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1 Introduction

Let B1; B2 stand for Banach space and let 
 stand for an open subset of B1.
Let also U (z; �) := fu 2 B1 : ku� zk < �g and let U (z; �) stand for the closure
of U (z; �).
Many problems in Computational Sciences, Engineering, Mathematical Chem-

istry, Mathematical Physics, Mathematical Economics and other disciplines can
written like

F (x) = 0 (1.1)

using Mathematical Modeling [1]-[17], where F : 
! B2 is a continuous oper-
ator. The solution x� of equation (1.1) is needed in closed form. However, this
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is achieved only in special cases. That explains why most solution methods for
such equations are usually iterative. There is a plethora of iterative methods
for solving equation (1.1), more the [2, 6, 7, 9 - 13, 15, 16].
Newton�s method [6, 7, 11, 15, 16]:

xn+1 = xn � F 0 (xn)�1 F (xn) : (1.2)

Secant method:
xn+1 = xn � [xn�1; xn;F ]�1 F (xn) ; (1.3)

where [�; �;F ] denotes a divided di¤erence of order one on 
� 
 [7, 15, 16].
Newton-like method:

xn+1 = xn � E�1n F (xn) ; (1.4)

where En = E (F ) (xn) and E : 
 ! L (B1; B2) the space of bounded linear
operators from B1 into B2. Other methods can be found in [7], [11], [15], [16]
and the references therein.
In the present study we consider the new method de�ned for each n =

0; 1; 2; ::: by
xn+1 = G (xn)

G (xn+1) = G (xn)�A�1n F (xn) ; (1.5)

where x0 2 
 is an initial point, G : B3 ! 
 (B3 a Banach space), An =
A (F ) (xn+1; xn) = A (xn+1; xn) and A : 
 � 
 ! L (B1; B2). Method (1.5)
generates a sequence which we shall show converges to x� under some Lipschitz-
type conditions (to be precised in Section 2). Although method (1.5) (and
Section 2) is of independent interest, it is nevertheless designed especially to be
used in g-Abstract Fractional Calculus (to be precised in Section 3). As far as
we know such iterative methods have not yet appeared in connection to solve
equations in Abstract Fractional Calculus.
In this paper we present the semi-local convergence of method (1.5) in Sec-

tion 2. Some applications to Abstract g-Fractional Calculus are suggested in
Section 3 on a certain Banach space valued functions, where all the integrals
are of Bochner-type [8], [14].

2 Semi-local Convergence analysis

We present the semi-local convergence analysis of method (1.5) using conditions
(M):
(m1) F : 
 � B1 ! B2 is continuous, G : B3 ! 
 is continuous and

A (x; y) 2 L (B1; B2) for each (x; y) 2 
� 
:
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(m2) There exist � > 0 and 
0 � B1 such that A (x; y)
�1 2 L (B2; B1) for

each (x; y) 2 
0 � 
0 and 


A (x; y)�1


 � ��1:

Set 
1 = 
 \ 
0.
(m3) There exists a continuous and nondecreasing function  : [0;+1)3 !

[0;+1) such that for each x; y 2 
1

kF (x)� F (y)�A (x; y) (G (x)�G (y))k �

� (kx� yk ; kx� x0k ; ky � x0k) kG (x)�G (y)k :

(m4) There exists a continuous and nondecreasing function  0 : [0;+1)!
[0;+1) such that for each x 2 
1

kG (x)�G (x0)k �  0 (kx� x0k) kx� x0k :

(m5) For x0 2 
0 and x1 = G (x0) 2 
0 there exists � � 0 such that


A (x1; x0)�1 F (x0)


 � �:

(m6) There exists s > 0 such that

 (�; s; s) < 1;

 0 (s) < 1

and
kG (x0)� x0k � s � �

1� q0
;

where q0 =  (�; s; s) :

(m7) U (x0; s) � 
.
Next, we present the semi-local convergence analysis for method (1.5) using

the conditions (M) and the preceding notation.

Theorem 2.1 Assume that the conditions (M) hold. Then, sequence fxng
generated by method (1.5) starting at x0 2 
 is well de�ned in U (x0; s), remains
in U (x0; s) for each n = 0; 1; 2; ::: and converges to a solution x� 2 U (x0; s)

of equation F (x) = 0. The limit point x� is the unique solution of equation
F (x) = 0 in U (x0; s) :

Proof. By the de�nition of s and (m5), we have x1 2 U (x0; s). The proof
is based on mathematical induction on k. Suppose that kxk � xk�1k � qk�10 �

and kxk � x0k � s:
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We get by (1.5), (m2)� (m5) in turn that

kG (xk+1)�G (xk)k =


A�1k F (xk)



 =

A�1k (F (xk)� F (xk�1)�Ak�1 (G (xk)�G (xk�1)))




�


A�1k 

 kF (xk)� F (xk�1)�Ak�1 (G (xk)�G (xk�1))k �

��1� (kxk � xk�1k ; kxk�1 � x0k ; kyk � x0k) kG (xk)�G (xk�1)k �

 (�; s; s) kG (xk)�G (xk�1)k = q0 kG (xk)�G (xk�1)k � qk0 kx1 � x0k � qk0�

(2.1)
and by (m6)

kxk+1 � x0k = kG (xk)� x0k � kG (xk)�G (x0)k+ kG (x0)� x0k

�  0 (kxk � x0k) kxk � x0k+ kG (x0)� x0k

�  0 (s) s+ kG (x0)� x0k � s:

The induction is completed. Moreover, we have by (2.1) that for m = 0; 1; 2; :::

kxk+m � xkk �
1� qm0
1� q0

qk0�:

It follows from the preceding inequation that sequence fG (xk)g is complete in a
Banach space B1 and as such it converges to some x� 2 U (x0; s) (since U (x0; s)
is a closed ball). By letting k ! +1 in (2.1) we get F (x�) = 0. We also get
by (1.5) that G (x�) = x�. To show the uniqueness part, let x�� 2 U (x0; s) be
a solution of equation F (x) = 0 and G (x��) = x��: By using (1.5), we obtain
in turn that

kx�� �G (xk+1)k =


x�� �G (xk) +A�1k F (xk)�A�1k F (x��)



 �

A�1k 

 kF (x��)� F (xk)�Ak (G (x��)�G (xk))k �
��1� 0 (kx�� � xkk ; kxk+1 � x0k ; kxk � x0k) kG (x��)�G (xk)k �

q0 kG (x��)�G (xk)k � qk+10 kx�� � x0k ;

so lim
k!+1

xk = x��. We have shown that lim
k!+1

xk = x�, so x� = x��:

Remark 2.2 (1) Condition (m2) can become part of condition (m3) by consid-
ering
(m3)

0 There exists a continuous and nondecreasing function ' : [0;+1)3 !
[0;+1) such that for each x; y 2 
1


A (x; y)�1 [F (x)� F (y)�A (x; y) (G (x)�G (y))]


 �
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' (kx� yk ; kx� x0k ; ky � x0k) kG (x)�G (y)k :
Notice that

' (u1; u2; u3) �  (u1; u2; u3)

for each u1 � 0, u2 � 0 and u3 � 0. Similarly, a function '1 can replace  1 for
the uniqueness of the solution part. These replacements are of Mysovskii-type
[6], [11], [15] and in�uence the weaking of the convergence criterion in (m6),
error bounds and the precision of s.
(2) Suppose that there exist � > 0, �1 > 0 and L 2 L (B1; B2) with L�1 2

L (B2; B1) such that 

L�1

 � ��1

kA (x; y)� Lk � �1

and
�2 := ��1�1 < 1:

Then, it follows from the Banach lemma on invertible operators [11], and

L�1

 kA (x; y)� Lk � ��1�1 = �2 < 1

that A (x; y)�1 2 L (B2; B1). Let � = ��1

1��2
. Then, under these replacements,

condition (m2) is implied, therefore it can be dropped from the conditions (M).

Remark 2.3 Section 2 has an interest independent of Section 3. It is worth
noticing that the results especially of Theorem 2.1 can apply in Abstract g-
Fractional Calculus as illustrated in Section 3. By specializing function  , we
can apply the results of say Theorem 2.1 in the examples suggested in Section
3. In particular for (3.33), we choose for u1 � 0; u2 � 0, u3 � 0

 (u1; u2; u3) =
���1

�� (�) (�+ 1)
;

if jg (x)� g (y)j � �1 for each x; y 2 [a; b] ;

 (u1; u2; u3) =
���2

�� (�) (�+ 1)
;

if jg (x)� g (y)j � �2 kx� yk for each x; y 2 [a; b] and �2 = �2 jb� aj ;

