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Abstract. In this paper we will give Fejér Hadamard inequalities
which are actually the generalization of Hadamard inequalities for
m-convex functions via Caputo fractional derivatives. With the
help of these results we will find out results for convex functions.
Also we will derive several other Hadamard-type inequalities.

1. Introduction

The concept of fractional calculus was introduced in 1965 when the
question of semi-derivative was raised. Since 19th century its theory
developed that it laid its importance for the number of applied dis-
ciplines including fractional geometry, fractional differential equations
and fractional dynamics. Fractional calculus has got the attention of
many mathematicians and no discipline of modern science is untouched
by it. It’s applications are very wide in the present century and has
got success because of new fractional-order models as they are more
accurate than integer-orderones. The beauty of the subject is that
fractional derivatives (and integrals) are not a local (or point) quanti-
ties.
Fractional calculus is therefore an excellent tool for describing the mem-
ory and hereditary properties of various materials and processes [1].
Convex functions play an important role in different fields of Mathe-
matics, Science and Engineering. A class of functions related to convex
function is m-convex function introduced by Toader in [23].

Definition 1. A function f : [a, b]→ R is said to be convex if

f (λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y),

holds for all x, y ∈ [a, b] and λ ∈ [0, 1]. The function f is said to be
concave if reverse of above inequality holds.
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Definition 2. A function f : [0, b]→ R, b > 0, is said to be m-convex,
if

f (tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)

holds for all x, y ∈ [0, b] and t,m ∈ [0, 1].

If we take m = 1, then it will again become convex function defined
on [0, b].
If we take m = 0, then it will give us the definition of star-shaped
function.

Definition 3. A function f : [0, b]→ R is called starshaped if

f(tx) ≤ tf(x) for all t ∈ [0, 1] and x ∈ [0, b].

If Km(b) denotes the set of m-convex functions on [0, b] for which
f(0) < 0, then we have

K1(b) ⊂ Km(b) ⊂ K0(b),

whenever m ∈ (0, 1). It should be noted that the class K1(b) are only
convex functions f : [0, b]→ R for which f(0) ≤ 0 (see [5]).

Example 1. [17] A function f : [0,∞)→ R given by

f(x) =
1

12

(
4x3 − 15x2 + 18x− 5

)
is 16

17
−convex function but it is not convex function.

A lot of work has been done on the Hadamard and the Fejér-Hadamard
inequalities and their different extensions and generalizations have been
found (see, [1–4, 8, 11, 12, 15, 21, 24] and references therein).

Theorem 1. Let f : [a, b] → R be a convex function such that a < b.
Then the following double inequality

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
,(1.1)

is well known in literature as the Hadamard inequality.

In [10] Fejér gave the following generalization of Hadamard inequality
which is well known in literature as the Fejér-Hadamard inequality.

Theorem 2. Let f : [a, b]→ R be a convex function and g : [a, b]→ R
is a non-negative, integrable and symmetric to a+b

2
. Then the following
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inequality holds

f

(
a+ b

2

)∫ b

a

g(x)dx ≤
∫ b

a

f(x)g(x)dx ≤ f(a) + f(b)

2

∫ b

a

g(x)dx.

(1.2)

In recent years many researchers have given importance to the Hadamard
and the Fejér-Hadamard inequalities via fractional calculus and a lot of
papers have been published in this regard (see, [12, 16, 20, 21] and refer-
ences therein). In the following we define Caputo fractional derivatives
[14].

Definition 4. Let α > 0 and α /∈ {1, 2, 3, ...}, n = [α] + 1, f ∈
ACn[a, b]. The Caputo fractional derivatives of order α are defined as
follows:

(CDα
a+f)(x) =

1

Γ(n− α)

∫ x

a

f (n)(t)

(x− t)α−n+1
dt, x > a

and

(CDα
b−f)(x) =

(−1)n

Γ(n− α)

∫ b

x

f (n)(t)

(t− x)α−n+1
dt, x < b

If α = n ∈ {1, 2, 3, ...} and usual derivative of order n exists, then Ca-
puto fractional derivative (CDα

a+f)(x) coincides with f (n)(x). In par-
ticular we have

(CD0
a+f)(x) = (CD0

b−f)(x) = f(x)

where n = 1 and α = 0.

In this paper, in Section 2 we give Fejér-Hadamard type inequalities
for m-convex functions via Caputo fractional derivatives. In Section
3 we give some generalization of Hadamard-type inequalities for m-
convex functions via Caputo fractional derivatives.
In the whole paper Cn[a, b] denotes the space of n-times differentiable
functions such that f (n) are continuous on [a, b].

