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Abstract. In this paper we are interested to give the Hadamard
inequality for n-times differentiable convex functions via Caputo
fractional derivatives. We also found bounds of a difference of this
inequality.

1. introduction

Fractional calculus was mainly a study kept for the finest minds in
mathematics. The history of fractional calculus is as old as the his-
tory of differential calculus. It does indeed provide several potentially
useful tools for solving differential and integral equations, and various
other problems involving special functions of mathematical physics as
well as their extensions and generalizations in one and more variables.
Fourier, Euler, Laplace are among those mathematicians who showed a
casual interest by fractional calculus and mathematical consequences.
A lot of them established definitions by means of their own notion and
style. Most renowned of these definitions are the Grunwald-Letnikov
and Riemann-Liouville definitions [5].

In the following we give the definition of Caputo fractional derivatives
[4].

Definition 1. Let α > 0 and α /∈ {1, 2, 3, ...}, n = [α] + 1, f ∈
ACn[a, b]. The Caputo fractional derivatives of order α are defined as
follows:

(1.1) CDα
a+f(x) =

1

Γ(n− α)

∫ x

a

f (n)(t)

(x− t)α−n+1
dt, x > a
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and

(1.2) CDα
b−f(x) =

(−1)n

Γ(n− α)

∫ b

x

f (n)(t)

(t− x)α−n+1
dt, x < b.

If α = n ∈ {1, 2, 3, ...} and usual derivative of f of order n exists,
then Caputo fractional derivative (CDα

a+f)(x) coincides with f (n)(x).
In particular we have

(CD0
a+f)(x) = (CD0

b−f)(x) = f(x)

where n = 1 and α = 0.

In [9], Sarikaya et al. proved following the Hadamard-type inequali-
ties for Riemann-Liouville fractional integrals:

Theorem 1. Let f : [a, b] → R be a positive function with 0 ≤ a < b
and f ∈ L1[a, b]. If f is a convex function on [a,b], then the following
inequalities for fractional integrals hold
(1.3)

f

(
a+ b

2

)
≤ 2α−1Γ(α + 1)

(b− a)α

[
Iα
(a+b

2
)+
f(b) + Iα

(a+b
2

)−f(a)
]
≤ f(a) + f(b)

2

with α > 0.

Theorem 2. Let f : [a, b]→ R be a differential mapping on (a,b) with
a < b. If |f ′|q is convex on [a, b] for q ≥ 1, then the following inequality
for fractional integrals holds

(1.4)

∣∣∣∣2α−1Γ(α + 1)

(b− a)α
[Iα

(a+b
2

)+
f(b) + Iα

(a+b
2

)−f(a)]− f
(
a+ b

2

)∣∣∣∣
≤ b− a

4(α + 1)

(
1

2(α + 2)

) 1
q [

((α + 1)|f ′(a)|q + (α + 3)|f ′(b)|q)
1
q

+ ((α + 3)|f ′(a)|q + (α + 1)|f ′(b)|q)
1
q

]
.

with α > 0.

Theorem 3. Let f : [a, b]→ R be a differential mapping on (a,b) with
a < b. If |f ′|q is convex on [a, b] for q > 1, then the following inequality
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for fractional integral holds
(1.5)∣∣∣∣2α−1Γ(α + 1)

(b− a)α
[Iα

(a+b
2

)+
f(b) + Iα

(a+b
2

)−f(a)]− f
(
a+ b

2

)∣∣∣∣
≤ b− a

4

(
1

αp+ 1

) 1
p

[(
|f ′(a)|q + 3|f ′(b)|q

4

) 1
q

+

(
3|f ′(a)|q + |f ′(b)|q

4

) 1
q

]

≤ b− a
4

(
4

αp+ 1

) 1
p

[|f ′(a)|+ |f ′(b)|],

where 1
p

+ 1
q

= 1.

In this paper we are interested to give versions of inequalities (1.3),
(1.4) and (1.5) for n-times differentiable convex functions via Caputo
fractional derivatives.
In the whole paper Cn[a, b] denotes the space of n-times differentiable
functions such that f (n) are continuous on [a, b].

