Received 01/06/17

ON SOME OSTROWSKI TYPE INEQUALITIES FOR
GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, some inequalities of Ostrowski type for the general-
ized Riemann-Liouville fractional integrals of absolutely continuous functions
in terms of the Lebesgue p-norm of the derivatives are obtained. Some exam-
ples for the Hadamard and Harmonic fractional integrals are also given.

1. INTRODUCTION

In 1938, A. Ostrowski [21], proved the following inequality concerning the dis-
tance between the integral mean 31— f: f (t) dt and the value f (z), = € [a, b].

Theorem 1 (Ostrowski, 1938 [21]). Let f : [a,b] — R be continuous on [a,d]
and differentiable on (a,b) such that f' : (a,b) — R is bounded on (a,b), i.e.,
1l = sup |f (§)] < oo. Then

¢

€(a,b)

1 b 1 x_LJFb 2
(1.1) |f(:c)b_a/ F)dt| < 4*(1;-2) 1l (b —a),

for all © € [a,b] and the constant  is the best possible.
The following result, which is an improvement on Ostrowski’s inequality, holds.

Theorem 2 (Dragomir, 2002 [11]). Let f : [a,b] — C be an absolutely continuous
function on [a,b] whose derivative f' € Ly [a,b]. Then

(12) Puwwla/fwﬁ

1

= m |:Hf/‘|[a,m],oo (fL' - a)z + ||fl||[x,b],oo (b — x)2j|

1991 Mathematics Subject Classification. 26D15, 26D10, 26D07, 26A33.
Key words and phrases. Riemann-Liouville fractional integrals, Hadamard fractional integrals,
Absolutely continuous functions, Ostrowski type inequalities.

1

RGMIA Res. Rep. Coll. 20 (2017), Art. 67, 13 pp


e5011831
Typewritten Text
Received 01/06/17

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 20 (2017), Art. 

e5011831
Typewritten Text
67, 13 pp


2 S.S. DRAGOMIR

w—atb 2
oo 5+ (52) ] 00

1 Moo W] [(22)" 5 ()] 0,

<
1 1 _ 1.
where p > 1, E—f—afl,
1 1 ! 1 x—aTer 2
L 1 Moo + 1 Naigoe] [+ [ || 0= a)

for all z € [a,b], where |||
recall that

denotes the usual co-norm on Lo [m,n], i.e., we

m,n],co

191/ fm.m],00 = €SSUD |g ()] < 0.
te[m,n]
Corollary 1. With the assumptions of Theorem 2 we have the mid-point inequality

() —biG/abf@f)dt

(1.3)

A

< 5 (1 e+ 1 o)) 0= @)

2

1 /!
< Z ||f H[a,b],oo (b - a‘) .

For other Ostrowski type inequalities, see [6]-[16] and the references therein.

In order to extend these results for fractional integrals, we need the following
definitions.

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for a > 0 by

I @)= / @ -0 (1) de
fora < x <band
b
Jof (@) = ﬁ [ - s

for a < x < b, where T' is the Gamma function. For a = 0, they are defined as
IO (@) = JO_f (@) = [ (&) for @ € (a,b).

For several inequalities for Riemann-Liouville fractional integrals see [1]-[5], [14]-
[29] and the references therein.

Let (a,b) with —oo < a < b < oo be a finite or infinite interval of the real line
R and « a complex number with Re (a) > 0. Also, let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [19, p.
100], we introduce the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a, b] by

R R IO O
4 ol () '_F(a)/a o) g " =

g' (&) f(t)dt

T, a <z <b
l9(t) — g (z)]

b
(1.5) I f(z) = F(la) /
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For g (t) = t we have the classical Riemann-Liouville fractional integrals intro-
duced above while for the logarithmic function g (¢) = Int we have the Hadamard
fractional integrals [19, p. 111]

(1.6) HY, f(2) ;:1)/: [in (f)'aflf(t)dt, 0<a<z<bh

I'a t/] t

and

1/ tN147 £ (b) dt
1. Hy == In(— < b.
(1.7) o f(x) F(a)/z {n(aj) . , 0<a<x<
One can consider the function g (¢t) = —t~! and define the "Harmonic fractional
integrals” by

= [T f(t)de
1.8 Ry, f(x) := / ,0<a<z<b
( ) + ( ) r (OL) " (;E . t)lfa o+l
and

gz b @) dt
1.9 Ry f(z) := / ,0<a<zxz<h
( ) b f( ) F(Oé) . (t—l’)liataJrl

Recall also the concept of generalized mean generated by a function. If g is a
function which maps an interval I of the real line to the real numbers and is both
continuous and injective then we can define the g-mean of two numbers a, b € I by

M, (a,b) = g~ (9(>2+9<b>> |

A ( a+b

G(a
) =

2

b) =
,b) := Vab,
H (a,b) :=
M, (a,b) =

If I =R and g (t) =t is the identity function, then M, (a,b) =
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) =
the geometric mean. If I = (0,00) and g (t) = then M, (a,b

%, the harmonic mean. If I = (0,00) and g (¢ ) =P, p # 0, then

, 1
M, (a,b) := (#) /p, the power mean with exponent p.

2. MAIN RESULTS

We have the following representation,

Lemma 1. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g'
n (a,b). Then for any x € (a,b) we have

(21) I ,f () + I3y o f (b)
- s @) 9 @) + ) 9 @))f @)
1

I'la+1)

x

b
/ (g(b) — g (£))° ' (t) dt — / (9(t) — g (@) f' (t) e

a

+
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In particular, we have
(22) I&g(a,b)—,gf (a) + I]o\(/lg(a,b)—',-,gf (b)

= S @0~ 9 @) £ ()

1 b .
T g O OO

1 M (a,b) o
e wO-s@r o

Proof. By the definition of generalized Riemann-Liouville fractional integrals, we
have

1 b L
Il 0= 5 [ @@ =) 0 £ )
for a < x < b and
1 ¥ a—1
1@ =g [ @@ =g@) 7 O F @

for a < x <b.
Since f : [a,b] — C is an absolutely continuous function [a, b] , then the Lebesgue
integrals
b

/ "9 (t) — g (@)* £ (#)dt amd / (g(6) — g (8)" /' (t)dt

x

exist and integrating by parts, we have

23 gy [ @O -a@r f
T 0@ 9@ ) - s [ a9 @) 0 @
]‘ [ «
- Fagp @ s @) S @ -1 f (@)

fora <z <band

2 FaTT / (9(6) ~ 9 (1) f' (1) di
— s [ 6000 O r 0@ s 00 - e@r @
=140 )~ f 00— 9 @) @
for a <z < b.
From (2.3) we get
«@ _ 1 o
I (@) = fag 0@~ @) @)
1

e AR ORACE



TRAPEZOID INEQUALITIES FOR RL-FRACTIONAL INTEGRALS 5

for a <z < b and from (2.4)

Iyl 0= 5y 00— 9 @) @)
1 ' o p
ey G R AONACTE
for a < & < b, which by addition produce (2.1). O

We use the Lebesgue p-norms defined as

17l (e, 7,00 7= essup [ ()| < oo provided h € Lo [c, d]

tele,

and

/p
1llfeap ¢ (/ |h ()" dt) < oo provided h € L, [e,d], p > 1.

The following inequalities hold:

Theorem 3. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g’
n (a,b).
(i) If g—: € Ly [a,b], then for any = € (a,b) we have

(25) I(zl—,gf (a) I(zlJr gf (b) o (g (1’) -9 (a%)(a++(-i)(b) — 4 (.’E)) f (SL’)
# '}1 ) — a a+1 ]1 _ r a+1
<tar7 ||} @ g +L,W%m@w>g<» ]
1 f/ a+1 a+1
S =75 (9(x) —g(a)™ +(g(b) —g (@) |.
F(a+2)‘ [a,b],00 {g ! ! ! }
(i1) If ; Ly [a,b], where p, ¢ > 1 with % + % =1, then for any x € (a,b)
we have
< 1
T T(a+1)(ag+ 1)
L w@-g@ L e - g
(gl)q la,z],p (g’)q [=,b],p
1 f/ ga+1 ga+1 1/q
< . z)—gla +(g(b) —g(x .
rm+nmmuf“<mqmﬁﬂw()g(” (96) = g (@)
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Proof. (i) Using the identity (2.1) and the properties of modulus, we have

(27) |12 of (@) + I3 o f (b) NEESY f (@)
b x
Sﬁ L(g(b)—g(t))“f’(t)dt +/a (g(t)—g(a))af’(t)dtH
b T
Simalﬂ) / (9.(b) = g (#)™ f () dt + / (g(t)—g(a))"‘lf’(t)ldtl
_ 1 ’ W]
i RGO PO
1 ’ o @O,
trarn ) WO -s@)r [T
1
=: WD (z)
for any « € (a,b).
By the properties of integral
’ o F @] f (g (b) — g ()"
[ oo |gglswas|z] ETE
and
: o D] f (9 (z) —g(a)"
[ oo —s@r| gl was|] O
for any x € (a,b) .
Therefore
D(z) < Ji (g (x)_g(a))a+1 Ji (g(b)—g(m))wfl
B g [z,a],00 a+1 g’ [b,],00 a+1
- max{ ! Fid }l(g(m)—g(a))““+<g<b>—g<x>>““1
- 9 a0 19 lfz).00 a+1
1 I o o
= a1yl [o@-s@r s e —owr]

for any x € (a,b) and the inequality (2.5) is thus proved.
(ii) By Holder’s weighted integral inequality

d 1/p d 1/q
<</ u<t>|”w<t>dt> (/ w)qw(t)dt)

where p, ¢ > 1 with % + % =1and w > 0 a.e. on [¢,d], we also have

d
/ w(t) v (t)w () dt
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(@)
g (1)

o) ) " ([ wo-s@rg o) v

| w0 -s@r| L0y 0

< (/” /(@)

g (1)

= f! (9 (z) —g(a))o""%
(g’)E la,z],p (aq + 1)1/q
and, similarly
[ ao-sor| L9y war< | L] @O-sl)T
« g (t) )7 [l o1 (ag+ 1)1

Therefore, by Holder’s discrete inequality
mn 4w < (m? + uP)/? (n? 4 7)1

where p, ¢ > 1 with % + % =1 and m, n, u, v > 0, we have further

co< |l @@ +| r @ -gey
B (g')q [a,z],p (aq + 1)1/q (g')« [2,b],p (aq + 1)1/q
p . P 1/
< : 1/ fll + f 1
(ag+1)77 ||| (g7 [a,z],p (9')7 [z,b],p |
1\ ¢ 1\q11/a
< (9@ =g @) 7) + ((90) = g (@)**7)]
= 1 I z) — g ()it b) — g (z))t? l/q.
prrsvcd el I [(9.2) = g (@)™ + (g () — g ()" "]

By making use of (2.7) we get the desired (2.6).

Corollary 2. With the assumptions of Theorem 3, we have

(9(b) —g(a)”

28 |1y wraf (@ F iy eaf 0~ Sy 2O (01 (0.0)
f/ ’ f/ a+1
< ||I5 +1|= (9(b) —g(a))
20010 (a +2) ' 9 My (@pioo 119" iz, (a,0),80,00
1 f/ a+1
<—— | b) —
22T (a+2) || ¢’ [a,b],00 (9(6) =9 (@)
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provided z—: € Lo [a,b] and

(9 (b) — g (a)”

(29) Ia Mg(a,b)— ,gf (a) + Il(tlg(a,b)+,gf (b) - 9a—1T (Oé I 1) f (Mg (aab))’
(g(b) —g(a)*Fa f £
- ga+i 1 1 T
2275 (a+ 1) (g + D (1@ wnsy@one 167 liagy anoio
1 7

= 1/q
20T (e + 1) (g + 1)

e
(g')e [a,b],p

provided L, [a,b], where p, ¢ > 1 with % + % =1

1
q

(g")

3. APPLICATIONS

If we take g (t) = t, t € [a,b] in the above inequalities, then we get the follow-
ing results for the classical Riemann-Liouville fractional integrals of the absolutely
continuous function f : [a,b] — C

(3.1) Jof(a)+ J2 f (b) — farn (@)
1 ) ) / )
= T(a+2) [”f llfa,2),00 (& — @) S oty (b — ) +1}
1 , N .
- m ||f ||[a,b],oo |:(aj - a) 1 + (b — .7,‘) +1:|

for any x € (a,b), provided [’ € Lo, [a,b]. In particular, we have

T fla)+ Jin f(b) - zaf?£<i)i 1)f<a;b>'
1

- - !
20T (o + 2) 177

1 / a+1
_— b— .
57753 1 asee 0=

(3.2)

oo 17 ezt gy 0] = @)

If f' € L,[a,b], where p, ¢ > 1 with % + % =1, then for any x € (a,b) we have

(z—a)* +(b—x)"
I'(a+1)

(33)  |Jef(a) + I f(b) — f ()

1 / Ol-‘r% / a_;’_%
= I(a+1)(ag+ )1/q “ [a,z],p (x —a) +1f ||[$,b]7p (b—=x) ]
1 a a 1/q
S ]_/q Hf ||[a b]p |:(‘T_a)q i +(b_.’13)q +1i| .

I'(a+1)(ag+1)
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In particular, we have

« (b* CL)a a+b
(3.4) JuTﬁ»bi (a )+Ja+b f(b)Qa—lf‘(a+1)f< 5 >‘
U a)a-&-% ’ ’
T oootar (a+1)(ag+ 1)1/4 [Hf ”[“v%’b]#’ +1If ”[‘%’byb],p}
1 ol
= ' [a,b],p (b - a’) ta .

T 20T (a+ 1) (ag+1)Y7

The case o = 1 produces the following inequalities for the Riemann integral, see
also 1.2
b

(35) f(t)dt—f () (b—a)
g% (=21 ||[M], 0= 1 e
g[ (= ) 18
for any z € [a,b] and
(3.6) /f fdt— f ( b)(b—a)‘
e [T TP o = Y RN v T

where f' € L [a,b].
If f' € L, [a,b], where p, ¢ > 1 with % + % = 1, then for any = € (a,b) we have

(37) t) dt— f (.’b) (b . a)
< g W = @ 1, 000
1/
< (q—i—ll)l/q Hf/”[a,b],p {({1; — a)Q+1 + (b _ x)qul} q

and, in particular

w5200

- )7 171,

(3.8)

!
cage]p T I Mg 4y

- 21+1/q (q—l— )1/q(

1 141 ’
e TV
2(q+ 1)1/q [ 7b]1p
Now, if we take g (t) = Int, ¢t € (a,b) C (0,00) in inequalities from the above
section, then we get the following results for the Hadamard fractional integrals Hg',
and H* :
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If ef’ € Lo [a,b], where e (t) =t is the identity function, then for any z € (a,b)
we have

(39 |H?_f(a)+H§+f(b)— LGN+ BGL @

g 1 e [ ()] el 0 (2)] QH]

ﬁ €S 1 fap),00 “111 (g)rﬂ . [ln (Z)rﬂl

and, in particular

n ()]
(3.10) ‘H\‘j@_ f(a)+ Hom [ (b) — M 7 (Vab)

1 /! , b a+1
S 3eH T (a1 2) {IIef lfa,vap) 00 T ll€f H[m,b},m] [ln <a)]

1 b a+1
< — ! In( - .
=2l (a+2) lef ||[a7b],oo {n (a)]

If et/af’ L, [a,b], where p, ¢ > 1 with % + é = 1, then for any z € (a,b) we
have

b
T

1

I'(a+1)
1
T T(a+1)(ag+ 1)1

[a.a].p [ln Gﬂaﬁ * Hel/qf/ [e.b].p [ln (DTﬂ
“ qa+171
o N B

(3.11) ‘Hg_f(a)+Hg+f(b) [ (£)]" + [In(

<[l

/a

e1/q /

< 1/q
F'(a+1)(ag+1)

and, in particular

n(2)1"
(3.12) ‘H%_f (@) + Ho, f(b) — Mf (\/c%)

n ()] [
2°FaT (o + 1) (g + 1)1/ He /
1
20T (v + 1) (g + 1)1

s

[a,v/ab].p [Vab,b] p}

a+%
mG)]
[a,b],p a

If we take the function g (t) = —t~*, ¢ € (a,b) C (0,00) in the inequalities from
the previous section, then we have the following inequalities for Harmonic fractional

IN

Hel/q /




TRAPEZOID INEQUALITIES FOR RL-FRACTIONAL INTEGRALS 11

integrals and x € (a, b)

z—a\% b—z\¥
13) |rer(o+ Res o) - L) O
—a a+1 - bh—x a+1
L TN G N =

a+1 a+1
9 T—a b—=z
SFO(+2 le fH[‘”’ [( za ) +< bx ) ]

if e2f' € Lo [a,b], and

z—a\% b—x\ ¥
reg @+ s ) - Gl L)

1
B F(a—i—l)(aq—i—l)l/q

a+l a4+ L
r—a +Q+H62/qf/ b—a\ e
la,z],p ra [z,b],p bx

r—a\?M b— g\
[a,b],p ( za ) +< bx )

if e2/af" € L, [a,b] for p, ¢ > 1 with % + % =1
Consider the Harmonic mean of two positive numbers H (a,b) := %, then by
(3.13) and (3.14) we have

(3.14)

«[leer

< el

T T(a+1)(ag+ 1)

| ES—

1/q

(3.15)

z—a\% b—z\¥
#(a)— S (@) + Ria ) f (D) = &) + (&) f(H (a,b))

1 ) ) b—a a+1
= m [He ' H [a,H (a,b)],00 T e*f* H[H(a b).bl, } ba

1 9 b—a\*"!
S BT (at2) 1€ £} 4, 51,06 (m)

provided €2 f' € Lo [a,b] and

z—a\% b—z\¥
(3-16)  |Rir(a)-f (@) + Ri(a )4 (0) = &) + (&) f(H (a,b))

(M)‘“‘%
= n 7 MeQ/q / +H62/q /

T 2Tl (a4 1) (ag+ 1

[H(avb) ’b] )p:|

b—a\*T
[a,b],p( ba ) ’

[a,H(a,b)],p
1
20T (o + 1) (ag + 1)7

eQ/q 1

IN

if 2/9f" € Ly [a,b] for p, ¢ > L with L+ 1 =1
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