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OSTROWSKI AND TRAPEZOID TYPE INEQUALITIES FOR
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS OF
FUNCTIONS WITH BOUNDED VARIATION

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Ostrowski and generalized trape-
zoid type inequalities for the Riemann-Liouville fractional integrals of functions
of bounded variation and of Lipschitzian functions. Applications for mid-point
and trapezoid inequalities are provided as well. They generalize the know re-
sults holding for the classical Riemann integral.

1. INTRODUCTION

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for a > 0 by

ﬁﬁf@%=réyéax—ﬂalﬂﬂﬁ
fora < x <band
b
Jﬁf@0=f%5/1@—wf4f@ﬁﬁ

for a < x < b, where I' is the Gamma function. For a = 0, they are defined as

J0 (@) =0 f (@) = f (@) for a € (a,b).

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [1]-[6], [16]-[26] and the references therein.

The following Ostrowski type inequalities for functions of bounded variation
generalize the corresponding results for the Riemann integral obtained in [9], [11],
[10] and have been established recently by the author in [15] :

Theorem 1. Let f : [a,b] — C be a complex valued function of bounded variation
on the real interval [a,b] .
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(i) For any z € (a,b) we have

Je @)+ T8 f @)= 2D (@) g b 2)?)

(1.1) I'la+1)
1 x N T b o t
) / (z —1) l\f/(f)dt+/x(t—w) 1\x/(f)dt]
1 N oy
ST e Ve \!(f)]
< 1
“T'(a+1)
(30— a)+ |z — 21" Vo (£);
ap apy1/p @ q o\ /4
L @ - (vt (Ve))
with p, q¢ > 1, %—&-%:1;
o+ Ve =V 0)|] (@=a)* + 6 - o)),
and
(S N JORSER A0 e Ay PEPCRRL
' ot o I'(a+1)
1 b o t T o T
< ey L(b_t) l\z/(f)dt+/a (t—a) 1\t/(f)dt]
1 oy o\
STy e Ve \!(f)]
< 1
“T(a+1)
3 (—a)+ o= 252)° V2 ();
ap op\1/p ((\ /% ( 1) a1/
L @ (vt (Ve ))

: 1,1 _ .
with p, ¢ > 1, 5+E_1’

V() + 2

Vi) =V || (@=a) + - ).
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(ii) For any x € [a,b] we have

y L0 L 0- o
< g0+ - (b—m)“]\?(f)
L 0+ -2 (- V()

{ [(b—a)” +[(x—a)” — (b
< -
—2I'(a+1)

The following mid-point inequalities that can be derived from Theorem 1 are of

interest as well:

(L4)  |Je <“;b> + i f (a;b) B 2a*11“1(a+ n’ (a;b>'
1
= T
3 /aazb<a;b_t>a_l\?<f>dt+/i <t—a;b>a_la\i/b(f)dt]
20T (;+1)( a)a\:/(f)
(1.5) Jae  f(0) +Jiw_f(a) 20-1T ( + 1 f<a;b>’
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and
Jar [ (b) + 5 f (a) 1 a+b o
(1.6) R —F(a+1)f< 5 >(b—a)
1 [T -0+ (t—a) 3+
< F(a)/a 5 \t/ (f)dt
1 b (b _ t)a—l + (t _ a)a—l t
+ I'(«) [»;—b 2 l(f) dt

1 a
Sm(b—a) \/(f)

a

We say that the function f : [a,b] — C is r-H-Hdélder continuous on [a,b] with
r € (0,1] and H > 0 if

(1.7) f@&) = f)I<H[t—s|
for any t, s € [a,b]. If r = 1 and H = L we call the function L-Lipschitzian on
[a,b] .

Theorem 2. Assume that f : [a,b] — C is r-H-Hélder continuous on [a,b] with
r € (0,1] and H > 0. Then we have

(1.9 JE T @)+ f @)~ T (e - )+ (=)
H T TTQ
gm[(x—aﬁ +(b-2)"
and
(19) S O+ I @) - @ -a) + (- 2)7)
H o+ a-Tr
gWB(Oz,T-I-l) {(z—a) (b -x) +}

for any = € (a,b), where

1
B(a,ﬁ)z/o so‘*l(l—s)ﬁflds, a, >0

is the Beta function.
If f : la,b] — C is L-Lipschitzian on [a,b], then we have

(1.10) JEF @)+ f @) = T e - )+ (=)
L (e} @
< Ty oo™ s -]
and
(1.11) IS O+ I @) - @ -a) + (- 2)7)
=T (aL+ 2) (=)™ -]
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for any z € (a,b).

These results generalize the corresponding inequalities for Holder and Lipschitzian
functions that hold for Riemann integrals, see for instance [8] and the survey paper
[14].

