In Hungarian).



12

[15]

[16]

[17]

18]

(23]
[24]

[25]

[34]

ME

S.S. DRAGOMIR

E. K. Godunova and V. I. Levin, Inequalities for functions of a broad class that contains
convex, monotone and some other forms of functions. (Russian) Numerical mathematics and
mathematical physics (Russian), 138-142, 166, Moskov. Gos. Ped. Inst., Moscow, 1985
S.-R. Hwang, K.-L. Tseng and K.-C. Hsu, New inequalities for fractional integrals and their
applications, Turk. J. Math. 40 (2016): 471-486.

A. Kashuri and R. Liko, Hermite-Hadamard type fractional integral inequalities for the gener-
alized (1; m)-preinvex functions, Nonlinear Analysis and Differential Equations, Vol. 4, 2016,
no. 8, 353 - 367.

M. Kunt and I. Iscan, Hermite-Hadamard-Fejer type inequalities for p-convex functions via
fractional integrals, Communication in Mathematical Modeling and Applications, 2 (2017),
No. 1, 1-15.

M. A. Khan, Y. Khurshid and T. Ali, Hermite-Hadamard inequality for fractional integrals
via n-convex functions, Acta Math. Univ. Comenianae Vol. LXXXVTI, 1 (2017), pp. 153-164.
M. A. Latif, On some inequalities for h-convex functions. Int. J. Math. Anal. (Ruse) 4 (2010),
no. 29-32, 1473-1482.

W. Liu and W. Wen, Some generalizations of different type of integral inequalities for MT-
convex functions, Filomat 30:2 (2016), 333-342

M. E. Ozdemir and C. Yildiz, The Hadamard’s inequality for quasi-convex functions via
fractional integrals, Annals of the University of Craiova, Mathematics and Computer Science
Series, Volume 40 (2), 2013, Pages 167-173.

S. Qaisar, M. Igbal, S. Hussain, S. I. Butt and M. A. Meraj, New inequalities on Hermite-
Hadamard utilizing fractional integrals, Kragujevac J. Math., 42 (1) (2018), Pages 15-27.
M. Z. Sarikaya, H. Filiz and M. E. Kiris, On some generalized integral inequalities for
Riemann-Liouville fractional integrals, Filomat, 29:6 (2015), 1307-1314.

M. Z. Sarikaya, E. Set, H. Yaldiz, and N. Basak, Hermite-Hadamard’s inequalities for frac-
tional integrals and related fractional inequalities, Mathematical and Computer Modelling,
57 (2013), pp.2403-2407, doi:10.1016/j.mcm.2011.12.048.

M. Z. Sarikaya, E. Set and M. E. Ozdemir, On some new inequalities of Hadamard type
involving h-convex functions. Acta Math. Univ. Comenian. (N.S.) 79 (2010), no. 2, 265-272.
M. Z. Sarikaya and H. Yildirim, On Hermite-Hadamard type inequalities for Riemann-
Liouville fractional integrals, Miskolc Mathematical Notes, 17 (2016), No. 2, pp. 1049-1059.
D.-P. Shi, B.-Y. Xi and F. Qi, Hermite-Hadamard type inequalities for Riemann-Liouville
fractional integrals of (o, m)-convex functions, Fractional Differential Calculus, Volume 4,
Number 1 (2014), 31-43.

M. Tung, On new inequalities for h-convex functions via Riemann-Liouville fractional inte-
gration, Filomat 27:4 (2013), 559-565.

M. Tung, Ostrowski-type inequalities via h-convex functions with applications to special
means. J. Inequal. Appl. 2013, 2013:326.

M. Tunc, On new inequalities for h-convex functions via Riemann-Liouville fractional inte-
gration, Filomat 27:4 (2013), 559-565.

S. Varosanec, On h-convexity. J. Math. Anal. Appl. 326 (2007), no. 1, 303-311.

J.-R. Wang, X. Lia and Y. Zhou, Hermite-Hadamard inequalities involving Riemann-Liouville
fractional integrals via s-convex functions and applications to special Means, Filomat 30:5
(2016), 1143-1150.

Y. Zhang and J. Wang, On some new Hermite-Hadamard inequalities involving Riemann-
Liouville fractional integrals, J. Inequal. Appl. 2013, Article ID 220 (2013)

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
LBOURNE CITY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE, IN THE MATHEMATICAL AND STATISTICAL SCIENCES,

ScHOOL OF COMPUTER SCIENCE & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATERSRAND,
PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA





