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OSTROWSKI AND TRAPEZOID TYPE INEQUALITIES FOR
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS OF
ABSOLUTELY CONTINUOUS FUNCTIONS WITH BOUNDED
DERIVATIVES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. In this paper we establish some Ostrowski and trapezoid type
inequalities for the Riemann-Liouville fractional integrals of absolutely con-
tinuous functions with bounded derivatives. Applications for mid-point and
trapezoid inequalities are provided as well. They generalize the know results
holding for the classical Riemann integral.

1. INTRODUCTION

In 2002 [12], we proved the following Ostrowski type inequality for convex func-
tions f : [a,b] — R and z € (a,b)

(1.1) %(b—m)zfjr(m)—(m—a ] /f t)dt — (b—a) f (x)
<5 [0-0P L) - @-a ).

In particular, we have the mid-point inequalities

(1.2) {ﬁ(‘”b) f’<a;b)] /f t)dt — ( —a)f(a;rb>
<0~ £ @] - a),

with the constant % as best possible in both inequalities.
In the same year [13], we also obtained the following generalized trapezoid type
inequality for convex functions f : [a,b] — R and z € (a,b)

(13) 5 [0-22 7 @ - @ £ ()]

fO)— [ f(t)dt

a

((b—)* £ () = (z = )* 1 (@)
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In particular, we have the trapezoid inequality

gl (a;b>f’_<a;b)](ba)2§f(a);f(b)(ba)/abf(t)dt

1 2
<SLO-f@]k-a,
with the constant % as best possible in both inequalities.
These results were generalized in the following manner:

Theorem 1 (Dragomir, 2003 [14]). Let f : [a,b] — R be an absolutely continuous
function on [a,b] and x € [a,b]. Suppose that there exist the functions m;, M; :
[a,b] — R (Z =1, 2) with the properties:

(1.5) my () < f'(t) < My (z) for a.e. t € |a,1]
and
(1.6) ma (z) < f' (t) < M (z) for a.e. t € (z,b].
Then we have the inequalities:
b
1) g [ -0 - @ 0- 0] < Fo) - 1 [T a

<1
~2(b-a)

The constant % 18 sharp on both sides.

[Ml (@) (z — a)® — ma (z) (b — xﬂ .

If we assume global bounds for the derivative, then we have:

Corollary 1 (Dragomir, 2003 [14]). If f : [a,b] — R is absolutely continuous on
[a,b] and the derivative f': [a,b] — R is bounded above and below, that is,
(1.8) —oco<m < f'(t) <M < oo for ae. t€[a,b],

then we have the inequality

1

19 s5=a

b
[ (& — ) ~ M (b~ 2)? gf(x)—bia/ ) dt
1
—2(b—-a)

for all x € [a,b]. The constant § is the best in both inequalities.
In particular, we have

o [rwa- (U5

with % as the best possible constant.

[M(x—a)Q—m(b—x)2

(1.10)

<<z (M—m)(b-a),

1
8

In order to extend these results for fractional integrals we need the following
definitions.

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for o > 0 by

Tt @ = [ “w—0 (0 a
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for a < x < b and

b
I f (@) = ﬁ / (t— )" £ (t)

for a < x < b, where I is the Gamma function. For a = 0, they are defined as

0, f (@) = J_f (2) = f (2) for @ € (a,b).

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [1]-[6], [19]-[29] and the references therein.

Motivated by the above results, we obtain in this paper some inequalities for
the Riemann-Liouville fractional integrals of absolutely continuous functions with
bounded derivatives and of convex functions. Applications for mid-point and trape-
zoid inequalities are provided as well.

2. SOME IDENTITIES
We have the following representation:

Lemma 1. Let f : [a,b] — C be an absolutely continuous function on [a,b].

(i) For any z € (a,b) we have
(2.1) Jor [ (@) + Jg_ f ()

1 . .
:m[(x—a) fla)+ (b—2)" f(b)]

1 ® o b .
UNCET)) /a (@ —1) f(t)dt—/x(t—x) f(t)dt].

(ii) For any x € (a,b) we have
(2.2) Jef(a) + T3 ] (B)

1 o N
= Farp @@ +0-2)%f @)

1 b o . x .
tragy | -0 o= [ o-a f(t)dt].