The following midpoint inequalities for r-H-Ho6lder continuous functions are of

interest
a+b at+b 1 atb
(1.12) Jf (;) +Jz?_f< ; ) - Qa-lr(a+1)f( ; )‘
H r+a
= (r+ ) 2rte—1T () (b=a)
and
1 b

H

< = 7 r+o )
— 27.+a_111 (Oé)B (Oé,'f' + 1) (b CL)

In particular, if f is L-Lipschitzian we have

o (35 () gt ()
< TraEE ¢

and

(1.15) s S O+ Jip_fla) = 2&11“1(a+1)f<a;b)‘
< m (b—a)™.

Motivated by the above results, in this paper we establish some Ostrowski and
generalized trapezoid type inequalities for the Riemann-Liouville fractional integrals
of functions of bounded variation and of Lipschitzian functions. Applications for
mid-point and trapezoid inequalities are provided as well. They generalize the know
results holding for the classical Riemann integral.

2. SOME IDENTITIES

We have the following representation:

Lemma 1. Let f : [a,b] — C be a function of bounded variation on [a,b] .

(i) For any z € (a,b) we have

(2.1) Jouf (@) + B f (2) = ﬁ (@ —a)® f(a) + (b— )"  (b)]
1 x o b .
frar | e~ [e-w df(t)]-
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(ii) For any x € (a,b) we have

22) TS @)+ 0) = prarp @ -0+ 6= 2]/ @)
1 b o x N
UNCES) /x(b—t) df(t)—/a (t—a) df(t)].

Proof. (i) Since f : [a,b] — C is a function of bounded variation on [a,b], then the
Riemann-Stieltjes integrals

T b
/ (z — )% df (£) and / (t - 2)%df (t)

exist and integrating by parts, we have

(23) corn ) -0 dr o)
:F(la)/:(a:—t)a_lf(t)dt—r(;m(m—a)af(a)
=Joy f (z) - ﬁ (z —a)" f(a)

for a < x < b and

b

(2.4) ﬁ [ e-ara
_ 1 o 1 b a—1
T OO [ G- s
DO - @)

fora <z < b.
From (2.3) we have

1 o 1 * a
m(x—a) f(@‘FWL (z =)~ df (1)

for a < & < b and from (2.4) we have

Jngf (z) =

1 o 1 ’ o
T 00O - [ -0 ).

for a < x < b, which by addition give (2.1).
(ii) We have

S f (z) =

b
SO =g [ =0T O

for a < x < band

1

S @) = / (t—a)™ " £ (1) dt

for a < x <b.
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Since f : [a,b] — C is a function of bounded variation on [a,b], then the
Riemann-Stieltjes integrals

x b
/ (t—a)*df () and / (b— )% df (1)

exist and integrating by parts, we have

) rarp ) 0O
! « 1 ’ a—1
“Tarp e @ g [ G-t r 0
1 . X
=T @9 @)= f ()

fora < x <band

b
20 Far ) -0
b
~t [ =0T O - s 00" f @)
1

=Jo, (b)—m(b—x)af(x)

for a <z <b.
From (2.5) we have

1 1

@1 @)=y @0 @) - gy [ - OO

for a < x < b and from (2.6)

1 1

b
28 IO = g 0 @)+ gy | b0 T o),

for a < & < b, which by addition produce (2.2). ]

Corollary 1. Let f : [a,b] — C be a function of bounded variation on [a,b]. We
have the midpoint equalities

b b
(29) IS (“;) LI f (a; )

1 f@+f0)
20-1T (a4 1) 2

a+b
1

T /a <“;bt>adf(t)/:b <ta;b>adf(t)]

+
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and
(2.10) o _f(@)+ 2, f )
- 2a71r1(a+1)f (a;b> (b=a)"
+ETD /;wt)adf(t)/fbua)“df(t)]

and the trapezoid equality

oy BLOPRIO SO0
1 Yb—t)* - (t—a)®
+I‘(a+1)/a 2 ar ).

Proof. Equality (2.9) follows by (2.1) for z = %} while the equality (2.10) follows
by (2.2).
For z = b in (2.7) we have

1 1

Jo—f(a) = m (b—a)* f(b) - m

b
[ a-arar

while from (2.8) we have for x = a that

1 1 b
*fll)= —(b—a)” - b—t)"df (t).
T ) = g 0= @ + gy [ -0 @)
If we add these two equalities and divide by 2 we get (2.11). O

3. INEQUALITIES FOR FUNCTIONS OF BOUNDED VARIATION
The following lemma is of interest in itself as well [2, p. 177], see also [12] for a

generalization.

