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TRAPEZOID TYPE INEQUALITIES FOR GENERALIZED
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS OF
FUNCTIONS WITH BOUNDED VARIATION

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some trapezoid type inequalities for the
Riemann-Liouville fractional integrals of functions of bounded variation and
of Holder continuous functions. Applications for the g-mean of two numbers
are provided as well. Some particular cases for Hadamard fractional integrals
are also provided.

1. INTRODUCTION

Let (a,b) with —oo < a < b < oo be a finite or infinite interval of the real line
R and « a complex number with Re (a) > 0. Also let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [18, p.
100], we introduce the generalized left- and right-sided Riemann-Liowville fractional
integrals of a function f with respect to another function g on [a, b] by

(1.1) o @) = — / gurmd -y

e T(@) Ja [g(@) =gt
and
(1.2) I (@)= o (1&) /: ’ f;)(t_) J; Ei))]dlta’ a<wz<b.
For g (t) = t we have the classical Riemann-Liowville fractional integrals
(1.3) T (@) = (1a) / ’ (xf_(tz)ﬁ“_a, a<e<b
and
(14 i) = i [P asa <o

while for the logarithmic function ¢ (t) = Int we have the Hadamard fractional
integrals [18, p. 111]

(1.5) H?, f(z) :F(la)/ [111 (%)r‘lf(tt)d{ 0<a<az<b

and
(L6)  HY f(z) ::I‘(la)/: {m (Dr—l f(tt)dt, 0<a<z<b.
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One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals” by

o I f)dt
(1.7) Ry, f(x) == () /a ) 0<a<z<b
and

" Tt f()dt
(1.8) Ry f(z):= I () /gc PRSI 0<a<z<b.

Also, for ¢g(t) = exp (Bt), 8 > 0, we can consider the "S-Ezxponential fractional
integrals”

oty B[ ewnimd
(19) Ea-‘rﬂf(z) i T (Oé) /a [exp (ﬂl‘) — exp (ﬂt)]l_o” < S b
and
o B[P exp(Bt)f(t)dt .
) Bl 7 ) / exp (30) —exp (B “ = <"

In the recent paper [14] we obtained the following Ostrowski type inequalities
for functions of bounded variation:

Theorem 1. Let f : [a,b] — C be a function of bounded variation on [a,b] and
g be a strictly increasing function on (a,b), having a continuous derivative g’ on
(a,b) . For any x € (a,b) we have the inequalities

2000+ 0 0) — s (90 = 9@ 41 0) — 9 @] ] @
1 g )V (f)dt b g (t) Ve (f)dt
=T /a lg(z)—g ()" +/x [g(t)—g(w)}la]

1

SNCES)

T b
l9 () =g (@]*\/ () +1g (0) =g (@)]"\/ (f)]

[50®) —g (@) + | (@) - 22520V (4);
o @ =g@)+ ) - g @)™ (Vi + (Vi)

T I(a+1) withp, ¢ >1, 3+ ¢ =1;

(9.2) — g (@) +(9.0) =g (@) [LVA () + £ V2 (F) = V2 ()

1/q

.
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and

I f(a) + 13y o f(b) — Tat1)

1 T g )V (f)dt b g (t)V, (f)dt
= V [g(t)g(a)]l‘”/x 1 ]

V() + g ) —g @]/ (f)]

a

Q

[3(9(6) = g (@) + g () - L2520\ (1)

e L) @ -g@) T+ g0 - g<))“”)“p(wz(f))u(v‘;<f>)q)1/q
1;

BRNCESY with p, ¢ > 1, 7+%=

(9(@) =g (@) +(g0) =g @)™ [3Va (N + 5 Vo) = Vo]

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers
a,bel as

M, (a,b) = g~ (9(>2+9<b>> |

If I =R and ¢ (t) =t is the identity function, then M, (a,b) = A(a,b) == %rb,
the arithmetic mean. If I = (0,00) and g (¢t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g (t) = then M, (a,b) = H(a,b) =

%, the harmonic mean. If I = (0,00) and g (¢ ) =P, p # 0, then Mg (a,b) =

M, (a,b) := (<2 1/p7 the power mean with exponent p. Finally, if I = R and
P 2
g (t) = expt, then

M, (a,b) = LME (a,b) :=In (W) ’

the LogMeanEzp function.
The following particular case for g-mean is of interest [14].