 (u1; u2; u3) =
���3

�� (�) (�+ 1)
;

if jg (x)j � �3 for each x; y 2 [a; b] and �3 = 2�3; where �; � and � are given in
Section 3.
Other choices of function  are also possible.
Notice that with these choices of function  and f = F and g = G, crucial

condition (m3) is satis�ed, which justi�es our de�nition of method (1.5). We
can provide similar choices for the other examples of Section 3.
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3 Applications to X-valued g-Fractional Calcu-
lus

Here we deal with Banach space (X; k�k) valued functions f of real domain [a; b].
All integrals here are of Bochner-type, see [14]. The derivatives of f are de�ned
similarly to numerical ones, see [17], pp. 83-86 and p. 93.
Here both backgrounds needed come from [5].
I) We need

De�nition 3.1 ([5]) Let � > 0, d�e = n, d�e the ceiling of the number. Let
f 2 Cn ([a; b] ; X), where [a; b] � R, and (X; k�k) is a Banach space. Let g 2
C1 ([a; b]), strictly increasing, such that g�1 2 Cn ([g (a) ; g (b)]) :
We de�ne the left generalized g-fractional derivative X-valued of f of order

� as follows:�
D�
a+;gf

�
(x) :=

1

� (n� �)

Z x

a

(g (x)� g (t))n���1 g0 (t)
�
f � g�1

�(n)
(g (t)) dt,

(3.1)
8 x 2 [a; b]. The last integral is of Bochner type.
If � =2 N, by [5], we have that

�
D�
a+;gf

�
2 C ([a; b] ; X).

We see that�
Jn��a;g

��
f � g�1

�(n) � g�� (x) = �D�
a+;gf

�
(x) ; 8 x 2 [a; b] : (3.2)

We set

Dn
a+;gf (x) :=

��
f � g�1

�n � g� (x) 2 C ([a; b] ; X) , n 2 N, (3.3)

D0
a+;gf (x) = f (x) ; 8 x 2 [a; b] :

When g = id, then
D�
a+;gf = D�

a+;idf = D�
�af;

the usual left X-valued Caputo fractional derivative, see [4].

We need the X-valued left general fractional Taylor�s formula.

Theorem 3.2 ([5]) Let � > 0, n = d�e, and f 2 Cn ([a; b] ; X), where [a; b] �
R and (X; k�k) is a Banach space. Let g 2 C1 ([a; b]), strictly increasing, such
that g�1 2 Cn ([g (a) ; g (b)]), a � x � b. Then

f (x) = f (a) +
n�1X
i=1

(g (x)� g (a))i

i!

�
f � g�1

�(i)
(g (a))+

1

� (�)

Z x

a

(g (x)� g (t))��1 g0 (t)
�
D�
a+;gf

�
(t) dt =
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f (a) +
n�1X
i=1

(g (x)� g (a))i

i!

�
f � g�1

�(i)
(g (a))+ (3.4)

1

� (�)

Z g(x)

g(a)

(g (x)� z)��1
��
D�
a+;gf

�
� g�1

�
(z) dz:

The remainder of (3.4) is a continuous function in x 2 [a; b] :

Here we are going to operate more generally. We consider f 2 Cn ([a; b] ; X).
We de�ne the following X-valued left g-fractional derivative of f of order � as
follows:�
D�
y+;gf

�
(x) :=

1

� (n� �)

Z x

y

(g (x)� g (t))n���1 g0 (t)
�
f � g�1

�(n)
(g (t)) dt;

(3.5)
for any a � y � x � b;

Dn
y+;gf (x) =

��
f � g�1

�(n) � g� (x) , 8 x; y 2 [a; b] ; (3.6)

and
D0
y+;gf (x) = f (x) , 8 x 2 [a; b] : (3.7)

For � > 0, � =2 N, by convention we set that�
D�
y+;gf

�
(x) = 0, for x < y; 8 x; y 2 [a; b] : (3.8)

Similarly, we de�ne

�
D�
x+;gf

�
(y) :=

1

� (n� �)

Z y

x

(g (y)� g (t))n���1 g0 (t)
�
f � g�1

�(n)
(g (t)) dt;

(3.9)
for any a � x � y � b;

