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1. Introduction

Let f: Ic R—>R be a convex function on the interval I of real numbers and a,bel with
a<b. The inequality

a+b 1§ fa@)+ f(b)
f( : jsmgf(x)dxsf

is known as Hermite-Hadamard’s inequality for convex functions [9].
In[13] and [3, p. 295], G.H. Toader defines the m-convexity:

The function f:[0,b]— R is said to be m-convex , where m € [0,1], if for every
x,y €[0,b] and ¢ €[0,1], we have
floc+m1=0y) <t () +m1=1) f ().

In[10] and [3, p. 301], V.G.Mihesan introduced the following class of functions:

The function f: [O,b] — R is said to be (a,m)-convex , where (a,m) € [0,1]2, if for
every x,y €[0,b] and ¢ €[0,1], we have

flc+m1=0)y) <t f(x)+m1—t*) f(p).

In [4] and [3, pp.38-49], S.S. Dragomir et al. gave some trapezoid type inequalities for
twice differentiable mappings. In [8], M.K. Bakula et al. gave some general companion
inequalities related to Jensen’s inequality for the classes of m-convex and (a,m) —convex
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functions. In [2], Rui-Fang Bai et al. deduced some Hermite-Hadamard type inequalities for
the m- and (a,m) — logarithmically convex functions.

For several recent results concerning the Hermite-Hadamard type inequalities and
convex functions, we refer the reader to [1,5,6,7,11,12].

In this paper, we give some Hermite-Hadamard-type inequalities for twice
differentiable m-convex functions and («,m) —convex functions. Also, we write some

applications to special means of real numbers.

2. Main Results

Firstly, we start by the following lemma:

Lemma: Let f:7 c R — R be twice differentiable function on 7°with /" integrable on
[a,b] I°. Then we have

o) _2‘2)2 (1,+1 jf(x)dx {f(““f(b) f(“;bﬂ (1

where,
1/2 1

I, = jt(t—%)f"(m+(1—t)b)dt, I, = I(t—%](t—l)f"(ta+(1—t)b)dt.

and 1°denotes the interior of I.

Proof: By integration by parts twice, we have,

avb

3 JZ' f(s)ds

1/2

I, = J't(t—%]f"(ta+(l—t)b)dt: -1 E {f{a”}}f(b)}

0 2(a—b

2
(o

and

1

’z=I(f—%](t—l)f"(m+(1—t>b)dt 2(a_ E {f() f{“”’ ﬂ ( Jf(s)ds

1/2 a+b

2
By adding these equalities, we get

I+, = 2(a o {f(a>+f(b>+2f(“+b ﬂ+(b_2a)3 I f(s)ds
Hence, we obtain
(b-a) f(a>+f(b> (“b]
o+ r) j S ) - i

which completes the proof.

Now, we write the following results:

Theorem 1: Let f: 1 — R,I —[0,) be twice differentiable function on /° such that
f"G L[ ,

have

"

(a,m) -convex function with (e, m) € (0,1]2 , then we




f(a)+ f(b) |
R G| E

G ‘2") _(n + u) " (a)| + m(i ~(n+ u)}‘f“(%)ﬂ

a-1 L1 1
Ao+ D)@ +2)(a+3) 2°7 (a+)(a+2)

where, n+u =

Proof: Since | f ”| is (a,m) -convex, we have, for every x,y € [O,b] and ¢ € [0,1]

" (e + mA =)y < o] £

which gives
"+ =0 p) < 2] £ ()| + m(1—2°)
From (1) and by inequality (3), it follows that

Hl

, forall t € [0,1]. 3)

If( e {f(a);—f(b) f[a;rbﬂs
-9 /f e —_hf "(ta+(1-0)b)dt + j (== 1]+ 1 -0p)ar
2 | o 2l 2

) % o f( jo G _ t)| f"(@) + 11—t )G - t)m‘f "(%)Ddr} +

P T

< @{(n )/ @)+ m(i ~(n+ u)]‘f"(%)ﬂ .