Proof. (i) Since f : [a,b] — C is an absolutely continuous function on [a, b], then
the Lebesgue integrals

x b
/ (x —t)* f'(t)dt and / (t—x)* f'(t)dt

exist and integrating by parts, we have

1 ! o g
m/{l (—1)" f'(t)dt

S wm— ol —#x—aa a
-t | @0 T W - s e )

(2.3)

= I @) = e 0= )" (@

(a+1)
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for a < x < b and

b
(2.4) ﬁ / (t—2)° f (1) dt
1 o 1 b a—1
“FarT O O [ e @
1 a o
(AU R
fora <z < b.
From (2.3) we have
I d @) = o @m0 @4 o [ @07 0
for a < x < b and from (2.4) we have
b
B d @) = g 0= O = g [ = r e

for a <z < b, which by addition give (2.1).
(ii) We have

b
O =5 [ =0T s a
fora <z <band

Jo () = %a) / (t—a)° £ (t)dt
for a < x <b.

Since f : [a,b] — C is an absolutely continuous function [a, b], then the Lebesgue
integrals

T b
/ (t—a)® f'(t)dt and / (b—t)" f'(t)dt
exist and integratingaby parts, we have ’
AT @0 @ - [ ot e
- Farm e @@
fora < x <band

b
(2.6) ﬁ / (b—1)° f (t)dt

(2.5)

1 b a—1 1 (¢
w00 W f -0 @)

= I3 0) = g 0= @

for a < x <b.
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From (2.5) we have

1 o 1
m(x—a) f(z)—

for a < z < b and from (2.6)

@7)  Jf(a)= | [ e—arrwa

I'(a+1

« 1 (&3 1 b a e/
(2.8) Joy f (b) = TlatD (b—2)" f(x) + W/L (b—=0)" f(t)dt,
for a < & < b, which by addition produce (2.2). O

Corollary 2. Let f : [a,b] — C be a function of bounded variation on [a,b]. We
have the midpoint equalities

(29) Jof (“;b)ws_f (“;b>
L f@tfw)

T 2010 (a + 1) 2
1 =n a+b “ b a+b\"
Sy / ( : —t) F(t)d- a;rb(t— ; ) f(t)dt]
and
(2.10) e f(a)+ T2 f (D)

- zaflrl(a el (a ; b) (b—a)®

b =
| L et wa- | (t—a)“f’(t)dt]

+F(a+1) a+b

3 a

and the trapezoid equality

> fla > f(b a
(211) Jb—f( );—JaJrf( ) _ F(a1+ 1) f(b)—;f( ) (b_a)a

1 "ot —(t—a)”,
+F(a+1)/a F(t) dt.

Proof. Equality (2.9) follows by (2.1) for x = ‘%rb while the equality (2.10) follows
by (2.2).
For z = b in (2.7) we have

1 1

« b [e3
m(b—a) f(b)—m/a (t—a)” f'(t)dt

Jy-f (a) =
while from (2.8) we have for z = a that

1 N 1
m(b*a) f(a)+

If we add these two equalities and divide by 2, we get (2.11). |

b
Jay f(b) = ) / (b—t)™ f' () dt.

I'la+1
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3. INEQUALITIES FOR FUNCTIONS WITH BOUNDED DERIVATIVES
We have:

Theorem 2. Let f : [a,b] — R be an absolutely continuous function on [a,b]. If
x € (a,b) and there exists the real numbers my (z), My (), ma (x), Mz (x) such
that

(3.1) my (x) < f'(t) < My (z) for a.e. t € (a,m)
and
(3.2) ma (z) < f'(t) < Mz (z) for a.e. t € (z,b)
then
1 a+1 a+1
(3.3) a2 [mg () (b—x) — M (z) (x — a) }
< rr -0 f @+ b= F O] - IS @) - TS (@
< Farg PE@E-2" —m@ e
and
1 a+1 a+1
(3.4) Tat2) [mg (2)(b—2)"" = M (2)(x —a) ]
« « 1 «@ «
< Ty fla)+ I35 f(b) — m [(x—a)” + (b—2)"] f(z)
< ﬁ (M (2) (b= )™ =y (@) (2 — @)™ *1]

Proof. We have

69 e @+ b= O] =I5 @) =TS @)

1
CT(a+1)

b x
/ (t— )" f' (1) di — / (w—t)“f’(t)dt]

for any z € (a,b) .
Using the conditions (3.1) and (3.2) we have

b b b
mQ(x)/ (t—x)“dtg/ (t—x)af’(t)dtSMg(a:)/ (t - 2)* dt

and

my (x)/gg(sc—t)adt < /w(x—t)af’(t)dtg M, (x)/m(x—t)adt
namely

1
a+1

My (z) (b—2)*!

b
mg(cc)(b—m)a+1§/ (=) f' () de = ——

and
1
a+1

my (z) (z —a)*T < /: (x—t)* f(t)dt < oz—1|—1M1 () (z —a)*™.
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These imply that

1

atl [m2 (@) (b—2)** = M (2) (x — a)o‘+1]

b x
<[ e-arrwd- [ @oo @
1

a+1 [M2 () (b—2)* " —my (2) (x — a)(ﬁl}

that is equivalent to

<

Fagy @ 00" @) 0]

b T
L /(tfx)“f’(t)dtf/ (wt)“f’(t)dt]

I'la+1)
DY [M2 (@) (b—2)*" —my (2) (z — a)““] .

IN

1

IN

By using the equality (3.5) we get (3.3).
From (2.2) we have

(36) IO f(a)+ TS () —

INCES)) [(x —a)" + (b—2)"] f (2)

/ (b—t)af’(t)dt—/I(t—a)o‘f’(t)dt] .

_ 1
CT(a+1)

In a similar way, we have

b
ailmm)(b—x)““s/ (b— )" f (t) dt < —

a+1

My () (b— )"
and

1

@ @0 [ @i S @0

which implies that

Ty M@ =0 - @) e -]

b T
| [ e-orma- | <t—a>“f’<t>dt]

I'(a+1)
T (a+t2) [Mz (x) (b— g;)a—&-l —ma (z) (z — a)a+1}

IN

1

IN

and by (3.6) we get (3.4).
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Remark 1. If we take o =1 in (3.3), then we get

(3.7) % ms (@) (b~ 2)* ~ My (2) (z — a)’
b

<@-af @+ b-af0)- [ f@)i
<5 [ @) -2~ mi (@) (& —
for any x € (a,b). If we take o =1 in (3.4), then we get (1.7).

Corollary 3. Let f : [a,b] — R be an absolutely continuous function on [a,b]. If
there exists the real numbers my, My, mo, My such that

(3.8) my < f(t) < My for a.e. t € <a, a—2|—b>
and
(3.9) ma < f'(t) < My for a.e. t € <a;b,b)
then
(3.10) m (b— @) (mg — M)
1 f(a)+ f(b) o o a+b o a+b
§2°‘—1F(o¢+1) 5 (b—a) _Ja+f< 5 )_be< 5 )
1 [e3
Sty 0T M)
and
(3.11) ! (b—a)*™ (mg — My)

2017 (o + 2)
a

b a

< T f( )+J§‘;b+f(b)—2alrl(a+1)f<a+ >(b—a)
1

S 21T (a1 2)

In particular, we have the simpler inequalities:

(b—a)* (My —my).

Corollary 4. Let f : [a,b] — R be an absolutely continuous function on [a,b]. If
there exists the real numbers m, M, such that m < f'(t) < M for a.e. t € (a,b),
then

1 f(a)+ f(b) o o a+b o a+b
(3.12) 20-1T (o + 1) 2 (b—a) _Ja+f< 2 >_be< 2 >’
< m (b—a)*™ (M —m)
and
(3.13) J“T“’* (a)+Ja2+b+f(b)—2a1F(a+1)f( 5 >(b—a)

Sm(b*a)a“(M*m)-
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Remark 2. If we take a =1 in (3.12), then we get

fla)+f(b

b
(3.14) : )(b—a)—/ Ft)dt §é(b—a)2(M—m)

while from (8.13) we get (1.10).
We also have the following trapezoid type result:

Theorem 3. Let f : [a,b] — R be an absolutely continuous function on [a,b]. If
there exists the real numbers m, M, such that m < f'(t) < M for a.e. t € (a,b),
then

Ji f(a) + I3 f (B)
2

L f)+f(a)
T'(a+1) 2
< 2¢ —1
= 9a+1T (o 1 2)
Proof. We have by (2.11) that

L f)+f(a)

(3.15) (b—a)® —

(M —m)(b—a)*.

