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COMPOSITE OSTROWSKI AND TRAPEZOID TYPE
INEQUALITIES FOR RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS OF FUNCTIONS WITH BOUNDED VARIATION

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some composite Ostrowski and general-
ized trapezoid type inequalities for the Riemann-Liouville fractional integrals
of functions of bounded variation. Applications for composite mid-point and
trapezoid inequalities are provided as well. They generalize the know results
holding for the classical Riemann integral.

1. INTRODUCTION

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for o > 0 by

I @) =i | @0 F
fora < x <band
b
Jef(x) = ﬁ / (t— )" f (t)

for a < x < b, where I' is the Gamma function. For a = 0, they are defined as

10, f (@)= ) f (2) = f (z) for @ € (a,b).

The following Ostrowski type inequalities for functions of bounded variation gen-
eralize the corresponding results for the Riemann integral obtained in [9], [11], [10]
and have been established recently by the author in [15] :

Theorem 1. Let f : [a,b] — C be a complex valued function of bounded variation
on the real interval [a, b] .

(i) For any z € (a,b) we have

(L.1) Jor f (@) + Tp_ f () =

[o
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1 o oy
<t |9 \a/(f)+(b—w) \w/(f)]
< 1
“TI'(a+1)
§b—a)+[a - 22)) VL ():
ap ap\1/p " q q\ 1/q
L @ o—am (v + (Vi)
with p, ¢ > 1, %+é:1;
LVED + Vi - Vew|] (@ - o) + b —2)),
and
G N (5 W o S A By R LR L
' s - T(a+1)
1 b a 1 ’ v a—1 ’
<W/ \z/ dt—I—/a (t —a) \t/(f)dt]
1 T b
<taip |9 v \I/(f)]
< 1
“T'(a+1)
[3(0—a) + |z = 2[]" Vo (/)
ap apy1/p @ q 0\ /4
L @) (i) + (Ve))
with p, q¢ > 1, %—&-%:1;
BVen+3 Vi = Ve[ (@@= o) + @ —2)).
(ii) For any x € [a,b] we have
e f (0) + T f (a) 1 .
(13) e g/ @9
T _ a—1 _aafl T
SF(]'Q)\/G (b t) ;(t ) \t/(f)dt
+1“(1a)/x o ;(t_a) - \z/(f)dt
1 a ar\
NS LA Ca O G ]\a/(f)
1 o oy
Ty 0o+ 0-9" —@-a) ]\!(f)
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. (=) + (@ —a)* = b=2)* | Vo (F),

< -
SR IR VAR VAR EVAGI| B

The following mid-point inequalities that can be derived from Theorem 1 are of
interest as well:

o at? o p (a0 1 a+b
(1.4) Ja+f( 2 >+be< 2 )_Qa—ll"(a+1)f( 5 )‘
1 GTH Cl+b oc—laTH
st/ (%) Vo
1 b CL—‘rb a—1 t
+F()[z+b(t_2> M(f)dt
1 L
SErarn W VW,
1 b a1 t a.T-I-b a_ln;b
=T /a;b(b—t) a+b(f)dt+/a (t—a) \t/(f)dt
1 N
S 3T V)
and
« b o a "
1 a;b b_ta—1+ t—aa_l "'-2*-5
SF(a)/a o 2( ) \t/(f)dt
1 b b—ta71+t_aa*1 t
+r(a)/u;b( ! 2( ) a\/b(f)dt

Motivated by the above results, in this paper we establish some composite Os-
trowski and generalized trapezoid type inequalities for the Riemann-Liouville frac-
tional integrals of functions of bounded variation. Applications for composite mid-
point and trapezoid inequalities are provided as well. They generalize the know
results holding for the classical Riemann integral.

2. SOME IDENTITIES

We have the following two parameter identity:
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Lemma 1. Let f : [a,b] — C be a complex valued Lebesgue integrable function on
the real interval [a,b] and X\, p € C.
(i) If x € (a,b), then we have the representations

@) IR @ S @) = pop Ao b))
1 [ o1
tra [ @0 O - N
b
g [ T O
and
2D IF@+IE S0 = pog M) (b))
1 ¥ a—1
+f@51 (t—a)™ " [f (@) —Adt

(ii) We have the representation

Jar S (0) + Ty [ (a)
2

At 1

2 T(a+1)

1 ’ a—1 b a1
+2r@@[é (b—1) [f“)—ﬂdﬁ+l (t—a)* L [f (£) — ) dt]| .

(2.3)

(b—a)*

Proof. (i) We have that

2w = 0TS (1) — N dt = I () e o)
for a < x <band

b
@9 g 0T O - = S @)~ gl (-0
for a <z < b.

By adding these equalities for x € (a,b) we get the representation (2.1).
By the definition of fractional integrals we have

b
T ) = T [ o-o s
fora <x <band
a _»4};7 * —a a—1
@)= [ €=t r 0
for a < x <b.
Therefore
1 1 a—1 _ T a A _(la
ma [ T O =Nt =02 0) — e =)
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and

1

b
a—1 _ Ja H «a
W/gg(b_t) [f(t)—/i]dt—Jerf(b)—m(b—@ .

By adding these equalities for « € (a,b) we get the representation (2.2).
From (2.4) for x = b we have

1 b a—1 o «
20 [ 00T O =N = T ) - e 0o

From (2.4) for x = a we have

b
(2.7) ! ) / (t— )™ [f () — pldt = J¢ f (a) — =L (b— )"

T(a) T(a+1)

If we add the equalities (2.6) and (2.11) and divide by 2 we get the equality (2.3). O

Corollary 1. With the assumptions of Lemma 1 we have

@8 g (“50) + i (457 - QQF(;H(Aw)(bw)

(“*b ) 1 ()~ N

‘ -

il

ﬁ/ (t—a+b) F(t) -t
and
Q9 T f@)+ T f0) = g B0 (- a)

a+b
2

1 a—1
ol A U CER L

1 b a—1
+W/m (b—1)" " [f(t) — pldt.
2
Corollary 2. With the assumptions of Lemma 1 we have

(2.10) dz

1 /” Jof (@) + T2 f (2)
b—a J, 2

- F(a1—|—2) (A—zﬂl> (b-a)"
n 21"1(a)b—1a/ab (/ (m—t)“_l[f(t)—)\]dt) do
1

1 b b -
+2F(a)b_a/a (/ (t - a) [f(t)u]dt>dx
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and

b Ta o
(2.11) bia/ waf(a>;JHf(b)dx

- F(a1+2) (AJQFM> (b—a)"
+F(1a)bla/ab (/j(t—a)“_l[f(t)—)\]dt> do

11 -1
+mm/{l (/I (b—1t) [f(t)—u]dt)dx.

The above inequalities (2.1), (2.2) and (2.3) have some particular cases of interest
out of which we list the following.

1. If we take = A in Lemma 1, then for f € L[a,b] and = € (a,b) we get the
equalities

(212)  J4 S (@) TS (2) =

@13)  JI@+ I O) =m0 + (b= o)°)
g | 0 @ - N
b
+ ﬁ/ (b— 02 [ (1) — N dt
and
(214) Ja+f (b) ; Jl;)if (CL) - (a>\+ 1) (b _ a)(x
b
+ 2F1(a) / [(b 1) (t a)a—l} [f (£) — Al dt
for A e C.
If we take in (2.12)-(2.14) A = f (x), = € (a,b) then we get, see also [15]
@15) IR @)+ K @) = s e -0+ (=)
T ACRU A CREOI
b
| o T O - @)
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(216) IS f(a) -0 (5) = =P

(@ —a)® + (b—2)°]

5/ y
(1/ el )] dt
and
piny IO+
- F(J;(i)l) (b-a)
* @ /ab (6= + (=) ] [f () = £ (@)]d.

In particular, we have the mid-point equalities, see also [15]
(2.18) oL f (a“’) gt (@;b>
e 60" ()

[ ) o (050
ey (22 o2
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If we take in (2.12)-(2.14) A = ;- ff f(s)ds, x € (a,b) then we get

b
@21) S f @+ B F @) = g (@ -0+ 6= ) [ s

b—a
1 T w1 1 b
[ e - [ f(S)dS]dt

1 b - 1 b
+F(a)/w (t — ) [f(t)b_a/a f(s)ds]dt,

a o 1 o w1 b
(2.22) «f;z_f(a)+Jx+f(b):F(a+1) [(x —a)” + (b— ) ]b_a/ f(s)ds

F(la) /:(t_a)a_l bia/abf(S)dS] dt

1 b oy 1 b
+W/z (b—1) lf(t)—b_a/a f(s)ds]dt

+ f) -

and

Jor [ (0) + I3 f (a)
2
1

F(a—}—l)(ba)ab—la‘/abf(s)ds
+2F1@/ab {(bft)‘”‘%(tfa)a‘l} [f(t)bia/abf(s)ds] dt.

If we take in (2.12)-(2.14) A = 1 [f (a) + f (b)], = € (a,b) then we get

(2.23)

220 e @ I T = 5 (a1-|- p [(w—a)"+ (b —2)] % [f (a) + £ (b)]
+ = 1a) /aw (z—t)*" [f (t) — % [f (a) + f(b)]] dt
tr la) /: (t =) [f (t) — % [f (a) + f(b)]} dt,

(225) e f (@)t S0 =g (a1_|_ o[- a)” +(b=2)"] 5 [f (@) + f (0)]
g [ f0 - g @+ o) a
* p(la)/:@—t)“‘l {f(t) —>[f(a) +f(b)}] dt
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and
(2.26) Jar] O ; Szt te)
1 ol
R uCEy (b—a)” 5 [f (a) + f(b)]

+2r1m>/ab {(b—t)a—l-k(t—a)a—l} {f(t)—;[f(a)-kf(b)] dt

2. For pu # X we can get other identities. For instance, if we take A = f (a) and
w= f(b) in (2.12)-(2.14) then we get for = € (a,b)

(2.27) Jorf (@) + I f (2) =

(228) T2 f(a)+ TS (b) =

I'a+1)
1 a—1
i [ T O - f @)
1 b a—1
tra [ 0= O - el
and
o2 FIOEES@ _f@ei0) 1

If we take A\ = %f@) and p = w in (2.12)-(2.14) then we get for
€ (a,b) that

(230) Tef @)+ TS (2)
1 «
- g e @+ =) )
+s ; 1Mm—@-+w—mﬂfw>



10 S.S. DRAGOMIR

(2.31) Jo_f(a) + Jgp f ()
1 « @
:m[(ﬂf—a) f(a)+ (b—2)" f(b)]
1 a a
+m[($*a) +(b—2)"] f (2)

+F(1a)/;(t—a)al [f(t)—f(a);f(x)] dt

b X
e (LR (T
and
05 Jid ) S )
11 o [fla)+ [ ()
Zim(b—a) [2+f($)}
b a xT
+2F:l(a)/l (b_t)afl |:f(t)—f( );f( ):| dt
b
o [ o [ - L0,

We can also take A\ = f(“"’?“) and p = f(%”’) or A = & f;f(s) ds and

p= f; f(s)ds in (2.12)-(2.14) to get other similar equalities. The details are
not presented here.

3. INEQUALITIES FOR BOUNDED FUNCTION

Now, for ¢, ® € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions

Ula,p) (¢, ®)
= {f : [a,b] — C|Re [(<I> —f (@) (m— aﬂ > 0 for almost every t € [a,b}}

and

Rpus (6,9) = {f fa,b = C]

f(t)d)—g@‘ §%\<I>f¢\ for a.e. tG[a,b]}.

The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # @, we have that U[a_’b] (¢, @) and A[a,b] (¢, @)
are nonempty, convex and closed sets and

(31) U[a,b] (¢7 (I)) = A[a,b] (¢7 (I)) .
Proof. We observe that for any z € C we have the equivalence
o+ 1
— < Z|P—
-2 <51

if and only if
Re[(® - 2)(z—-¢)] = 0.
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This follows by the equality
2

1 o+ _
po =0 - |- 22| —Rel(@ - ) (- o)
that holds for any z € C.
The equality (3.1) is thus a simple consequence of this fact. O

On making use of the complex numbers field properties we can also state that:
Corollary 3. For any ¢, ® € C, ¢ # ®,we have that
(3-2) Upay) (6, @) ={f:]a,b] = C| (Re® —Re f(t)) (Re [ (t) — Reo)
+(Im®—Imf(¢)) (Im f (¢t) —Im¢) > 0 for a.e. t € [a,b]}.

Now, if we assume that Re () > Re (¢) and Im () > Im (¢) , then we can define
the following set of functions as well:

(33) Sy (6.9):={f[a.] » C | Re(®) > Ref (1) > Re (9)
and Im (®) > Im f (t) > Im (¢) for a.e. ¢ € [a,b]}.

One can easily observe that S[a,b] (¢, @) is closed, convex and

(3.4) 0 # Sjap) (0,®) C Ul (¢, 9).
‘We have

Theorem 2. Let f : [a,b] — C be a complex valued Lebesgue integrable function
on the real interval [a,b] and ¢, ® € C, ¢ # ® such that f € Ny (6, D).
(i) For any x € (a,b) we have

d
65 |rms@s g - s e -0+ 0o 02
1 (x —a)® + (b—2)"
St o[
and, in particular
a a+b o a+b 1 o ¢+(I)
(3.6) Ja+f< 2 >+J”f( 2 > ~20-10 (a+1) (b—a) 2‘
1 o
< m‘@_¢‘(b_a) ‘
(i1) For any x € (a,b) we have
«@ «@ @
6D @+ 6= g -0 + ()] S
1 (x —a)® + (b—2)"
< Tlat+ ) |® — ¢ 9 ;
and, in particular
(3.8) ath_ (a)+JaT+b+f(b)— m(b—a) 2‘

Sm@*éﬂ(b*a)a-
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(iti) We have

(3.9) el 8 ; B iy (a1+ pb-a” %
1 o
Sm\@—¢\(b—a) :

Proof. (i) From the identity (2.12) we have for = € (a,b) that
1 o+

(3.10) Jor [ (@) + Jg_ f (=) = Tatl) (@ —a)" + (b—2)"] —
I a— o+
=t [, 0 [0 -2
1 b a—1 d)—’_ o
+F(Oz)/w (t*l‘) |:f(t)2 :|dt
If f € A (¢, ®), then by taking the modulus in (3.10)
1 o+

Jor f (z) + g f (z) — Tla+l) [(z —a)* + (b— )]

[0t - 252

2

@ — ¢ l/:(x—t)o‘1dt+Lb(t—x)a1dt],

1 a a
72aF(a)| —¢ll(z—a)” + (b—2)7]
B 1 (x —a)® + (b—2)"
F(a+1)| _‘M 2 }

which proves (3.5).
(i) From the identity (2.13) we have for x € (a,b) that

1 b+ ®

Jo_fla) + 7 f () = (@ —a)® + (b—2)°]

T(a+1) 2
:F(la)/;(t_a)al {f(t)—qbzﬂ dt
+P(1a)/:(b—t)a_1 [f(t)—gb;ﬂ dt.