Corollary 1. With the assumptions of Theorem 1 we have

T2, 0 £y (00) + 15,7y a0) - 20 7 o, (a,b))1
L[ Mg @) Ve () de ’ 9 (Vi 0y (f) dt ]
- I'(e) l/‘l lg (M, (a,b)) — g (t)]l_a - /M_q(a,b) [g(t) — g (M, (a, b))]l_“
1

b
Sm(g(b)*g(a))a\!(fﬁ
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and

[e3

g (b) — g ()]

oy (M)

| l /Mgwb) g OV (et g OV (e
i g ™"

b + ()
T (a) [g(t) —g(a) ™ M,(a,b) [g (b)
(b)

<1
= 2T (a+1) Y

Ilang(ayb)—,gf(a) + Ilo\zg(a,b)hgf(b)

<

b
—g(a)*\/ (f).

Remark 1. If we take in Theorem 1 x = “7“’, then we obtain similar mid-point

inequalities, however the details are not presented here. Some applications for the
Hadamard fractional integrals are also provided in [14].

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [1]-[5], [16]-[27] and the references therein.

Motivated by the above results, in this paper we establish some trapezoid type
inequalities for the generalized Riemann-Liouville fractional integrals of functions
of bounded variation and of Holder continuous functions. Applications for the g-
mean of two numbers are provided as well. Some particular cases for Hadamard
fractional integrals are also provided.

2. SOME IDENTITIES

‘We have:

Lemma 1. Let f : [a,b] — C be Lebesgue integrable on [a,b], g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b) and A, p
some complex parameters:

(i) For any x € (a,b) we have the representation

21 Iy f(2) + I o f(z) =

I'(a+1)
L [ ff g @@ - Ndt [ @)f () — pldt
+I%a>[a muo—g@nla'*é wa>—gwn1“]
and
(2.2) E;JMHJ$WNM=F@:1)Qw®%ﬂﬂ®W+MM@—QWWW
L [ od 0@ -—Ndt [ @ () - pldt
T [ o lgt)—g@)]' ™™ +/z [g(b) —g (&)™ ]
(i) We have
I g f@) + I3 o f(0) 1 a At p
(23) = aml v re O R0 R
1 by (1) [f (£) — N dt bd@ﬂﬂﬂMﬁ]
+2Fk0ll wangan“a%l 90 —g(@ " |
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Proof. (i) We observe that

L WA
20 ), @ —g @O
g (t)dt
)

~ 15l @ =N | @ —g O
B 105 10 RN V1T 10 o

ol (a) i I'(a+1)

for a < x < b and, similarly,

b 1 o B 20
(2.5) F(la) / g (&) [f () —pldt = I f(z) - M‘u

o) —g@) T'(a+1)
for a <z < b.
If x € (a,b), then by adding the equalities (2.4) and (2.5) we get the representa-
tion (2.1).

By the definition of fractional integrals we have

1o f(b) = 1)/1)[99/“ f(t))dta, a<z<b

e T (a (b) —g ()]
and
o tig)e L[ g (t) f(t)dt 0
feo 1) F(a)/a 9O —g@ " =
Then

L Py @U@ -Ndt _ o, g () —g(@)]"
(2.6) ) /m a0 O I3, o f(b) A

fora <x <band

(2.7) F(104) / g W) —pldt _ ., fa)— Mu

g —g@] " T(a+1)
for a < x <b.
If z € (a,b), then by adding the equalities (2.6) and (2.7) we get the representa-
tion (2.1).