Lemma 2. Let f, u: [a,b] — C. If f is continuous on [a,b] and u is of bounded
variation on [a,b], then the Riemann-Stieltjes integral fab f(t)du(t) exists and

b
(3.1) / £ (t) du (1)

b t
</ f<t>|d<v<u>) < max £ O]V (w).

where \/*, (u) denotes the total variation of u on [a,t], t € [a,b].

We have:
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Theorem 3. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then
for any x € (a,b) we have

1 o @
32 S @)+ R - iy (@ f@+ 0" S0
1 x N t b o b
gif@—é C) 1Ycﬂﬁ+1;a—w IYLﬂﬁ]
1 oy oy
ST |G-V +0-2 \!(f)]
<1
“T'(a+1)
[3(b—a)+ |z = 22" Vo (£);
ap 4 p1l/p x q aq1/a
] =0+ b-a)) (Ve + (Ven) ]

with p, ¢ > 1, 1+ 1;

1
q

(@ —a)* + (=) SV () +13

and, see also (1.2),

AGEAG]

(3.3)

1 * a—1 at

gm/a (t —a) \t/ dt+/m b—t) \x/ ]
1 T b

< tarp |9 v \w/(f)l
< 1
“I'(a+1)

[3 (b= a)+ o= 252)° V2 ()

1/p - q qq1/q

L e—ar - )1/Rv<>>+(vmn)}

with p, ¢ > 1, lJrf 1;

(@ —a)" + (b -2)"T[$ Vo () +14

Proof. Using the representation (2.1) we have for « € (a,b) that

(34) ﬁﬁf@ﬂ+%ﬁf@y—y@iHDKx—ﬁafw%+w—xff®w
1 z o b . .
ST+ / (z—1) df(t)'+ / (t—=) df(t)]-K(x,a).
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By using Lemma 2 we have

/:(w—t)“df(t)‘ S/j(w—t)ad<\:/(f)>

and

/:(t—w)“df(t)

g/’(t—aa)ad(\/m)

Integrating by parts in the Riemann-Stieltjes integral, we have

for any x € (a,b).

Therefore
T t b b
K(m,a)gr(a1+1) a/a (z—t)a_l\a/(f)dt+a/x (t—x)a_l\t/(f)dt]
T t b b
gﬁ / (x—t)al\!(f)dﬂr/x (t—x)“\t/<f>dt]

for any « € (a,b), which proves the first part of (3.2).
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Moreover, since \/ (f) < /¥ (f) fora <t < zand \/? (f) <V (f) forz <t <b,
then

T b
[ =0V s [ -0\ (e

a t
b

T T b
<\/(f / “’1dt+\/(f)/ (t—x)* " dt
: T : b
LoV ee-avo)

a xr
for any x € (a,b), which proves the second part of (3.2).
The last part is obvious by making use of the elementary Holder type inequalities
for positive real numbers ¢, d, m, n > 0

max {m,n} (c+d);
me + nd <
(mP + nP)/P (¢t + d)V7 with p, ¢ > 1, S+ =1
We give another proof for (3.3) than the one from [15].
By the use of the identity (2.2), we have for x € (a,b)
(03 (0% 1 « (03
35) @)+ I 0= g a0+ =) £ @)
1 T b
< rary || o ao)| [ o-oao] =vea

By using Lemma 2 we have

[(t—a)“df(t)\sf(t—a)“d(\;/(ﬁ)

b b t
/(b—t)(’df(t) s/ <b—t>°‘d<\/<f>>.

xr
Integrating by parts in the Riemann-Stieltjes integral, we have

and

t

/x(t—a)“d<\/(f)> — (t—a)

a

~@-a"V(-a [ @-am TV (a
=V [ -0 o [ e- 0tV (a
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and

for any x € (a,b).
Therefore

x

x b t
a/ (t—a)“’l\/(f)dtJra/ (b—t)“\/(f)d(t)]

t x

“T@ V = \/<f>dt+L (-1 \z/(f)d(t)],

M (z,a) <

—
Q
+

=

which proves the first inequality in (3.3).
We also have

which proves the second inequality in (3.3). The rest is obvious. (]

Corollary 2. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then
we have the mid-point inequalities

b b b
oo e (52) 0 (552) gt (59)
1
Sm
"T‘"b a—1 t b a—1 b
x/ (“;b—t) \/(f)dt+/a+b<t—a;“b) \/(f)dt]
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) X 1 a+b
JaTM+f(b)+J%+l:7 (a)za—lr(a+1)f( 2 >'

1 ]
Sm(b_a) \'L/(f)

We also have the trapezoid type inequality:

Theorem 4. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then
we have for oo > 0 that

- Ji f () t i 0 F(a1+ . FOEI@ gy
= zrl(a) aT (b=t + (t—a) ] \a/(f o

1

<
2l (a+1)

b
(b—a)*\/ (f)dt.