Dn
x+;gf (y) =

��
f � g�1

�(n) � g� (y) , 8 x; y 2 [a; b] ; (3.10)

and
D0
x+;gf (y) = f (y) , 8 y 2 [a; b] : (3.11)

For � > 0, � =2 N, by convention we set that�
D�
x+;gf

�
(y) = 0, for y < x; 8 x; y 2 [a; b] : (3.12)

We get that (see [8])



�D�
a+;gf

�
(x)


 � 1

� (n� �)

Z x

a

(g (x)� g (t))n���1 g0 (t)



�f � g�1�(n) (g (t))


 dt

(3.13)
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�




�f � g�1�(n) � g



1;[a;b]

� (n� �)

Z x

a

(g (x)� g (t))n���1 g0 (t) dt =


�f � g�1�(n) � g



1;[a;b]

� (n� �+ 1) (g (x)� g (a))n�� �


�f � g�1�(n) � g



1;[a;b]

� (n� �+ 1) (g (b)� g (a))n�� ; 8 x 2 [a; b] : (3.14)

That is �
D�
a+;gf

�
(a) = 0, (3.15)

and �
D�
y+;gf

�
(y) =

�
D�
x+;gf

�
(x) = 0; 8 x; y 2 [a; b] : (3.16)

Thus when � > 0, � =2 N, both D�
y+;gf; D

�
x+;gf 2 C ([a; b] ; X), (see [5]).

Hence by Theorem 3.2 we obtain

f (x)� f (y) =
n�1X
k=1

�
f � g�1

�(k)
(g (y))

k!
(g (x)� g (y))k +

1

� (�)

Z x

y

(g (x)� g (t))��1 g0 (t)
�
D�
y+;gf

�
(t) dt; 8 x 2 [y; b] ; (3.17)

and

f (y)� f (x) =
n�1X
k=1

�
f � g�1

�(k)
(g (x))

k!
(g (y)� g (x))k +

1

� (�)

Z y

x

(g (y)� g (t))��1 g0 (t)
�
D�
x+;gf

�
(t) dt; 8 y 2 [x; b] ; (3.18)

We de�ne also the following X-valued linear operator

(A1 (f)) (x; y) :=8>>>><>>>>:

n�1P
k=1

(f�g�1)
(k)
(g(y))

k! (g (x)� g (y))k�1 +
�
D�
y+;gf

�
(x) (g(x)�g(y))

��1

�(�+1) ; for x > y;

n�1P
k=1

(f�g�1)
(k)
(g(x))

k! (g (y)� g (x))k�1 +
�
D�
x+;gf

�
(y) (g(y)�g(x))

��1

�(�+1) ; for x < y;

f (n) (x) ; when x = y;
(3.19)

8 x; y 2 [a; b]; � > 0, n = d�e :
We may assume that (see [12], p. 3)

k(A1 (f)) (x; x)� (A1 (f)) (y; y)k =



f (n) (x)� f (n) (y)


 (3.20)
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�f (n) � g�1� (g (x))� �f (n) � g�1� (g (y))


 � � jg (x)� g (y)j ; 8 x; y 2 [a; b] ;

where � > 0:
We estimate and have
i) case of x > y :

kf (x)� f (y)� (A1 (f)) (x; y) (g (x)� g (y))k =



 1

� (�)

Z x

y

(g (x)� g (t))��1 g0 (t)
�
D�
y+;gf

�
(t) dt�

�
D�
y+;gf

�
(x)

(g (x)� g (y))�

� (�+ 1)





 (3.21)

(by [1]. p. 426, Theorem 11.43)

=
1

� (�)





Z x

y

(g (x)� g (t))��1 g0 (t)
��
D�
y+;gf

�
(t)�

�
D�
y+;gf

�
(x)
�
dt






(by [8])

� 1

� (�)

Z x

y

(g (x)� g (t))��1 g0 (t)


�D�

y+;gf
�
(t)�

�
D�
y+;gf

�
(x)


 dt (3.22)

(we assume that

�D�
y+;gf

�
(t)�

�
D�
y+;gf

�
(x)


 � �1 jg (t)� g (x)j ; (3.23)

8 t; x; y 2 [a; b] : x � t � y; �1 > 0)

� �1
� (�)

Z x

y

(g (x)� g (t))��1 g0 (t) (g (x)� g (t)) dt =

�1
� (�)

Z x

y

(g (x)� g (t))� g0 (t) dt = �1
� (�)