If we take x = b in (2.4) we get
L [Py @f ) —Nat _ lg (0) — g (a)]”
(2.8) ) /a 20 g O I3y o f(b) — =—F——5—A
while from z = @ in (2.5) we get
L e OO -pd . ) g (@)
2wl Gaogwr = "

If we add (2.8) with (2.9) and divide by 2 we get (2.3). O
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Remark 2. If we take in (2.1) and (2.2) x = M, (a,b) = g~! (M) , then we
get

(2.10) 134 o f (Mg (a,b)) + I o f (Mg (a, b))
1 a A+ u
m[ g9(b) —g(a)] <2)

2a—17
L[ e g @A 0 plde 1
e V l9 (M, (a, b)) - g(t)}1“+/M<ab) lg (t) = g (M, (a,5))]' "
and
Q1) iy @+ Tty ol O) = gy 00 - 9 @1 (254)

+

L[ @@ -Nd [P ¢ @10 -
L (a) Ua g (t) — g ()~ +/ @n lg() =g O] |

The above lemma provides various identities of interest by taking particular
values for the parameters A and p, out of which we give only a few:

Corollary 2. With the assumptions of Lemma 1 we have:
(i) For any x € (a,b),

212) 13, @)+ Iy f0) = o (0@ = 9 @F + g () =90 £ 0
L [P e U@ - f@ld | g O @) f@)dt
T V 9(@) g @] *L [g(t)g(x)]l‘a]
and
213) 12, f(@) + 12, f0) = o (9@~ g @) + 5 0) - 9 @) F @
)

1 WO f@ldt | [y @)~ f (@) dt]
T V b -ser . e
(i) For any x € [a,b],

Iy g f(a) + I3y 4 f(b) 1
2 T

(
L g @lf@—f@lde , ("9 0)1f (1)~ () dt]
T V po—sor L T —ser |
The proof is obvious by taking A = = f (z) in Lemma 1. These identities were

obtained in [14]. If we take in (2.12)-(2.14) z = My (a,b) = g~ * (M) , then

we get the corresponding identities were obtained in [14].

(2.14)
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Corollary 3. With the assumptions of Lemma 1 we have:

(2.15)  Igy o f (z) + I~ o f(2)

- (lg(@) — g (@] F (@) + [g (B) — g (&))" £ (¥)

I'(a+1)
1 g O f{)— f(a)dt

T bg/ _ ‘|
*mmlﬂ (@) —g @) +L g () —g @)™

and

(2.16) I, fa) + 17, (D)
1

“Ta+1) ([g(z) =g (@) f(a) + [g (0) — g (x)]" f ()

1 g (t)[f(t) = f(a)]dt Py () f ()= f (b))t
T Ua lg(t) —g(a)]' ™" +/av lg(0) —g ()]~ 1 ’

for any z € (a,b)
(i) We also have

I&

(2.17) g fla )+I§+,gf(b) 1 o f(b )+f( )

)

1 JOG Ot [*g O )~ f(a
+2mmll O s 1
0

The proof of (2.15) and (2.
in Lemma 1. The proof of (2.

p=f(a).

Remark 3. If we take in (2.15) and (2.16) x = M, (a,b) = g~* (M) , then

we get

) are obvious by taking A = f(a) =
) follows by Lemma 1 on taking )\ = f( )

(218) I3y of (Mg (a,b)) + I; , f (M, (a,b))
1 a
:m[g(b)—g(a)] (
1 {/%W@ g (O1F (1) = f (@) dt +/* yu[ﬂw—fwnﬂ]
a g (Mg (a,0)) =g (0] ™" s @t [9(8) — g (M (a,b)]' ™"

f(a)+f(b)>
2

(219) IIC\Y/[g(mb)_’gf( ) + 11?4 g(a,b)+, gf(b)

= o= 1I‘(a—|—1)