Where we have used the facts that,

1/2 ] d 1 1/2 1 (1 ﬁ 1 4
a+l| + = . {1, PV
It ( t] 29 (a +2) e +3) g !). (2 ] ag 4)
i, ] 31 1 1 (1 1 1 (1
T A= 1= - -1|=4, 5
1Jz(t 2]( = 20!+2( 2“+2]+a+1(2“+2 2]+a+3(2’“3 ] K ®)
1 1 1

1 a-—1
I(t_Ej(l_t(l t)dt__s_”adn A @ D@+ 2)@+3) 2% (@ih(@+2)’

1/2
This concludes the proof.

Corollary 1: Let f:7 — R,I < [0,:0) be twice differentiable function on 7° such that
f'eLla,b], 0<a<b<w.If |f”| is m-convex function with m € (0,1], then we have



fla)+ f(b) f(a +b]
2 2

oo @f"( ) +m

20/

j S (x)dx— {

Proof: Choosing a =1 in the inequality (2), we obtain (6).

Remark 1: With the assumptions in Corollary 1, with the condition that
||f"||w = sup |f"(x)| <o on [a,b] cl’and me (0,1], we have the inequality

(T+m)lr,

—If( i {f(a);f(b) f[a;bﬂg

Also, putting m =1, we get the inequality

jf( e - {f(a);f(b) f[a;bﬂ <

(b—a)’
96

(b_a)z "
D )

Theorem 2: Let f:1 — R,I  [0,0) be twice differentiable function on I° such that

f'eLlab], 0<a<b<w 1 |1 is (&, m)-convex function with (cz,m) € (0,1] , then

1 1
we have, for p>1 and —+—=1

P 9q

I P~ {f(a);f(b) f[ : ] <

<9 ‘2") {G””[ylf"(a)lq+m[%—yj‘f"(%) J +ﬂ””[p|f"(a)lq+m[%—pj " J ]
(7)

where,

L1 v L g Ly L w27 20

T (2p+1 p+1] ﬁ_—(z 8)+(l+2”)p+1(2 8)+ 8’ ®)
1 1 1

T @02 P T a1l (@2

Proof: Since |f"|q is (a,m) -convex, we have, for every x,y € [O,b] and 7 € [0,1],

(e + A=0p) <o | @) +mA -1 £ %

By (1) and from Holder’s integral inequality, we have inequality

<

2

ot jy-

f(a)+ f(b) f(a +bﬂ

‘— [ fGodx - {

~1|f"(ta+ (1~ 1)b)dt

1
l‘__
2

‘| f"(ea+~t)b)dr + j

1/2



1 1 1

]p(“f" (ta+1-2)p| dt] +U

Ak

{——

_ 2 1/2
SM J.tl’ l‘—l
2 2

0

1/2

where 1/p+1/q=1. From (3), we obtain,
1/2

j |f"(ta+1—2)p|" dt < f{ /(@) +m=1) f"(—

<l e Lo
and
lj|f”(ta+(1—t)b|th£ j l:t“|f"(a)|q +m(l q:ldt

1 " 1 _ 1 " 2 !
= {a +1 (a+ 1)2”‘” }V (@ + { Lc +1 (o +1)2¢" ﬂ‘f m

Also, using the fact that,
la+8" <27 (] +]p|" )
for p>0,a,b € R, we obtain

1/2 1/2
dt < 27! j t”[|t|

1” 1 1 1
dt = 5 + =0
2 207\ 2p+1 p+1

Jer

0

1"
l‘__
2

1 1

1" 1
[le—= =17 a2 | [r" +—p](t” 1) <
1/2 2 1/2 2
1 p P
<22 | ( £ (o )dt S €V U U0 JPL IS < V5 S S
P 2" T S T ap+l 8 27 p+l R

Combining all these inequalities, we deduce

jf(x)d {f(a)+f(b) f[a+bﬂ_

<
2 2
<brar 0””[7|f"(a)|”+m6—7]‘f" %) ] +ﬁ””[p|f"(a)|"+m6—p]‘f" %)

2

|
q]/"

Where,

p|t—1|pdt]p(I|f"(ta+(1—t)b|th

]3,



1/2 1/2
1 1
= —, |d-¢* )dt———y p=|t%dt= - —,
!). (a +1)2 (a+1)2°" I 1!2 a+l (a+1)2*"

ja—t)m_——p

1/2

This concludes the proof.