(g (x)� g (y))�+1

(�+ 1)
: (3.24)

We have proved that

kf (x)� f (y)� (A1 (f)) (x; y) (g (x)� g (y))k �

�1
� (�)

(g (x)� g (y))�+1

(�+ 1)
; (3.25)

8 x; y 2 [a; b] : x > y:

ii) case of y > x : We have that

kf (x)� f (y)� (A1 (f)) (x; y) (g (x)� g (y))k = (3.26)

kf (y)� f (x)� (A1 (f)) (x; y) (g (y)� g (x))k =

9







 1

� (�)

Z y

x

(g (y)� g (t))��1 g0 (t)
�
D�
x+;gf

�
(t) dt�

�
D�
x+;gf

�
(y)

(g (y)� g (x))�

� (�+ 1)





 =
1

� (�)





Z y

x

(g (y)� g (t))��1 g0 (t)
��
D�
x+;gf

�
(t)�

�
D�
x+;gf

�
(y)
�
dt





 � (3.27)

1

� (�)

Z y

x

(g (y)� g (t))��1 g0 (t)


�D�

x+;gf
�
(t)�

�
D�
x+;gf

�
(y)


 dt (3.28)

(we assume here that

�D�
x+;gf

�
(t)�

�
D�
x+;gf

�
(y)


 � �2 jg (t)� g (y)j ; (3.29)

8 t; y; x 2 [a; b] : y � t � x;�2 > 0)

� �2
� (�)

Z y

x

(g (y)� g (t))��1 g0 (t) (g (y)� g (t)) dt = (3.30)

�2
� (�)

Z y

x

(g (y)� g (t))� g0 (t) dt = �2
� (�)

(g (y)� g (x))�+1

(�+ 1)
: (3.31)

We have proved that

kf (x)� f (y)� (A1 (f)) (x; y) (g (x)� g (y))k � (3.32)

�2
� (�)

(g (y)� g (x))�+1

(�+ 1)
; 8 x; y 2 [a; b] : y > x:

Conclusion 3.3 Set � := max (�1; �2). Then

kf (x)� f (y)� (A1 (f)) (x; y) (g (x)� g (y))k �

�

� (�)

jg (x)� g (y)j�+1

(�+ 1)
; 8 x; y 2 [a; b] : (3.33)

Notice that (3.33) is trivially true when x = y:

One may assume that
�

� (�)
< 1: (3.34)

Now based on (3.20) and (3.33), we can apply our numerical methods presented
in this article to solve f (x) = 0.
II) In the next background again we use [5].
We need
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De�nition 3.4 ([5])Let � > 0, d�e = n, d�e the ceiling of the number. Let
f 2 Cn ([a; b] ; X), where [a; b] � R, and (X; k�k) is a Banach space. Let g 2
C1 ([a; b]) ; strictly increasing, such that g�1 2 Cn ([g (a) ; g (b)]) :
We de�ne the right generalized g-fractional derivative X-valued of f of order

� as follows:

�
D�
b�;gf

�
(x) :=

(�1)n

� (n� �)

Z b

x

(g (t)� g (x))n���1 g0 (t)
�
f � g�1

�(n)
(g (t)) dt;

(3.35)
8 x 2 [a; b]. The last integral is of Bochner type.
If � =2 N, by [5], we have that

�
D�
b�;gf

�
2 C ([a; b] ; X).

We see that

Jn��b�;g

�
(�1)n

�
f � g�1

�(n) � g� (x) = �D�
b�;gf

�
(x) ; a � x � b: (3.36)

We set

Dn
b�;gf (x) := (�1)

n
��
f � g�1

�n � g� (x) 2 C ([a; b] ; X) , n 2 N, (3.37)

D0
b�;gf (x) := f (x) ; 8 x 2 [a; b] :

When g = id, then

D�
b�;gf (x) = D�

b�;idf (x) = D�
b�f; (3.38)

the usual right X-valued Caputo fractional derivative, see [3].

We also need the Taylor�s formula.

Theorem 3.5 ([5])Let � > 0, n = d�e, and f 2 Cn ([a; b] ; X), where [a; b] � R
and (X; k�k) is a Banach space. Let g 2 C1 ([a; b]), strictly increasing, such that
g�1 2 Cn ([g (a) ; g (b)]), a � x � b. Then

f (x) = f (b) +
n�1X
i=1

(g (x)� g (b))i

i!