2. Main results

In order to prove our results we need the following lemma.

Lemma 1. Let f : [a,mb]→ R be a function such that f ∈ Cn+1[a,mb],
with a < mb. Also let g : [a,mb] → R is continuous and integrable on
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[a,mb], then the following equality for Caputo fractional derivatives
holds (∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)](2.1)

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

=

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α
f (n+1)(t)dt

−
∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α
f (n+1)(t)dt.

Proof. Since we have∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α
f (n+1)(t)dt

=

(∫ mb

a

g(n)(s)ds

)n−α
f (n)(mb)

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt(2.2)

and ∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α
f (n+1)(t)dt

= −
(∫ mb

a

g(n)(s)ds

)n−α
f (n)(a)

+ (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt.(2.3)

Now subtracting (2.3) from (2.2) we have the required inequality (2.1).
�

By using above lemma we will prove the following theorem.

Theorem 3. Let f : [a, b]→ R be a function such that f ∈ Cn+1[a, b],
with a < b and let g : [a,mb] → R is continuous on [a,mb]. If |f (n+1)|
is m-convex on [a,mb] with a < mb, then the following inequality with
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‖g(n)‖∞ = sup|g(n)(t)| for Caputo fractional derivatives holds

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)]

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤ (mb− a)n−α+1‖g(n)‖n−α∞

n− α + 1
[|f (n+1)(a)|+m|f (n+1)(b)|].(2.4)

Proof. Using Lemma 1, we have

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)]

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤
∫ mb

a

∣∣∣∣∫ t

a

g(n)(s)ds

∣∣∣∣n−α |f (n+1)(t)|dt

+

∫ mb

a

∣∣∣∣∫ mb

t

g(n)(s)ds

∣∣∣∣n−α |f (n+1)(t)|dt.
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Since g(n)(t) ≤ ‖g(n)‖∞, therefore

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)]

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤ ‖g(n)‖n−α∞

[∫ mb

a

(t− a)n−α|f (n+1)(t)|dt

+

∫ mb

a

(mb− t)n−α|f (n+1)(t)|dt
]

= ‖g(n)‖n−α∞
[∫ mb

a

(t− a)n−α
∣∣∣∣f (n+1)

(
mb− t
mb− a

a+m
t− a
mb− a

b

)∣∣∣∣ dt
+

∫ mb

a

(mb− t)n−α
∣∣∣∣f (n+1)

(
mb− t
mb− a

a+m
t− a
mb− a

b

)∣∣∣∣ dt] .
Since |f (n+1)| is m-convex, so we have

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)]

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤ ‖g(n)‖n−α∞

[∫ mb

a

(t− a)n−α
(
mb− t
mb− a

|f (n+1)(a)|+m
t− a
mb− a

|f (n+1)(b)|
)
dt

+

∫ mb

a

(mb− t)n−α
(
mb− t
mb− a

|f (n+1)(a)|+m
t− a
mb− a

|f (n+1)(b)|
)
dt

]
,

which after a little calculation gives the required result. �
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Corollary 1. If we put m = 1 we get the following inequality for convex
function via Caputo fractional derivatives

∣∣∣∣∣
(∫ b

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(b)]

− (n− α)

∫ b

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ b

a

(∫ b

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤ (b− a)n−α+1‖g(n)‖n−α∞

n− α + 1
[|f (n+1)(a)|+ |f (n+1)(b)|].

Theorem 4. Let f : [a, b] → R be a function such that f ∈ Cn+1[a, b]
with a < b. Also let g : [a,mb] → R is continuous on [a,mb]. If
|f (n+1)|q is m-convex on [a,mb], q > 1, with a < mb, then the follow-
ing inequality with 1

p
+ 1

q
= 1 and ‖g(n)‖∞ = sup|g(n)(t)| for Caputo

fractional derivatives holds

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)](2.5)

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤ 2(mb− a)n−α+1‖g(n)‖n−α∞

(n− αp+ 1)
1
p

[
|f (n+1)(a)|q +m|f (n+1)(b)|q

2

] 1
q

.
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Proof. Using the result obtained from Lemma 1 we have

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)]

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤
∫ mb

a

∣∣∣∣∫ t

a

g(n)(s)ds

∣∣∣∣n−α |f (n+1)(t)|dt

+

∫ mb

a

∣∣∣∣∫ mb

t

g(n)(s)ds

∣∣∣∣n−α |f (n+1)(t)|dt.