2. Hadamard-type inequalities for Caputo fractional
derivatives

In this section we give a version of the Hadamard inequality via
Caputo fractional derivatives. First we prove the follwing lemma.

Lemma 1. Let g : [a, b]→ R be a function such that g ∈ Cn[a, b], also
let gn is integrable and symmetric to a+b

2
, then we have

CDα
a+g(b) = (−1)nCDα

b−g(a) =
1

2
[CDα

a+g(b) + (−1)nCDα
b−g(a)].

Proof. By symmetricity of g(n) we have g(n)(a+ b−x) = g(n)(x), where
x ∈ [a, b]. Setting x = a+ b− x in the following integral we have

CDα
a+g(b) =

1

Γ(n− α)

∫ b

a

g(n)(x)

(b− x)α−n+1
dx

=
1

Γ(n− α)

∫ b

a

g(n)(a+ b− x)

(x− a)α−n+1
dx

=
1

Γ(n− α)

∫ b

a

g(n)(x)

(x− a)α−n+1
dx

= (−1)nCDα
b−g(a).

�
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Theorem 4. Let f : [a, b] → R be a positive function with 0 ≤ a < b
and f ∈ Cn[a, b]. If f (n) is a convex function on [a, b], then the following
inequalities for Caputo fractional derivatives hold

f (n)

(
a+ b

2

)
≤ 2n−α−1Γ(n− α + 1)

(b− a)n−α

[
CDα

(a+b
2

)+
f(b) + (−1)nCDα

(a+b
2

)−f(a)
]

≤ f (n)(a) + f (n)(b)

2
.(2.1)

Proof. From convexity of f (n) we have

(2.2) f (n)

(
x+ y

2

)
≤ f (n)(x) + f (n)(y)

2
.

Setting x = t
2
a+ (2−t)

2
b, y = (2−t)

2
a+ t

2
b for t ∈ [0, 1]. Then x, y ∈ [a, b]

and above equation gives

(2.3) 2f (n)

(
a+ b

2

)
≤ f (n)

(
t

2
a+

2− t
2

b

)
+ f (n)

(
2− t

2
a+

t

2
b

)
,

multiplying both sides of above inequality with tn−α−1 and integrating
over [0, 1] we have

2f (n)

(
a+ b

2

)∫ 1

0

tn−α−1dt

≤
∫ 1

0

tn−α−1f (n)

(
t

2
a+

2− t
2

b

)
dt+

∫ 1

0

tn−α−1f (n)

(
2− t

2
a+

t

2
b

)
dt

=
2n−αΓ(α)

(b− a)n−α

[
CDα

(a+b
2

)+
f(b) + (−1)nCDα

(a+b
2

)−f(a)
]
,

from which one can have

f (n)

(
a+ b

2

)
≤ 2n−α−1Γ(n− α + 1)

(b− a)n−α

[
CDα

(a+b
2

)+
f(b) + (−1)nCDα

(a+b
2

)−f(a)
]
.(2.4)
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On the other hand convexity of f (n) gives

f (n)

(
t

2
a+

2− t
2

b

)
+ f (n)

(
2− t

2
a+

t

2
b

)
≤ t

2
f (n)(a) +

2− t
2

f (n)(b) +
2− t

2
f (n)(a) +

t

2
f (n)(b),

multiplying both sides of above inequality with tn−α−1 and integrating
over [0, 1] we have∫ 1

0

tn−α−1f (n)

(
t

2
a+

2− t
2

b

)
dt+

∫ 1

0

tn−α−1f (n)

(
2− t

2
a+

t

2
b

)
dt

≤
[
f (n)(a) + f (n)(b)

] ∫ 1

0

tn−α−1dt,

from which one can have

2n−α−1Γ(n− α + 1)

(b− a)n−α

[
CDα

(a+b
2

)+
f(b) + (−1)nCDα

(a+b
2

)−f(a)
]

≤ f (n)(a) + f (n)(b)

2
.(2.5)

Combining inequality (2.4) and inequality (2.5) we get inequality (2.1).
�

3. Caputo fractional inequalities related to the
Hadamard inequality

In this Section we give the bounds of a difference of the Hadamard
inequality proved in previous Section. For our results we use the fol-
lowing lemma.