Now, by employing a similar argument as in (i) we deduce the desired result (3.7).
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(iii) From the identity (2.14) we have

JEf(b) + T 1 a®+®
R
I R e ) N () o+ @
~ v | 2 o=
If f € Apy) (¢, ®), then by taking the modulus in (3.11) we get
Jay S (0) + Ji f (a) 1 ad+®
2 TTarn Y '
1 fPo-t)"""+t—a)! b+ @
SF(@)/a 5 f(t)_T dt
1 b (b _ t)a—l + (t _ a>a—1
< T (@) |® — ¢|/a 5 dt
1 a
:m@—¢\(b—a) )
which proves the inequality (3.9). d

Corollary 4. With the assumptions of Theorem 2 we have

1 P Jf @)+ T f (2) 1 ¢+ o
(3.12) b—a/a 2 -ty 2 079
1 o
< m|¢_¢|(b_a)
and
1P Jgf(a) + I8 f (b) 1 ¢+ a
(3.13) b—a/a T @z 2 079

1
<——|P—9|(b—a)”.
< sty 00
Remark 1. If the function f : [a,b] — R is measurable and there exists the con-
stants m, M such that m < f(t) < M for a.e. t € [a,b], then for any x € (a,b) we
have by (3.5) and (3.6) that

(3.14) T2 f (@) + I f () — ﬁ (2 —a) + (b 2)°] m—fQ—M
1 (x—a)* + (b—a)
=Tlarp ™ { 2 ]
and, in particular
(3.15)  |Jo,f <a;b> L <a t b> B 2%1&0{ - m M

Sm(M*m)(b*a)a-
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By (3.7) and (8.8) we have that

[e3% (o3 M
310 LI+ IS 0 - o e+ 00 P
1 (x —a)® + (b—x)"
S Tarn™M-m 2
and, in particular
(e « 1 o m+M
1 @
< W(M—m)(b—a) .
From (3.9) we have
Jef(b) + T o M
(3.18) *fU; : f(a)r(alﬂ)(ba) nt ‘

1

Sm(M—m)(b_a)a~

4. COMPOSITE INEQUALITIES FOR FUNCTIONS OF BOUNDED VARIATION

Let f : [a,b] — C be a Lebesgue integrable function on [a,b]. For v € [0,1]
and = € (a,b) we have from (2.1)-(2.3) for A = (1 —7) f(a) +vf (z) and p =
(1 —7) f(x) +~f (b) the following 3-point representations

(W) TSI )
=t (- @0 @+ (=) 1 0)
GO ERICERRTE
fr @0 O - 0= £ @ -2 @)t
1 b a—1
e [ =T O = (0= ) = of @)
(1) (@) T )
-t =0 @+ =) 1)
FEagp e e+ - 0= @)
g T O - =) f@ s @)
1 - L
tr [ O O = A=) @) = o)
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Jai f (0) + I3 f (a)
2

(1 =) f(a) +7f (b) + [ (2)]

(b—a)®

w\»—‘

I'(a+1)

1 ’ a—1

+m/a (b= f (8) = (1) f (@) —7f ()] dt
1 ’ a—1

+m/a (t—a)* () — (1 —7) f (@) —vf (b)dt

Theorem 3. Assume that f : [a,b] — C is a function of bounded variation on [a,b]
and v € [0, 1]
(i) If x € (a,b), then

@) IS @)+ 5 f @)= o (=) = a)” @)+ (=) f 0)
- al (@ =)+ (1 =) (b~ 2)°] £ (&)
1 o t T
Fa (x—1) ! (1—» \a/ \t/ ]dt
t b
Fa/ (t—a)° [(l—v)\/(f)+7\/(f)]dt
T b
§r<a+1)mM{1 7’7}[96&&\(1/ a\m/(f)]
1
Smmax{l_’Y’Y}
[3(0—a)+ ]z — 2"V, ()
ap ap\1/p T q o\ 1/a
L @ e—om (vt (VL))
with p, ¢ > 1, %—Fé:l;
BVen+ Vi - Ve ] (@@= + b —2)),
and
« (0% 1 [0 «
(45) I @)+ T2 ) = oy (0= =) £ @)+ (b= )" £ 0)
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1 o\, oy
Sr(a+1)maX{1_%7}[x_a \a/ 0= \w/(f)‘|
1
Smmax{l—y ’y}
[3 (b= a)+ [z = 2" Vo ()
ap ap\1/p T q a\1/a
L @ o—a T (Vi) + (VEn))