By applying Hölder’s inequality on right hand side of the above in-
equality, we have

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)]

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤

(∫ mb

a

∣∣∣∣∫ t

a

g(n)(s)ds

∣∣∣∣np−αp dt
) 1

p (∫ mb

a

|f (n+1)(t)|qdt
) 1

q

+

(∫ mb

a

∣∣∣∣∫ mb

t

g(n)(s)ds

∣∣∣∣np−αp dt
) 1

p (∫ mb

a

|f (n+1)(t)|qdt
) 1

q

.
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As g(n)(t) ≤ ‖g(n)‖∞, so we get

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)]

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤ ‖g(n)‖n−α∞

[(∫ mb

a

|t− a|np−αpdt
) 1

p

+

(∫ mb

a

|mb− t|np−αpdt
) 1

p

]
(∫ mb

a

|f (n+1)(t)|qdt
) 1

q

.

From m-convexity of |f (n+1)|q we have

∣∣∣∣∣
(∫ mb

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(mb)]

− (n− α)

∫ mb

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ mb

a

(∫ mb

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤ ‖g(n)‖n−α∞

[(∫ mb

a

|t− a|np−αpdt
) 1

p

+

(∫ mb

a

|mb− t|np−αpdt
) 1

p

]
(∫ b

a

(
mb− t
mb− a

|f (n+1)(a)|q +m
t− a
mb− a

|f (n+1)(b)|q
)
dt

) 1
q

.

From which one can have inequality (2.5). �
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Corollary 2. If we put m = 1 in above theorem we get the following
inequality for convex function via Caputo fractional derivatives∣∣∣∣∣

(∫ b

a

g(n)(s)ds

)n−α
[f (n)(a) + f (n)(b)]

− (n− α)

∫ b

a

(∫ t

a

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

− (n− α)

∫ b

a

(∫ b

t

g(n)(s)ds

)n−α−1
g(n)(t)f (n)(t)dt

∣∣∣∣∣
≤ 2(b− a)n−α+1‖g(n)‖n−α∞

(n− αp+ 1)
1
p

[
|f (n+1)(a)|q + |f (n+1)(b)|q

2

] 1
q

.

3. Generalized Hadamard-type integral inequalities for
m-convex functions via Caputo fractional derivatives

In this section we will give some Hadamard-type inequalities for dif-
ferentiable m-convex functions via Caputo fractional derivatives. Also
we deduce some results of [19–21]. Firstly we give the following lemma
which will be used further for our results.

Lemma 2. Let f : [a,mb]→ R be a function such that f ∈ Cn+1[a,mb]
with a < mb. Then the following equality for Caputo fractional deriva-
tives holds

− f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

(3.1)

+
Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]
=

∫ 1

0

[(1− t)n−α − tn−α]

f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt,

where λ ∈ [0, 1] \ {1
2
}.
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Proof. Since∫ 1

0

[(1− t)n−α − tn−α]

f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt

=

∫ 1

0

(1− t)n−αf (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt

(3.2)

−
∫ 1

0

tn−αf (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt.

Consider∫ 1

0

(1− t)n−αf (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt

= −f
(n) (mλb+ (1− λ)a)

(1− 2λ)(mb− a)

+
n− α

(1− 2λ)n−α+1(mb− a)n−α+1

∫ λa+m(1−λ)b

mλb+(1−λ)a
(λa+m(1− λ)b− x)n−α−1 f (n)(x)dx

= −f
(n)(mλb+ (1− λ)a)

(1− 2λ)(mb− a)

+
Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b).

Similarly, we have∫ 1

0

tn−αf (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))
dt

=
f (n) (λa+m(1− λ)b)

(1− 2λ)(mb− a)

− n− α
(1− 2λ)n−α+1(mb− a)n−α+1

∫ λa+m(1−λ)b

mλb+(1−λ)a
(x−mλb+ (1− λ)a)n−α−1 f (n)(x)dx

=
f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

−
Γ(n− α + 1)

[
(−1)n(CDα

(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)
]

(1− 2λ)n−α+1(mb− a)n−α+1
.

Now putting the above values in (3.2), we get the required inequality
(3.1). �
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Using the above lemma we give the following Hadamard-type in-
equality for m-convex functions.