Lemma 2. Let f : [a, b] → R be a differentiable mapping on (a, b)
with a < b. If f ∈ Cn+1[a, b], then the following equality for Caputo
fractional derivatives holds

(3.1)

2n−α−1Γ(n− α + 1)

(b− a)n−α
[CDα

(a+b
2

)+
f(b) + (−1)nCDα

(a+b
2

)−f(a)]

− f (n)

(
a+ b

2

)
=
b− a

4

[∫ 1

0

tn−αf (n+1)

(
t

2
a+

2− t
2

b

)
dt

−
∫ 1

0

tn−αf (n+1)

(
2− t

2
a+

t

2
b

)
dt

]
.
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Proof. One can note that

b− a
4

[∫ 1

0

tn−αf (n+1)

(
t

2
a+

2− t
2

b

)
dt

]
=
b− a

4

[
tn−α

2

a− b
f (n)

(
t

2
a+

2− t
2

b

)
|10

−
∫ 1

0

αtn−α−1
2

a− b
f (n)

(
t

2
a+

2− t
2

b

)]
=
b− a

4

[
− 2

b− a
f (n)

(
a+ b

2

)
− 2α

(a− b)

∫ a+b
2

b

(
2

b− a
(b− x)

)n−α−1
2

a− b
f (n)(x)dx

]

=
b− a

4

[
− 2

b− a
f (n)

(
a+ b

2

)
+

2n−α+1Γ(n− α + 1)

(b− a)n−α+1
(−1)nCDα

(a+b
2

)−f(b)

]
.

(3.2)

Similarly

− b− a
4

[∫ 1

0

tn−αf (n+1)

(
2− t

2
a+

t

2
b

)
dt

]

= −b− a
4

[
2

b− a
f (n)

(
a+ b

2

)
− 2n−α+1Γ(n− α + 1)

(b− a)n−α+1
CDα

(a+b
2

)+
f (n)(a)

]
.

(3.3)

Combining (3.2) and (3.3) one can have (3.1). �

Using the above lemma we give following Caputo fractional Hadamard-
type inequality.

Theorem 5. Let f : [a, b]→ R be a differential mapping on (a,b) with
a < b and f ∈ Cn+1[a, b]. If |f (n+1)|q is convex on [a, b] for q ≥ 1, then



7

the following inequality for Caputo fractional derivatives holds∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α

[
(CDα

(a+b
2

)+
f)(b) + (−1)n(CDα

(a+b
2

)−f)(a)
]

−f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

4(n− α + 1)

(
1

2(n− α + 2)

) 1
q [[

(n− α + 1) |f (n+1)(a)|q

+ (n− α + 3) |f (n+1)(b)|q
] 1

q +
[
(n− α + 3) |f (n+1)(a)|q

+ (n− α + 1) |f (n+1)(b)|q
] 1

q

]
.

Proof. From Lemma 2 and convexity of |f (n+1)| and for q = 1 we have∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α
[CDα

(a+b
2

)+
f(b) + CDα

(a+b
2

)−f(a)]− f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

4

∫ 1

0

tn−α
(∣∣∣∣f (n+1)

(
t

2
a+

2− t
2

b

)∣∣∣∣ dt+

∣∣∣∣f (n+1)

(
2− t

2
a+

t

2
b

)∣∣∣∣) dt.
=

b− a
4 (n− α + 1)

[|f (n+1)(a)|+ |f (n+1)(b)|].