[ MeD g @) [ @)~ f (@)t [ yanﬂwf@wﬂ
+”®[l l9(t) =g ()] ™" +Amw>[wwwm“a '
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3. INEQUALITIES FOR BOUNDED FUNCTIONS

Now, for ¢, ® € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions, see for instance [15]

Upa,p) (¢, ®)
= {f : [a,b] — C|Re [(@ - @) (f (t) — 5)} > 0 for almost every t € [a,b}}

and

Aoy (0,8) = { s 0.1] - © ]f(t)

9+ Q
2

1
’< 5@—(;5\ for a.e. t € [mb}}.

The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that U, ) (¢, ®) and A, ) (¢, P)
are nonempty, convex and closed sets and

(3.1) Upa,0) (6, ®) = A (¢, ).
Proof. We observe that for any z € C we have the equivalence
P 1
T S
2 2

if and only if

Re[(® —2) (2 —¢)] > 0.
This follows by the equality
2

1 o+ _
fo=of - | 22 —Rel(@ - 2) (- o)
that holds for any z € C.
The equality (3.1) is thus a simple consequence of this fact. ([l

On making use of the complex numbers field properties we can also state that:
Corollary 4. For any ¢, ® € C, ¢ # ®,we have that
(3:2) Ulap) (6,@) = {f:[a,8] = C| (Re® —Ref(t)) (Re f(t) — Reg)
+(Im® —Im f (¢)) Im f (¢) — Im @) > 0 for a.e. t € [a,b]}.

Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:

(33) Sy (69) = {f [0, — C| Re(®) > Ref(t) > Re(9)
and Im (®) > Im f (¢t) > Im (¢) for a.e. t € [a,b]}.

One can easily observe that 5'[(17;,] (¢, @) is closed, convex and

(3.4) 0 # Stap) (6,®) C Ul (¢,9) .
We have:
Theorem 2. Let f : [a,b] — C be a complex valued Lebesgue integrable function

on the real interval [a,b], g be a strictly increasing function on (a,b), having a

continuous derivative g’ on (a,b) and ¢, ® € C, ¢ # ® such that f € A[mb] (¢,9).
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(i) For any x € (a,b),

35) |2 @)+ 12 f(0) = g (la @) = g @) +1g () = 9 (@)
<5100l 0@~ @)+ g )~ 9 @)])
and
(36) | gr>+ﬁa%ﬂw—553525q9u>—gwna+waa—gun%
<300l g @) o @ + )~ g @),
(1) We have
I I b
7 ol el Lty -g 1 25
<510 ol 1 - dllo () —g )"

Proof. Using the identity (2.1) for A = p = #, we have

(3.8) I3y of () + Iy f(x)

Frag W@ 9@ +lg®) -9 @]") 5=
) 1tfywpm ﬂw+f¢mhw—zﬂﬁ
@) e fg@) —g)] : o) —g (@)
for any z € (a,b).
Taking the modulus in (3.8), then we get

Ir?—&-,gf(z) + Iba gf(x) -

F(a+1)
ela g (0|1 (0) -

for any x € (a,b), which proves (3.5).
The inequality (3.6) follows in a similar manner from the identity (2.2).
The inequality (3.7) follows by (2.3) for A = pu = 252, O
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Corollary 5. With the assumptions of Theorem 2 we have

(3.9) Is; L, (0.0) + 1 0 (0.0) = 52 s o () = g (@)
< gl =t b - @)
and
BI0) Bl @+ T iy ) =~ gy 9 0) = g @)
< 5 10— 0l prry 1 0) — g )"

Remark 4. If the function f : [a,b] — R is measurable and there exists the con-
stants m, M such that m < f (t) < M for a.e. t € [a,b], then for any x € (a,b) we
have by (3.5) and (5.6) that