with p, ¢ > 1, ]%Jr%:l;

LVe + Vi - Ve (@ - + o —2)).
(i) If x € [a,b], then

o) | O+ I @

(4.7) [f () = (L =) f(a) =~ f (2)]
=M= @) +7f () = A =7)f(a) =f ()]
=11 f
SA=N @) = Fl@)+[f (=) - f (@)

— @) = f@)]+~[f @) = f ()]
|

f) < max{1 -7, 7}\/

A
_

I
Q
<
_|_
2

H~<H

(4.8) [f () = (L =) f(z) =~ (b)]
=A== @) +7f ()= A=) f(z) =] ()
=A== F@)+[f @) - fO)
<A=-NIF@)- f()|+7|f(b)—f(t)|

b
<a-n\¢ +7\/ ) < max {1-7,7}\/ (/)
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Using (4.1) for z € (a,b) we have

1
I'a+1)

Jorf (@) + T2 f (2) = (1 =) (& —a) f(a) +7(b—x)" f (D)

which prove the first two inequalities in (4.4).

17

The last part is obvious by making use of the elementary Holder type inequalities

for positive real numbers ¢, d, m, n > 0

max {m,n} (c+d);
me + nd <

(mP + nP)P (¢t + d) 7 with p, ¢ > 1, S+ =1
The inequality (4.5) follows in a similar way and we omit the details.
(ii) By (4.3) we get
LD L0 f @+ 0+ @) s -
1 !
<5 L -0 O - 1= £ (@) = @)
1 o !
3 L O T = (=) f @) =S @)l
b x
<5 | om0 [(1 ~ DV () +7 (f)] at




18 S.S. DRAGOMIR

z b
<max {1 =990V (1) gy [ 00"
b b
(1 =293V () g [ €= e

b
:max{l—’y,v}zr(;m(b—a)a\a/(f)a

which proves (4.6).

Corollary 5. With the assumptions of Theorem 3, we have

+f<a+b)+u71?_f (a—;—b)

- g 0@+ O -

_2ar(;+1)f<a;rb> (b=a)*

gr(la)/ (““’—t)w [(1—7)\2(f)+7\?(f)] i

(4.9)

T F@)+ T2 ) = g (1= 1 @) 1S 0] (0= )°

_20‘1“(;+1)f (a;rb) (b-a)”

1 ot ! &
SOVANGE [1Y Y ]
\/

1 b
ok oo [

max {1 — 'y,’y}\/ (b—a)”

(4.10)

1
[ —
= 2T (a+1)
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and
aay  [ELOEI@
sla-nr@r o (50| g 0o

1 b a—1 ' '
+m/@ (t - a) (1—7)\/(f)+7\t/(f) dt

1 a
< m(b—a) max{l—’}’ﬁ}\{(f)

Remark 2. If we take v = % in Corollary 5, then we get the following composite
mid-point and trapezoid inequalities

(412)  |Jef <“+b> Lo f (a;b> T (;H)f( );rf(b) (b—a)®
2ar(i+1)f(a;rb> (b-a)% < 2a+1r \Z/
W13) |z @+ 2 10 - e LD
2ar(i+1)f(a;b) (b-a)" gM\Z/(f)(ba)“
and
) ‘J&f(b);%?_f(a) i [f(a);f(b) L (;rbﬂ ey
= 4r(oj _“)a\b/
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