For q > 1 using Lemma (2) we have∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α
[CDα

(a+b
2

)+
f(b) + (−1)nCDα

(a+b
2

)−f(a)]− f
(
a+ b

2

)∣∣∣∣
≤ b− a

4

[∫ 1

0

tn−α
∣∣∣∣f (n+1)

(
t

2
a+

2− t
2

b

)∣∣∣∣ dt
+

∫ 1

0

tn−α
∣∣∣∣f (n+1)

(
2− t

2
a+

t

2
b

)∣∣∣∣ dt] .
Using power mean inequality we get∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α

[
(cDα

(a+b
2

)+
f)(b) + (−1)n(CDα

(a+b
2

)−f)(a)
]

−f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

4

(
1

n− α + 1

) 1
p

[[∫ 1

0

tn−α
∣∣∣∣f (n+1)

(
t

2
a+

2− t
2

b

)∣∣∣∣q dt]
1
q

+

[∫ 1

0

tn−α
∣∣∣∣f (n+1)

(
2− t

2
a+

t

2
b

)∣∣∣∣q dt]
1
q

]
.
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Convexity of |f (n+1)|q gives∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α

[
(CDα

(a+b
2

)+
f)(b) + (−1)n(CDα

(a+b
2

)−f)(a)
]

−f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

4

(
1

n− α + 1

) 1
p

[[∫ 1

0

tn−α
(
t

2
|f (n+1)(a)|q +

2− t
2
|f (n+1)(b)|q

)
dt

] 1
q

+

[∫ 1

0

tn−α
(

2− t
2
|f (n+1)(a)|q +

t

2
|f (n+1)(b)|q

)
dt

] 1
q

]

=
b− a

4

(
1

n− α + 1

) 1
p

[[
|f (n+1)(a)|q

2(n− α + 2)
+
|f (n+1)(b)|q

n− α
k

+ 1
− |f

(n+1)(b)|q

2(n− α + 2)

] 1
q

+

[
|f (n+1)(a)|q

n− α + 1
− |f

(n+1)(a)|q

2(n− α + 2)
+
|f (n+1)(b)|q

2(n− α + 2)

] 1
q

]
,

which after a little computation gives the required result. �

Theorem 6. Let f : [a, b] → R be a function such that f ∈ Cn[a, b],
a < b. If |f (n+1)|q is convex on [a, b] for q > 1, then the following
inequality for Caputo fractional derivatives holds∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α

[
(CDα

(a+b
2

)+
f)(b) + (−1)n(CDα

(a+b
2

)−f)(a)
]

(3.4)

−f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

4

(
1

np− αp+ 1

) 1
p

[(
|f (n+1)(a)|q + 3|f (n+1)(b)|q

4

) 1
q

+

(
3|f (n+1)(a)|q + |f (n+1)(b)|q

4

) 1
q

]

≤ b− a
4

(
4

3(np− αp+ 1)

) 1
p

[|f (n+1)(a)|+ |f (n+1)(b)|],

with 1
p

+ 1
q

= 1.
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Proof. From Lemma 2 we have∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α

[
(CDα

(a+b
2

)+
f)(b) + (−1)n(CDα

(a+b
2

)−f)(a)
]

−f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

4

[∫ 1

0

tn−α
∣∣∣∣f (n+1)

(
t

2
a+

2− t
2

b

)∣∣∣∣ dt
+

∫ 1

0

tn−α
∣∣∣∣f (n+1)

(
2− t

2
a+

t

2
b

)∣∣∣∣ dt] .
From Hölder′s inequality we get∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α

[
(CDα

(a+b
2

)+
f)(b) + (−1)n(CDα

(a+b
2

)−f)(a)
]

−f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

4

[[∫ 1

0

tnp−αpdt

] 1
p
[∫ 1

0

∣∣∣∣f (n+1)

(
t

2
a+

2− t
2

b

)∣∣∣∣q dt]
1
q

+

[∫ 1

0

tnp−αpdt

] 1
p
[∫ 1

0

∣∣∣∣f (n+1)

(
2− t

2
a+

t

2
b

)∣∣∣∣q dt]
1
q

]
.