A1) 12y f@) + 1 f60) = g (9@~ g @] + g 0) — g (@)])
<501 =m) s [0~ 9 @ + 5 0) — 9 @)
and
m —+ M oY a
B12) |12 @)+ 24,0~ g (o @)~ 9 @) + [50) = 9 (0)])
< GO —m) g o @)~ 9 @) + (9 0) = 9 ()]
In particular,
B13) |12 O 0 0) + I P (D) = s o () g @)
< g (M —m) s fo ()~ g @)
and
BU) By ol @+ T a0 = gp g 9 0) = g @)
< 5 O =m) s () g )"

4. TRAPEZOID INEQUALITIES FOR FUNCTIONS OF BOUNDED VARIATION
‘We have:

Theorem 3. Let f : [a,b] — C be a complex valued function of bounded variation
on the real interval [a,b], and g be a strictly increasing function on (a,b), having
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a continuous derivative g¢' on (a,b). Then we have the inequalities

. . l9(=) = g (@) f (@) +[g (B) g (@)]* f ()
@) |12, f@) + I @) - b |
L[ gwVed [P g @V ()t ]
ST V e >—g<t>]1‘“+/z 90 —gla)
1 a T N b
S DV 4000V )
)gw %H Vi ()
a\ 1/a
+(g(0) =g @)™ (Vi ()" + (Vo (D))
wzthp,q>1 f—i—f 1;
Fo®) - g @) VA + V0 -V 0|
. . l9.(=) = g(@)]" £ (a) + [ () — g ())" £ (¥)
@2) |12 fla) + 12, 45 (6) - b |

1 [ 7 gV a A0 (f)dt]
<
~ I (o) V lg <>—g<a>1”+/w [g(b) —g ()]
1 o y o\
[%@(b)_g a )g z —%H Ve ();
q\ 1/q

<L) (@ =g@)®+ (g ®) — g @)™ (Vi) + (Ve )
~Dla+1) withp,q>1,%+%:1'

(9.2) = g @) + (g ) — g (@) [ VE () +

VAGEYAG

for any z € (a,b)
(i) We also have

I a)+ I b a
g [Ba @ IO 1y e S04
L[ g@ViWd " g (1) Va (f)de ]
=) l/ 0o e GO
b
Ty O @ Vo)
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Proof. Using the identity (2.15) and the properties of the modulus, we have

19, f@)+ I fla)— L@ 9@ @ +19®) =g @I f () ‘

I'a+1)
1 YW~ Flldt [P g OB fOldt|_
= T(w V l9() —g ()] o 9 —g @] ] o

for any x € (a,b) .
Since f is of bounded variation on [a,b], then we have

|f(t)—f(a)|§\/(f)§\/(f) fora<t<uz

and
b b
F@-foI <\ (<) forz<t<b,
Therefore
e L[ gmvepa b g )V (f) dt
B@ < 7 / [ +/ 9(0) —g @] ]

which proves the first two inequalities in (4.1).
The last part of (4.1) is obvious by making use of the elementary Holder type
inequalities for positive real numbers ¢, d, m, n > 0

max {m,n} (c+d);

mc+nd<{
=1.

, /D 1/q . 1,1
(mP +nP) P (et +d?)"" withp, ¢>1, 5+ 4

The inequality (4.2) follows in a similar way by utilising the equality (2.16).
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From the equality (2.17) we have

Ig  f(a) + 12, ,f(b) 1 o f(0) +f(a)
o TTarpl®-g@ 5

JWIF )~ FO)dt  [*g O)1F (&)~ f(a)l dt
= ar(a) /a g (0) =g (&))" +/a lg (t) = g (@) 1
(

1

(

RN AONAL b g (VL (f)dt
= () / lg (b) — wﬂ‘**l wa>gwn“a]

1

b b

S2r(a) \/(f)/a [g(b)—g(t)]1“+\/(f)/a lg(t) —g(a)'®
1

L a a

o

@ b o
T (a) \/(f)wa\/(f)[g(b)_ag(“)]]