Theorem 5. Let f : [a,mb]→ R be a function such that f ∈ C(n+1)[a,mb]
with 0 ≤ a < mb. If

∣∣f (n+1)
∣∣q, q ≥ 1 is m-convex on [a,mb], then the

following inequality for Caputo fractional derivatives holds

∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

(3.3)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤ 2

n− α + 1

(
1− 1

2n−α

)
[∣∣f (n+1)(λa+m(1− λ)b)

∣∣q +m
∣∣f (n+1)(λb+ (1− λ) a

m
)
∣∣q

2

] 1
q

where λ ∈ [0, 1] \ {1
2
}.
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Proof. Consider q = 1. Using Lemma 2 and m-convexity of
∣∣f (n+1)

∣∣q,
we have

∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

(3.4)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤
∫ 1

0

∣∣(1− t)n−α − tn−α∣∣
(3.5)

∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣ dt
≤
∫ 1

0

∣∣(1− t)n−α − tn−α∣∣ [t ∣∣f (n+1) (λa+m(1− λ)b)
∣∣

+m(1− t)
∣∣∣f (n+1)

(
λb+ (1− λ)

a

m

)∣∣∣] dt
=

∫ 1
2

0

[
(1− t)n−α − tn−α

] [
t
∣∣f (n+1) (λa+m(1− λ)b)

∣∣
+m(1− t)

∣∣∣f (n+1)
(
λb+ (1− λ)

a

m

)∣∣∣] dt
+

∫ 1

1
2

[
tn−α − (1− t)n−α

] [
t
∣∣f (n+1) (λa+m(1− λ)b)

∣∣
+m(1− t)

∣∣∣f (n+1)
(
λb+ (1− λ)

a

m

)∣∣∣] dt.(3.6)
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Since we have

∫ 1
2

0

[
(1− t)n−α − tn−α

] [
t
∣∣f (n+1) (λa+m(1− λ)b)

∣∣
+m(1− t)

∣∣∣f (n+1)
(
λb+ (1− λ)

a

m

)∣∣∣] dt
=
∣∣f (n+1)(λa+m(1− λ)b)

∣∣ ∫ 1
2

0

[
t(1− t)n−α − tn−α+1

]
dt

+m
∣∣∣f (n+1)

(
λb+ (1− λ)

a

m

)∣∣∣ ∫ 1
2

0

[
(1− t)n−α+1 − (1− t)tn−α

]
dt

=
∣∣f (n+1)(λa+m(1− λ)b)

∣∣ [ 1

(n− α + 1)(n− α + 2)
−

(1
2
)n−α+1

n− α + 1

]
+m

∣∣∣f (n+1)
(
λb+ (1− λ)

a

m

)∣∣∣ [ 1

n− α + 2
−

(1
2
)n−α+1

n− α + 1

]
.

Similarly, we have

∫ 1

1
2

[
tn−α − (1− t)n−α

]
[
t
∣∣f (n+1) (λa+m(1− λ)b)

∣∣+m(1− t)
∣∣∣f (n+1)

(
λb+ (1− λ)

a

m

)∣∣∣] dt
=
∣∣f (n+1)(λa+m(1− λ)b)

∣∣ [∫ 1

1
2

tn−α+1dt−
∫ 1

1
2

t(1− t)n−αdt

]

+m
∣∣∣f (n+1)

(
λb+ (1− λ)

a

m

)∣∣∣ [∫ 1

1
2

tn−α(1− t)dt−
∫ 1

1
2

(1− t)n−α+1dt

]

=
∣∣f (n+1)(λa+m(1− λ)b)

∣∣ [ 1

n− α + 2
−

(1
2
)n−α+1

n− α + 1

]
+m

∣∣∣f (n+1)
(
λb+ (1− λ)

a

m

)∣∣∣ [ 1

(n− α + 1)(n− α + 2)
−

(1
2
)n−α+1

n− α + 1

]
.
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Putting above values in (3.4), we get

∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤ 2

n− α + 1

[
1− 1

2n−α

]
[∣∣f (n+1)(λa+m(1− λ)b)

∣∣+m
∣∣f (n+1)(λb+ (1− λ) a

m
)
∣∣

2

]
.