Convexity of |f (n+1)|q gives∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α

[
(CDα

(a+b
2

)+
f)(b) + (−1)n(CDα

(a+b
2

)−f)(a)
]

−f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

4

(
1

np− αp+ 1

) 1
p

[[∫ 1

0

(
t

2
|f (n+1)(a)|q +

2− t
2
|f (n+1)(b)|q

)
dt

] 1
q

+

[∫ 1

0

(
2− t

2
|f (n+1)(a)|q +

t

2
|f (n+1)(b)|q

)
dt

] 1
q

]

=
b− a

4

(
1

np− αp+ 1

) 1
p

[[
|f (n+1)(a)|q + 3|f (n+1)(b)|q

4

] 1
q

+

[
3|f (n+1)(a)|q + |f (n+1)(b)|q

4

] 1
q

]
.
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For second inequality of (3.4) we use Minkowski’s inequality as follows∣∣∣∣2n−α−1Γ(n− α + 1)

(b− a)n−α

[
(CDα

(a+b
2

)+
f)(b) + (−1)n(CDα

(a+b
2

)−f)(a)
]

−f (n)

(
a+ b

2

)∣∣∣∣
≤ b− a

16

(
4

np− αp+ 1

) 1
p [[
|f (n+1)(a)|q + 3|f (n+1)(b)|q

] 1
q

+
[
3|f (n+1)(a)|q + |f (n+1)(b)|q

] 1
q

]
≤ b− a

16

(
4

np− αp+ 1

) 1
p

(3
1
q + 1)(|f (n+1)(a)|+ |f (n+1)(b)|)

≤ b− a
4

(
4

3(np− αp+ 1)

) 1
p

(|f (n+1)(a)|+ |f (n+1)(b)|).

�

References

[1] M. Dalir, M. Bashour, Applications of fractional calculus, Appl.
Math. Sci., 4(21) (2010), 1021-1032.

[2] A. E. Farissi, Simple proof and refinement of Hermite-Hadamard
inequality, J. Math. Inequal, 4(3) (2010), 365-369.

[3] R. Gorenflo, F. Mainardi, Fractional Calculus: integral and differ-
ential equations of fractional order, Springer Verlag, Wien, 1997.

[4] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applica-
tions of fractional derivatial equations, North-Holland Math. Stud.
Elsevier New York-London, 2006.

[5] A. Loverro, Fractional Calculus: History, Definitions and Appli-
cations for the Engineer, Department of Aerospace and Mechanical
Engineering, University of Notre Dame, 2004.

[6] S. Mubeen, G. M. Habibullah, k-Fractional integrals and applica-
tions, Int. J. Contemp. Math. Sci. 7 (2012), 89-94.

[7] S. Miller, B. Ross, An introduction to fractional calculus and frac-
tional differential equations, John Wiley And Sons, Usa, 1993.

[8] I. Podlubni, Fractional differential equations, Academic Press, San
Diego, 1999.

[9] M. Z. Sarikaya, H. Yildirim, On Hermite-Hadamard type inequali-
ties for Riemann-Liouville fractional integrals, Submitted (2014).



11

[10] M. Z. Sarikaya, E. Set, H. Yaldiz and N. Basak, Hermite-
Hadamard’s inequalities for fractional integrals and related frac-
tional inequalities, J. Math. Comput. Model., 57(9) (2013), 2403-
2407.

1. farid, COMSATS Institute of Information Technology, Attock
Campus, Pakistan.

E-mail address: faridphdsms@hotmail.com,ghlmfarid@ciit-attock.edu.pk

2.saira, Department of Mathematics, Comsats Institute Of Infor-
mation Technology , Attock, Pakistan

E-mail address: naqvisaira2013@gmail.com

3. atiq, COMSATS Institute of Information Technology, Attock,
Pakistan.

E-mail address: atiq@mathcity.org


	1. introduction
	2.  Hadamard-type inequalities for Caputo fractional derivatives
	3. Caputo fractional inequalities related to the Hadamard inequality
	References