Corollary 2: Let f:7 — R,I < [0,:0) be twice differentiable function on 7° such that

f"e L[a,b], 0<a<b<ow.If |f"|p/(p_]) is m-convex function with m € (0,1], then we have,

for p>1 and l+l:1
P 4

{f(a);f(b) f(a ;bﬂ .
: (@) + 3M‘f” ° 3@l + M‘f" b
(b-a) 1p m 1p m

_ ©9)
where, o, are given by (8).
Proof: Choosing a =1 in the inequality (7), we obtain (9).

Remark 2: With the assumptions in Corollary 2, with the condition that
||f"||w = sup |f"(x)| <o on [a,b] cl’and me (0,1], we have the inequality, for
xela,b]

f@+f®  fa+bY]| _ t-a)?|(1+3m\"" (3+m .
e Gy B G C N G

Also, putting m =1, for (1/2)"% <1, we get the inequality

@)+ f() f[ﬁbﬂ <(b
2 2

]/p ﬁ]/p <1

—a)lrl,

— j OLS {

Theorem 3: Let f: 1 — R,I —[0,) be twice differentiable function on /° such that

fvveL[a,b], 0<a<b<ow.If |fup
have, for p>1

is (a,m)-convex function with (a,m) € (0,1]2 , then we

1§ 1 f(a)+ 1 (b) a+b
e e

B-a) (1" | 1 N,.b
Y (4—8) n{lf (a) +m(4—8 n)‘f -

T frorddref

(10)

I |



where 7, u are given by (4) and (5) respectively.

Proof: Since | f "|p is (a,m) -convex function, we have, for every x,y € [O,b], te [0,1] and
p>1

"+ A=0y)" <t @)

(1D

From (1), we have

<

f(a)+f(b) f(a +b]
2 2

‘| f"(ta+(1- t)b)|dt+j

1/2

t——
2

L (b-a) a)2 N "
> |t| —1f"(ta+ (1 -t)b)dt
By the power-mean 1ntegral inequality, we have inequalities

1/2

J

0

Ht——

1
1- 1/2
P
ldt] {
2

1
; 1
|t 1|dt] { |
1/2
From inequality (11), we obtain,

[d-2rasa-onyars | f@ i t]{t“ @)

]J.Ztt—%hf"(ta +(1-1)b)dt < ( t——hf” ta+(1-1))|" ]

and

I|t—1|

1/2

J

1/2

l‘__

=1 /" (ta +1-1)b)" ]

p
dt

t ——‘| f"(ta+1-t)b)dt < (

1
l‘__
2

J

1
Ht——
0 2

a " b
f —
m

<nlf"@)| + m(fg - n]‘f"( ,’;

and

J

1/2

l‘__

" b
f —
m

|t 1 f"(ta+(1-1)b)" dt < J'(t—gj(l t|:“|f"(a)|p+m(l—t“

1/2

p
dt

el onf L jfu b
= A 48 m
where 7, u are given by (4) and (5) respectively and

1/2

1

[ de——ar = j
0 2 1/2

Combining all these inequalities, we deduce

jf(x>d {f(“);f(b) f[a;bﬂ‘s

t——|t—1|dt =
8




G=a (L) e L et
=06 (48] ’{V‘wﬂ +'"(48 "}f(m) 48

Hence, we have the conclusion.

} {ulf”(a)l"+M(L—u]‘f"(%)

i
p:l Ip

Corollary 3: Let f:1 — R,I < [0,00) be twice differentiable function on /° such that

f"e L[a,b], 0<a<b<ow.If |f"|p is m-convex function with m € (0,1], then we have, for
p>1

1§ 1| f(a)+ f(b) a+b
&?Zlfﬁyh_i{ 2 +f[:z]ﬂg

(b-a)’
96

<

p} (12)

4 [|f"(a>|"+3m‘f"(%> } +{3|f"(a>|”+'71‘f"(%>

Proof: Choosing a =1 in the inequality (10), we obtain (12).