Now consider q > 1. Then by using Lemma 2 and power mean inequal-
ity, we get

∫ 1

0

∣∣(1− t)n−α − tn−α∣∣∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣ dt
≤
(∫ 1

0

∣∣(1− t)n−α − tn−α∣∣ dt)1− 1
q

(∫ 1

0

∣∣(1− t)n−α − tn−α∣∣∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

.
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Since
∣∣f (n+1)

∣∣q is m-convex, so we have

∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤
(∫ 1

0

∣∣(1− t)n−α − tn−α∣∣ dt)1− 1
q

(∫ 1

0

∣∣(1− t)n−α − tn−α∣∣∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

≤

(∫ 1
2

0

∣∣(1− t)n−α − tn−α∣∣ dt+

∫ 1

1
2

∣∣tn−α − (1− t)n−α
∣∣ dt)1− 1

q

(∫ 1

0

∣∣(1− t)n−α − tn−α∣∣ ∣∣f (n+1) (t (λa+m(1− λ)b)|q

+m(1− t)
∣∣∣f (n+1)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

≤
[

2

n− α + 1

(
1− 1

2n−α

)]1− 1
q
[

2

n− α + 1

(
1− 1

2n−α

)] 1
q

[∣∣f (n+1)(λa+m(1− λ)b)
∣∣q +m

∣∣f (n+1)
(
λb+ (1− λ) a

m

)∣∣q
2

] 1
q

≤ 2

n− α + 1

(
1− 1

2n−α

)
[∣∣f (n+1)(λa+m(1− λ)b)

∣∣q +m
∣∣f (n+1)

(
λb+ (1− λ) a

m

)∣∣q
2

] 1
q

,

which is the required inequality. �
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Corollary 3. In above theorem if we put m = 1 then we get the fol-
lowing result for convex functions via Caputo fractional derivatives

∣∣∣∣f (n) (λb+ (1− λ)a) + f (n)(λa+ (1− λ)b)

(1− 2λ)(b− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(b− a)n−α+1
×
[
(CDα

(λb+(1−λ)a)+f)(λa+ (1− λ)b)

+(−1)n(CDα
(λa+(1−λ)b)−f)(λb+ (1− λ)a)

]∣∣∣
≤ 2

n− α + 1

(
1− 1

2n−α

)
[∣∣f (n+1)(λa+ (1− λ)b)

∣∣q +
∣∣f (n+1)(λb+ (1− λ)a)

∣∣q
2

] 1
q

Theorem 6. Let f : [a,mb]→ R be a function such that f ∈ C(n+1)[a,mb]

with 0 ≤ a < mb. If
∣∣∣f (n+1)

∣∣∣q is m-convex on [a,mb] for some fixed

q ≥ 1, then the following inequality for Caputo fractional derivatives
holds

∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

(3.7)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα,k
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤
[

2

np− αp+ 1

(
1− 1

2np−αp

)] 1
p

[∣∣f (n+1)(λa+m(1− λ)b)
∣∣q +m

∣∣f (n+1)(λb+ (1− λ) a
m

)
∣∣q

2

] 1
q

where 1
p

+ 1
q

= 1 and λ ∈ [0, 1] \ {1
2
}.
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Proof. If we use Lemma 2, Hölder inequality and m-convexity of |f(n+
1)|q respectively, we get

∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤
∫ 1

0

∣∣(1− t)n−α − tn−α∣∣∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣ dt
≤
(∫ 1

0

∣∣(1− t)n−α − tn−α∣∣p dt) 1
p

(∫ 1

0

∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

≤

(∫ 1
2

0

[
(1− t)n−α − tn−α

]p
dt+

∫ 1

1
2

[
tn−α − (1− t)n−α

]p
dt

) 1
p

(∫ 1

0

(
t
∣∣f (n+1) (λa+m(1− λ)b)

∣∣q
+m(1− t)

∣∣∣f (n+1)
(
λb+ (1− λ)

a

m

)∣∣∣q) dt) 1
q

Using result

(A−B)q ≤ Aq −Bq, A ≥ B ≥ 0,
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we have∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤

(∫ 1
2

0

[
(1− t)np−αp − tnp−αp

]
dt+

∫ 1

1
2

[
tnp−αp − (1− t)np−αp

]
dt

) 1
p

(∣∣f (n+1)(λa+m(1− λ)b)
∣∣q +m

∣∣f (n+1)(λb+ (1− λ) a
m

)
∣∣q

2

) 1
q

≤
(

2

np− αp+ 1

(
1− 1

2np−αp

)) 1
p

(∣∣f (n+1)(λa+m(1− λ)b)
∣∣q +m

∣∣f (n+1)(λb+ (1− λ) a
m

)
∣∣q

2

) 1
q

,

which is the required inequality. �

Corollary 4. By putting m = 1 in above theorem we get the following
inequality for convex function via Caputo fractional derivatives∣∣∣∣f (n) (λb+ (1− λ)a) + f (n)(λa+ (1− λ)b)