S f(a) + T (b)

T(a+1) 2 (b-a)* 2
_ 1 Pt-a) (-t ,
_r(a+1)/a . £ () dt.

Observe also that

/ab (t_a)“;(b—t)“ (f,(t)_m—;M)dt

bt—a)*—(b—t)* m4+M [°(t—a)®—(b-1t)"
:/a 5 f'(t)dt — 5 /a 5 dt
and since
b _aa—i-l _aa—i-l
/a [(t_a)a_(b_t)a]dt:(baJr)l _(ba+)1 =0,

then we have the following identity of interest

L 0+ f(@ Jpf (@) + T2 ()

(3.16) T(a+1) 2 (b=a)" 2
B 1 bt—a)* = (b= [, m+ M
_F(oz+1)/a 2 (f B - )dt‘

By taking the modulus in (3.16), we get

1 f()+f(a)
(8:17) ‘I‘(a—l— 1) 2

s F(oz1+ ) /ub

b
i(Mm)F(alH)/a b= 1) — (t— )| dt.

(b—a)

(t—a)” = (b—1)"
2

3 Jg*_f(a)—i—Jgﬂrf(b)‘
2
m—+ M

ro-"3

K

IN
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The function h : [a,b] — [0,00), h(t) = |(b—1)" — (t —a)”| is symmetric on
[a, b] , then

/\ — )% — (t—a)®| dt

a+b

—2 [T (-0 (- )
i (b_t)a+1aT+b _ Oé+1
—9o |l _
a+1 a+1
I <b—aa“_ (52— )"
B a+1 a+1 +1
[(b—a)** (b—a)*™ 20 1
— 2 ( a’) _ ( a) — (b _ a)a+1 )
a+1 2¢ (e +1) 2071 (a0 + 1)

4. INEQUALITIES FOR CONVEX FUNCTIONS
We have the following result for convex functions:

Theorem 4. Let f : [a,b] — R be a convex function and x € (a,b), then we have
the inequalities

@) farg L @e-0 - @ e
< g0 @+ =2 0= TS (@) = TS @)
<ty 00— - @ -]
and
1 / a+1 / a+1
(12 gy @ -0 @) -]
@ (63 1 « «
< TP fla) 4+ TS (0) — TlatD [(z—a)" +(b—2)"] f (x)
gy OO0 @ @],

where f' (+) are the lateral derivatives of f.

Proof. Since f is convex, then the derivative f’ exists almost everywhere on [a, D]
and

fi(a) < f1(t) < fL(z) for ae. t € (a,2)
and

fi(x) < f(t) < fL(b) for ae. t € (x,b).
Now, writing the inequalities (3.3) and (3.4) for m; (z) = f) (a), My (z) = f (x),
ma (x) = f () and My (x) = f' (b) we get the desired results (4.1) and (4.2).
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Remark 3. If we take o =1 in (4.1) and (4.2), then we recapture (1.3) and (1.1)
that hold for convex functions.

Corollary 5. Let f : [a,b] — R be a convex function, then we have the inequalities

(4.3) 0<2‘1+1l"(a—|—2){f+ <a+b> I <a+b>](b_a)a+l

<3 F1(a+1)f(a)-2Ff(b)(b_ 0 +f(a+b)_Jl;lf<CL24_l)>
1
(

< m [f/— (b) — f-/- (a)] (b_a)a+17

(4.4) 0< 2a+1r1(a+2) [f+ <a+b> g <a;b)} (b )t

b a
< £+ I8, 0) - et () 00

1 _ )OH—I

<m[f() fr(@](b—a

?

and

a o a o b
(4.5) ogr(alﬂ)f(b);rf()(b_a)a_Jbf()-;Ja+f()

< ey O~ @) (-

If we take v = 1in (4.3) and (4.4), then we recapture the midpoint and trapezoid
inequalities for convex functions mentioned in the introduction.
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