�
f � g�1

�(i)
(g (b))+

1

� (�)

Z b

x

(g (t)� g (x))��1 g0 (t)
�
D�
b�;gf

�
(t) dt =

f (b) +
n�1X
i=1

(g (x)� g (b))i

i!

�
f � g�1

�(i)
(g (b))+ (3.39)

1

� (�)

Z g(b)

g(x)

(z � g (x))��1
��
D�
b�;gf

�
� g�1

�
(z) dz:

The remainder of (3.39) is a continuous function in x 2 [a; b] :

11



Here we are going to operate more generally. We consider f 2 Cn ([a; b] ; X).
We de�ne the following X-valued right g-fractional derivative of f of order � as
follows:�
D�
y�;gf

�
(x) =

(�1)n

� (n� �)

Z y

x

(g (t)� g (x))n���1 g0 (t)
�
f � g�1

�(n)
(g (t)) dt;

(3.40)
8 x 2 [a; y]; where y 2 [a; b] ;�

Dn
y�;gf

�
(x) = (�1)n

��
f � g�1

�(n) � g� (x) , 8 x; y 2 [a; b] ; (3.41)�
D0
y�;gf

�
(x) = f (x) , 8 x 2 [a; b] : (3.42)

For � > 0, � =2 N, by convention we set that�
D�
y�;gf

�
(x) = 0, for x > y; 8 x; y 2 [a; b] : (3.43)

Similarly, we de�ne

�
D�
x�;gf

�
(y) =

(�1)n

� (n� �)

Z x

y

(g (t)� g (y))n���1 g0 (t)
�
f � g�1

�(n)
(g (t)) dt;

(3.44)
8 y 2 [a; x], where x 2 [a; b] ;�

Dn
x�;gf

�
(y) = (�1)n

��
f � g�1

�(n) � g� (y) , 8 x; y 2 [a; b] ; (3.45)�
D0
x�;gf

�
(y) = f (y) , 8 y 2 [a; b] : (3.46)

For � > 0, � =2 N, by convention we set that�
D�
x�;gf

�
(y) = 0, for y > x; 8 x; y 2 [a; b] : (3.47)

We get that



�D�
b�;gf

�
(x)


 �




�f � g�1�(n) � g



1;[a;b]

� (n� �+ 1) (g (b)� g (x))n�� � (3.48)




�f � g�1�(n) � g



1;[a;b]

� (n� �+ 1) (g (b)� g (a))n�� ; 8 x 2 [a; b] :

That is �
D�
b�;gf

�
(b) = 0, (3.49)

and �
D�
y�;gf

�
(y) =

�
D�
x�;gf

�
(x) = 0; 8 x; y 2 [a; b] : (3.50)

Thus when � > 0, � =2 N, both D�
y�;gf; D

�
x�;gf 2 C ([a; b] ; X), see [5].
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Hence by Theorem 3.5 we obtain

f (x)� f (y) =
n�1X
k=1

�
f � g�1

�(k)
(g (y))

k!
(g (x)� g (y))k +

1

� (�)

Z y

x

(g (t)� g (x))��1 g0 (t)
�
D�
y�;gf

�
(t) dt; all a � x � y � b: (3.51)

Also, we have

f (y)� f (x) =
n�1X
k=1

�
f � g�1

�(k)
(g (x))

k!
(g (y)� g (x))k +

1

� (�)

Z x

y

(g (t)� g (y))��1 g0 (t)
�
D�
x�;gf

�
(t) dt; all a � y � x � b: (3.52)

We de�ne also the following X-valued linear operator

(A2 (f)) (x; y) :=8>>>><>>>>:

n�1P
k=1

(f�g�1)
(k)
(g(y))

k! (g (x)� g (y))k�1 �
�
D�
y�;gf

�
(x) (g(y)�g(x))

��1

�(�+1) ; for x < y;

n�1P
k=1

(f�g�1)
(k)
(g(x))

k! (g (y)� g (x))k�1 �
�
D�
x�;gf

�
(y) (g(x)�g(y))

��1

�(�+1) ; for x > y;

f (n) (x) ; when x = y;
(3.53)

8 x; y 2 [a; b]; � > 0, n = d�e :
We may assume that ([12], p. 3)

k(A2 (f)) (x; x)� (A2 (f)) (y; y)k =



f (n) (x)� f (n) (y)