(1− 2λ)(b− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(b− a)n−α+1
×
[
(CDα

(λb+(1−λ)a)+f)(λa+ (1− λ)b)

+(−1)n(CDα
(λa+(1−λ)b)−f)(λb+ (1− λ)a)

]∣∣∣
≤
[

2

np− αp+ 1

(
1− 1

2np−αp

)] 1
p

[∣∣f (n+1)(λa+ (1− λ)b)
∣∣q +

∣∣f (n+1)(λb+ (1− λ)a)
∣∣q

2

] 1
q

Theorem 7. Let f : [a,mb]→ R be a function such that f ∈ C(n+1)[a,mb]
with 0 ≤ a < mb. If

∣∣f (n+1)
∣∣q is m-convex on [a,mb] for some fixed

q ≥ 1, then the following inequality for Caputo fractional derivatives
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holds

∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

(3.8)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤
[

2

nq − αq + 1

(
1− 1

2nq−αq

)] 1
q

[∣∣f (n+1)(λa+m(1− λ)b)
∣∣q +m

∣∣f (n+1)(λb+ (1− λ) a
m

)
∣∣q

2

] 1
q

where λ ∈ [0, 1] \ {1
2
}.
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Proof. If we use Lemma 2, Hölder inequality and m-convexity of |f(n+
1)|q respectively, we have

∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤
∫ 1

0

∣∣(1− t)n−α − tn−α∣∣∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣ dt
≤
(∫ 1

0

1pdt

) 1
p
(∫ 1

0

∣∣(1− t)n−α − tn−α∣∣q∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

≤

(∫ 1
2

0

∣∣(1− t)n−α − tn−α∣∣q∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt
+

∫ 1

1
2

∣∣tn−α − (1− t)n−α
∣∣q

∣∣∣f (n+1)
(
t (λa+m(1− λ)b) +m(1− t)

(
λb+ (1− λ)

a

m

))∣∣∣q dt) 1
q

Using result

(A−B)q ≤ Aq −Bq, A ≥ B ≥ 0, q ≥ 1,
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we have∣∣∣∣f (n) (mλb+ (1− λ)a) + f (n)(λa+m(1− λ)b)

(1− 2λ)(mb− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(mb− a)n−α+1
×
[
(CDα

(mλb+(1−λ)a)+f)(λa+m(1− λ)b)

+(−1)n(CDα
(λa+m(1−λ)b)−f)(mλb+ (1− λ)a)

]∣∣∣
≤

(∣∣f (n+1) (λa+m(1− λ)b)
∣∣q ∫ 1

2

0

[
(1− t)nq−αqt− tnq−αq+1

]
dt

+m
∣∣∣f (n+1)

(
λb+ (1− λ)

a

m

)∣∣∣q ∫ 1
2

0

[
(1− t)nq−αq+1 − tnq−αq(1− t)

]
dt

+
∣∣f (n+1) (λa+m(1− λ)b)

∣∣q ∫ 1

1
2

[
tnq−αq+1 − (1− t)nq−αqt

]
dt

+m
∣∣∣f (n+1)

(
λb+ (1− λ)

a

m

)∣∣∣q ∫ 1

1
2

[
tnq−αq(1− t)− (1− t)nq−αq+1

]
dt

) 1
q

≤
[

2

nq − αq + 1

(
1− 1

2nq−αq

)] 1
q

[∣∣f (n+1)(λa+m(1− λ)b)
∣∣q +m

∣∣f (n+1)(λb+ (1− λ) a
m

)
∣∣q

2

] 1
q

.

�

Corollary 5. By taking m = 1 in above theorem we get the following
result for convex function via Caputo fractional derivatives∣∣∣∣f (n) (λb+ (1− λ)a) + f (n)(λa+ (1− λ)b)

(1− 2λ)(b− a)

− Γ(n− α + 1)

(1− 2λ)n−α+1(b− a)n−α+1
×
[
(CDα

(λb+(1−λ)a)+f)(λa+ (1− λ)b)

+(−1)n(CDα
(λa+(1−λ)b)−f)(λb+ (1− λ)a)

]∣∣∣
≤
[

2

nq − αq + 1

(
1− 1

2nq−αq

)] 1
q

[∣∣f (n+1)(λa+ (1− λ)b)
∣∣q +

∣∣f (n+1)(λb+ (1− λ)a)
∣∣q

2

] 1
q
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