Remark 3: With the assumptions in Corollary 3, with the condition that
||f"||w = sup |f"(x)| <o on [a,b] cl’and me (0,1], we have the inequality
xela,b]

;jf(x)dx_i{f(ahf(b) “{Mbﬂ
b-a- 2

< (b—a)” 4

St 3m) - Gem) 7,

2 2

Also, taking m =1, we get the inequality

1§ 1| f(a)+ f(b) a+b
raf ey H O 32

(b B a)Z "
< 48 ||f ||oo'

3. Applications to Special Means

We shall consider the means for arbitrary real numbers o,3,0#3. We  take

A(a,B) = e ; p , o,BeR, (arithmetic mean)
L 1(p-a)
I(a,p) = z( » ] , (identric mean)

G(a, B) =+ap (geometric mean)



p-a L
La,B)=——F+——, la|#|B|, af #0, (logarithmic mean)
In| 3| In|er ]
ﬁn+] _an+] 1/n
La(o,pB) :{—} , neZ\{-1,0}, a,BeR, a# P, (generalized log-mean)
(n+1)(f-a)

Now, using the results of Section 2, we give some applications to special
means of real numbers.

Proposition 1: Let a,b €[0,0),a<band ne Z",n>2. Then we have

b

n-2
b

n-2 )

Proof: The assertion follows from Corollary 1 applied to the 1-convex function

f(x)=x",f:[0,0) > R.

L (a,b) —%[A(a",b") + A" (a,b)| < %n(n —I)AQa

Proposition 2: Let a,b € (0,0),a <b Then we have
(b—a) _ 2
n 1 a+1,b+1) L (b-a) 1 . 1 |
JG(a+1,b+1)A(a+1,b+1) 9 |(a+1)?* (b+1)

Proof: The assertion follows from Corollary 1 applied to the 1-convex function
f(x)=-In(x+1), f :(0,0) > R.

Proposition 3: Let a,b €[0,0),a<band ne Z",n>2. Then we have, for all g>1

<O - o d(a o),
(n-2)q ))‘/4} .

Proof: The assertion follows from Corollary 2 applied to the 1-convex function

f(x)=x",f:[0,00) > R.

(n-2)q
,3b

L' (a,b) —%[A(a",b") + A" (a,b)

(n-2)q
b

+ ﬁ””(A(3|a b

Proposition 4: Let a,b €[0,20),a <b . Then we have, for all g>1

bi=a L ya,.b,) +cosh A(a.b))
b—a 2

where a, =sinh a,b, =sinh b,a, = cosha,b, =coshb.

)]/q +ﬁ]/p(

3al + bl ),/q
8

2 q q
L (b-a) {U]/p(a2+3b2
2 8

Proof: The assertion follows from Corollary 2 applied to the 1-convex function
f(x)=coshx, f:[0,0) > R".

Proposition 5: Let a,b €[0,0),a<band ne Z",n>2. Then we have, for all p>1



10

L (a,b)—%[A(a”,b”)+A”(a,b) L0 ;;)2

(n=2)p

-2 1/ p
(n )p)) N

e 1/
+ (A(3|a ( 2“’)) ”}
Proof: The assertion follows from Corollary 3 applied to the 1-convex function

f(x)=x",f:[0,00) > R.

n(n— 1)4‘””[(A(|a

(n=2)p

,|b

Proposition 6: Let a,b €[0,20),a <b . Then we have, for all p>1

(b—a)’
96

L(e”,eb)—%(A(e”,eb)+eA(”’b)) < 277 [(A(e” 3e™)) +(ABe? ™))" ]

Proof: The assertion follows from Corollary 3 applied to the 1-convex function

f(x)=e", f:[0,0) > R.

Proposition 7: Let a,b €[0,20),a < b . Then we have, for all p>1

M_l[fl(f(a)af(b))+f(A(a,b)) <
b-a 2
(b 9:) 47 |:|f"( )| ‘f" 17b ‘ :l |:3|f"(a)|p ‘fu 17b :l
where F(x)—L(x——% Y43y —%x and f"(x)=x —% ii

Proof: f :[0,00) = R defined as f(x)= é(x4 —5x° +9x% —5x) is % -convex

function (see [8] and [11]). The assertion follows from Corollary 3 applied to the
function f'(x).
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