 (3.54)

� �� jg (x)� g (y)j ; 8 x; y 2 [a; b] ;

where �� > 0:
We estimate and have
i) case of x < y :

kf (x)� f (y)� (A2 (f)) (x; y) (g (x)� g (y))k =



 1

� (�)

Z y

x

(g (t)� g (x))��1 g0 (t)
�
D�
y�;gf

�
(t) dt�

�
D�
y�;gf

�
(x)

(g (y)� g (x))�

� (�+ 1)





 (3.55)

(by [1], p. 426, Theorem 11.43)

=
1

� (�)





Z y

x

(g (t)� g (x))��1 g0 (t)
��
D�
y�;gf

�
(t)�

�
D�
y�;gf

�
(x)
�
dt






13



(by [8])

� 1

� (�)

Z y

x

(g (t)� g (x))��1 g0 (t)


�D�

y�;gf
�
(t)�

�
D�
y�;gf

�
(x)


 dt (3.56)

(we assume that

�D�
y�;gf

�
(t)�

�
D�
y�;gf

�
(x)


 � �1 jg (t)� g (x)j ; (3.57)

8 t; x; y 2 [a; b] : y � t � x; �1 > 0)

� �1
� (�)

Z y

x

(g (t)� g (x))��1 g0 (t) (g (t)� g (x)) dt =

�1
� (�)

Z y

x

(g (t)� g (x))� g0 (t) dt = �1
� (�)

(g (y)� g (x))�+1

(�+ 1)
: (3.58)

We have proved that

kf (x)� f (y)� (A2 (f)) (x; y) (g (x)� g (y))k �

�1
� (�)

(g (y)� g (x))�+1

(�+ 1)
; (3.59)

8 x; y 2 [a; b] : x < y:

ii) case of x > y :

kf (x)� f (y)� (A2 (f)) (x; y) (g (x)� g (y))k =

kf (y)� f (x)� (A2 (f)) (x; y) (g (y)� g (x))k = (3.60)

kf (y)� f (x) + (A2 (f)) (x; y) (g (x)� g (y))k =



 1

� (�)

Z x

y

(g (t)� g (y))��1 g0 (t)
�
D�
x�;gf

�
(t) dt�

�
D�
x�;gf

�
(y)

(g (x)� g (y))�

� (�+ 1)





 =
1

� (�)





Z x

y

(g (t)� g (y))��1 g0 (t)
��
D�
x�;gf

�
(t)�

�
D�
x�;gf

�
(y)
�
dt





 � (3.61)

1

� (�)

Z x

y

(g (t)� g (y))��1 g0 (t)


�D�

x�;gf
�
(t)�

�
D�
x�;gf

�
(y)


 dt (3.62)

(we assume that

�D�
x�;gf

�
(t)�

�
D�
x�;gf

�
(y)


 � �2 jg (t)� g (y)j ; (3.63)

8 t; y; x 2 [a; b] : x � t � y; �2 > 0)

� �2
� (�)

Z x

y

(g (t)� g (y))��1 g0 (t) (g (t)� g (y)) dt =

14



�2
� (�)

Z x

y

(g (t)� g (y))� g0 (t) dt = (3.64)

�2
� (�)

(g (x)� g (y))�+1

(�+ 1)
: (3.65)

We have proved that

kf (x)� f (y)� (A2 (f)) (x; y) (g (x)� g (y))k �

�2
� (�)

(g (x)� g (y))�+1

(�+ 1)
; 8 x; y 2 [a; b] : x > y: (3.66)

Conclusion 3.6 Set � := max (�1; �2). Then

kf (x)� f (y)� (A2 (f)) (x; y) (g (x)� g (y))k �

�

� (�)

jg (x)� g (y)j�+1

(�+ 1)
; 8 x; y 2 [a; b] : (3.67)

Notice that (3.67) is trivially true when x = y:

One may assume that
�

� (�)
< 1: (3.68)

Now based on (3.54) and (3.67), we can apply our numerical methods presented
in this article to solve f (x) = 0.
In both fractional applications �+ 1 � 2, i¤ � � 1.
Also some examples for g follow:

g (x) = ex, x 2 [a; b] � R;
g (x) = sinx;

g (x) = tanx;

where x 2
�
��
2 + ";

�
2 � "

�
; where " > 0 small.

(3.69)
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