L a

which proves (4.3). O

Corollary 6. With the assumptions of Theorem 8 we have

T2 My 00) + 15, £y a0) = S0 1.0) -

R O FL g g OV} ()t :
Sr«mll [gw@ww»—ganka+f£mmuuo—gw@m¢mL“

b
< gy 00 9@V )

(4.4)

and

Ly - gt
L[ GOV, SOV
[/ [ * /M (ab) |

"I g(t) = g(a)*

(4.5) I3y, ap)—.g S (@) + Ip (0 ) 1,0/ (0) —

b
< gy 00 9@V 0,

5. INEQUALITIES FOR HOLDER’S CONTINUOUS FUNCTIONS

We say that the function f : [a,b] — C is r-H-Hélder continuous on [a,b] with
€ (0,1] and H > 0 if

(5.1) &) —f()<Ht—s

for any t, s € [a,b]. If r = 1 and H = L we call the function L-Lipschitzian on
[a, b] .
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Theorem 4. Assume that f : [a,b] — C is r-H-Holder continuous on [a,b] with
€ (0,1] and H > 0, and g be a strictly increasing function on (a,b), having a
continuous derivative g’ on (a,b). Then

62 [12 1) 15w - LI 0 o @I 0)
H T g t)(t—a) dt g @) b—-t)d
=T Va [g(w)—g(t)]laJr/x [g(t) — g (z)]" ]
< e @) -9 @) (= o) + (6 0) -9 @) -2
[%(g(b)—g +)g (z) — L9 H [(z—a)" + (b—2)"];
<2z (

(52) =g @7 + (90 - @) (a4 (-2

112
((g(@)—g(a)*+(g) —g @)™ [3(b—a) + |z — <]

and
o lg(z) = g (a)]* f (@) +[g (b) — g (@)]" [ (B)
63 |1 f@) + 12, 5(0) - o |
H [ [*g@)F-a)d g b-1)d
=T V [g(t)—g(a)]l“/x ) g ]
§r<aH+1> (g (z) = g (@)™ (& —a)" + (g (b) — g ()" (b—2)"]
HAUCE® +)g () = 22590 [ — a)" + (b - 7))
< f (g (x) — g (a)*" + (g (b) - g())“”)”p((x @) + (b— )"/
I'(a+1) with p, q¢ > 1, f—i-%zl
(g () — g (@)® + (g (®) — g (@)*) [ (b—a) + |z — 2$2|]"

for any z € (a,b)
(i) We also have

B f@+ 10,00 1 W F(B)+ 1 (a)
b 5 a —F(a+1)[g(b)—g(a)] —

H [P gmo-—t'd _ [*g{)-a) d ]
=0 () V [g(b)g(t)]l‘“/a l9(t) —g (@)

lg(®) —g(a)]* (b—a)".

(5.4)

[\

<"
“I'(a+1)
Proof. Using the identity (2.15) and the properties of the modulus, we have

19, fa) + I ()~ B @ =9 @] éa(Li[gl )<b> — g (@) () ’

L [ @I - r@lde [P 0170 10 dr
“T U 9(@) —g (O] ) 9(t) —g @] "

for any x € (a,b).

=:C(x)
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Since f : [a,b] — C is r-H-Hélder continuous on [a,b] with r € (0,1] and H > 0,

hence
/ g @t)(t—a)d /b g’(t)(b—t)’“dtl
g (z g()] s lg) —g @)™

) —
‘ e o dwa
= |(z—a) / e +(—2) /w [g(t)—g (x)}la]

=

C(z) <

ﬁ
@

IN

T'(a)
L H [, @@ <a>> CIORTIC)
~ @0 e
- s lE -0 6@ g @)+ =) @6 =g @)°),

for any = € (a,b), which proves the first two inequalities in (5.2). The rest is
obvious.
The inequality (5.3) follows in a similar way by utilising the equality (2.16).
The inequality (5.4) follows by utilising the equality (2.17). O