Proof. Using the identity (2.11) and Lemma 2 we have

e a a b a
) UL IO S (LR P
1 P-p*—(t—a)
“T'(a+1) /a 2 )

Using integration by parts we have

a+b t

| [(b—t)“—(t—a)“]d(\/(f)) ~af T o0+ -0 V(i

a
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and

t

b
[ ="~ 0-vd (\/ <f>>
~ [t-a)"~ -9 (\/ (f))

_ a/i [(b R a)a—l] \t/(f) dt

b

b t
=b-a)*\/(f) - a/ [(b L a,)a—l} \/ (f) dt.

a+b

Observe that

Therefore

b b
_ a/m [(b ) (- a)a‘l] \/ () dt

and by (3.9) we get the first inequality in (3.8).

We have
(3.10) - (1a) /aa;rb [(b ey a)a_ﬂ \t/(f) it
+ T 1a) /:b [(b —1)* (- a)o‘fl] \b/(f) dt
ST 1a) \:/(f)/a;b {(bft)’l‘1 +(t )a—l} dt
+ ﬁ \i/b (f) /ib (b= (=) at
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and since
b atb «
_ 2 a— a— b—
/ [@—w”‘+@—@alyﬁ:/’ ﬁb—w P
ot o a
then by (3.10) we get the last part of (3.8). O

4. INEQUALITIES FOR LIPSCHITZIAN FUNCTIONS

We use the following well known fact:

Lemma 3. Let f, u : [a,b] — C. If f is Riemann integrable on [a,b] and u is
Lipschitzian on [a,b] with the constant L > 0, then the Riemann-Stieltjes integral

f; f(t) du(t) exists and

(4.1)

b b
/f(t)du(t) gL/ ()] dt.

We have the following result:

Theorem 5. Let f : [a,b] — C be a Lipschitzian function on [a,b] with the constant
L > 0. Then for any x € (a,b) we have

1
I'(a+1)

(ZL' _ a)aJrl + (b _ x)a+l

(4.2) Jor f (@) + p_ f () =

(@ — ) f(a) + (b—2) f <b>]\
S Tlat2)
and, see also (1.11),

(4.3) (@ —a)® + (b—2)°] f ()

Llﬂ@+ﬂ#ﬂwff@%5

(x—af+ﬁ+w—xf*1.

S Tlat2)

Proof. Using the representation (2.1) and Lemma 3 we have for € (a,b) that

S @)+ @) s e F@+ -2 £ 0]
[ [ AP e
<tary || e el [en df(t)]
L [z N b N
grm+nl(x—ﬂdvﬁ£@—x)ﬂuﬂ

A R R S (e e

_Fm+n_ a+1

= L [(m - a)a+1 +(b— x)a-H}
I'a+2) ’

which proves (4.2).
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Using the representation (2.2) and Lemma 3 we have for x € (a,b) that

(@ —a)* + (b—2)°] f (x)

L?wwf#uﬂ

L b o v o
gm /w(b—t) dt+/a (t —a) dt}

L - - a)““]

Kj@+ﬁﬁ@*ﬂ£ﬁj

L N
<F(a—|—1)_/£ (b—t)"df )] +

CT(a+1) a+1
L [ a+1 a+1
1—\ (a + 2) _(x a) + ( 5[:) )
which proves (4.3). This is a different proof than the one from [15]. O

Corollary 3. With the assumptions of Theorem 5 we have

o p(atDd o p[ath 1 f(a)+ f(b) o

(44) J‘”f( 2 >+J"f( 2 >_2alr(a+1) 2 (b—a)
1 a+1
< m (b—a) L
and
(4.5) ap FO) 4 Top (a)_Qalr(aH)f( 2 )‘
1 a+1
< FTard) (b—a)*" L.

Finally, we have

Theorem 6. Let f : [a,b] — C be a Lipschitzian function on [a, b] with the constant
L > 0. Then for a > 0 we have the trapezoid inequality

B @ISO 1 0@
2 T(a+1) 2

ST (a1+ 2) (20‘2; 1) b-a™L.

Proof. Using the representation (2.11) and the property (4.1) we have

(4.6)

BI@HIRI® 1 J0 @, .
I'a+1) 2

2
1 b o o
§L2F<a+1)/a I(b— )" — (t — a)®| dt.

(4.7)
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The function A : [a,b] — [0,00), h(t) = |(b—t)" — (t — )| is symmetric on [a, b],

then
a+b

/|(b—t)0‘—(t—a)a|dt:2/ T - )" — (t— )] dt

a—+1 o a a+1
b= 0-a*™ (e

I
o

a+1 a—+1 a+1

2&—1

b—a) b—a)*|  (b—a)T <2a - 1)
=9 _

a+l  22(a+1)| (a+1)
and by (4.7) we get (4.6).
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