Corollary 7. With the assumptions of Theorem 4 we have

T2, My (00) + 15, F My a0) = DT 1 0) = g @

CH [ M g (@) (- a)dt " R ]
“ T l/ (9 (M, (@) — g /Mgm,b) lg(£) = g (M (a,5))]' ™"

< pertayy 00 =9 (@) [y (0.6) — ) + 6= M, b))

(5.5)

and

(5.6) 'I&gm,b)-,gf(a) L a0 fO) — e a0 = g @)

o[ gwe—ard w)(b—wdt}
“T Va lg(t) —g(a)]' ™" " /Mgw,b) lg () —g (@) "

S eTarn W9 (a)* [(Mg (a,b) — a)" + (b — M, (a,b))"].

6. APPLICATIONS FOR HADAMARD FRACTIONAL INTEGRALS

If we take g(t) = Int and 0 < @ < = < b, then by Theorem 3 for Hadamard
fractional integrals Hg, and H;* we have for f : [a,b] — C, a function of bounded
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variation on [a, b] that

(6.1) |Hg, f(z)+ Hy f(x) — Tt D)
1 (o (£)]°VE(Hde P In(4)]" V() dt
=) / ; + / ]

and

< F(la) /I [ (£)]° : YAGL +/: lIn (£)]° tl Ve () dt]
< r(O}+ 0 (m(3) Vs (hl (i))a\[’/(f)]

for any x € (a,b)
We also have

Hy f(a) + Hy, f(b) 1 b\ 1" f(b) + f(a)
6.3) | = T T (@+1) [hl (aﬂ 2
1 "I (D] VE(H e P I ()] g @) V() dt
= 3T (a) V i +/a i
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If we take in (6.1) and (6.2) z = G (a,b), then we get

(6.4)

HE, F(G (0.5) + HY (G (a.8) - LD TTO) {1“ (bﬂ

2°T (a4 1) a
L[ e o (Ce ] T ae o n(gty)]T V@
=T {/a t +/G<a,b> - t
a b
= zar(jwl) {m (Z)] V)
and
(6.5)  |HG (o)~ (@) + HGa )+ f(b) Qap { ( r

1 [ pees [m(ﬁ)}“th b (BT Ve
<r<a>[/a t /a< " !

SM[I“(Z)W“"

Assume that f : [a,b] — C is r-H-Hdélder continuous on [a,b] with r € (0,1] and
H > 0. If we take g (t) =Int and 0 < a < x < b in Theorem 4, then we get

(6.6)

H
I'(a)

< rasT |

<

=3
N
Q&
N—
2

—~

8

\

=)

S—

+

—

=
Y
. K| o
N————
| I |
R

=

\

oS
| I |
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and
n (% a n (21«
1) | + iz g - ELTO G TO
H [ ()] -0 d (D] -0 d
“T /a t +L ; ]

< s [ (E)] @ -ar+ [ (2)] 0-ar]
L (2)+ ‘m (at5) *

2] ()" + (1))

T I(a+1) with p, ¢ > 1,

for any x € (a,b).
We also have

Hy' fla) + Hg, f(b) 1 b\1" £ () + [ (a)
©8) |= . T(a+1) [m (a)} 2
g [ @] o-0md P In(H)]* t—a)dt
= 9T (@) / t +/a t ]

If we take in (6.7) and (6.8) z = G (a,b), then we get

69) |2 1@ (0s) + H2 £ (@t — LOTEO [m (b)]

2oT (a4 1) a
G(a,b) |In @ o (t—a)" dt b In % o (b—t)"dt
<F1(Lfa){/a { ( )]t +/Gm7b)[ (G( b)ﬂt
<y ()] ¢
and

(610) |00 @)+ o, 10 - LD (2]
1 [ ()] e de |t (3] o) at
ST V : i t
1 b\1* .
<y ()] ¢
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