
ON SOME OSTROWSKI TYPE INEQUALITIES FOR
GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL

INTEGRALS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper, some inequalities of Ostrowski type for the general-
ized Riemann-Liouville fractional integrals of absolutely continuous functions
in terms of the Lebesgue p-norm of the derivatives are obtained. Some exam-
ples for the Hadamard and Harmonic fractional integrals are also given.

1. Introduction

In 1938, A. Ostrowski [21], proved the following inequality concerning the dis-
tance between the integral mean 1

b�a
R b
a
f (t) dt and the value f (x), x 2 [a; b].

Theorem 1 (Ostrowski, 1938 [21]). Let f : [a; b] ! R be continuous on [a; b]
and di¤erentiable on (a; b) such that f 0 : (a; b) ! R is bounded on (a; b), i.e.,
kf 0k1 := sup

t2(a;b)
jf 0 (t)j <1. Then

(1.1)

�����f (x)� 1

b� a

Z b

a

f (t) dt

����� �
241
4
+

 
x� a+b

2

b� a

!235 kf 0k1 (b� a) ;
for all x 2 [a; b] and the constant 14 is the best possible.

The following result, which is an improvement on Ostrowski�s inequality, holds.

Theorem 2 (Dragomir, 2002 [11]). Let f : [a; b] ! C be an absolutely continuous
function on [a; b] whose derivative f 0 2 L1 [a; b]. Then�����f (x)� 1

b� a

Z b

a

f (t) dt

�����(1.2)

� 1

2 (b� a)

h
kf 0k[a;x];1 (x� a)

2
+ kf 0k[x;b];1 (b� x)

2
i
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�

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

kf 0k[a;b];1
�
1
4 +

�
x� a+b

2

b�a

�2�
(b� a) ;

1
2

h
kf 0kp[a;x];1 + kf 0kp[x;b];1

i 1
p

��
x�a
b�a

�2q
+
�
b�x
b�a

�2q� 1q
(b� a) ;

where p > 1; 1
p +

1
q = 1;

1
2

h
kf 0k[a;x];1 + kf 0k[x;b];1

i h
1
2 +

���x� a+b
2

b�a

���i2 (b� a)
for all x 2 [a; b], where k�k[m;n];1 denotes the usual 1-norm on L1 [m;n], i.e., we
recall that

kgk[m;n];1 = essup
t2[m;n]

jg (t)j <1:

Corollary 1. With the assumptions of Theorem 2 we have the mid-point inequality�����f
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt

����� � 1

8

h
kf 0k[a; a+b2 ];1 + kf 0k[ a+b2 ;b];1

i
(b� a)(1.3)

� 1

4
kf 0k[a;b];1 (b� a) :

For other Ostrowski type inequalities, see [6]-[16] and the references therein.
In order to extend these results for fractional integrals, we need the following

de�nitions.
Let f : [a; b]! C be a complex valued Lebesgue integrable function on the real

interval [a; b] : The Riemann-Liouville fractional integrals are de�ned for � > 0 by

J�a+f (x) =
1

� (�)

Z x

a

(x� t)��1 f (t) dt

for a < x � b and

J�b�f (x) =
1

� (�)

Z b

x

(t� x)��1 f (t) dt

for a � x < b; where � is the Gamma function. For � = 0; they are de�ned as
J0a+f (x) = J

0
b�f (x) = f (x) for x 2 (a; b) :

For several inequalities for Riemann-Liouville fractional integrals see [1]-[5], [14]-
[29] and the references therein.
Let (a; b) with �1 � a < b � 1 be a �nite or in�nite interval of the real line

R and � a complex number with Re (�) > 0: Also, let g be a strictly increasing
function on (a; b) ; having a continuous derivative g0 on (a; b) : Following [19, p.
100], we introduce the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a; b] by

(1.4) I�a+;gf(x) :=
1

� (�)

Z x

a

g0 (t) f (t) dt

[g (x)� g (t)]1��
; a < x � b

and

(1.5) I�b�;gf(x) :=
1

� (�)

Z b

x

g0 (t) f (t) dt

[g (t)� g (x)]1��
; a � x < b:
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For g (t) = t we have the classical Riemann-Liouville fractional integrals intro-
duced above while for the logarithmic function g (t) = ln t we have the Hadamard
fractional integrals [19, p. 111]

(1.6) H�
a+f(x) :=

1

� (�)

Z x

a

h
ln
�x
t

�i��1 f (t) dt
t

; 0 � a < x � b

and

(1.7) H�
b�f(x) :=

1

� (�)

Z b

x

�
ln

�
t

x

����1
f (t) dt

t
; 0 � a < x < b:

One can consider the function g (t) = �t�1 and de�ne the "Harmonic fractional
integrals" by

(1.8) R�a+f(x) :=
x1��

� (�)

Z x

a

f (t) dt

(x� t)1�� t�+1
; 0 � a < x � b

and

(1.9) R�b�f(x) :=
x1��

� (�)

Z b

x

f (t) dt

(t� x)1�� t�+1
; 0 � a < x < b:

Recall also the concept of generalized mean generated by a function. If g is a
function which maps an interval I of the real line to the real numbers and is both
continuous and injective then we can de�ne the g-mean of two numbers a; b 2 I by

Mg (a; b) := g
�1
�
g (a) + g (b)

2

�
:

If I = R and g (t) = t is the identity function, then Mg (a; b) = A (a; b) :=
a+b
2 ;

the arithmetic mean. If I = (0;1) and g (t) = ln t; thenMg (a; b) = G (a; b) :=
p
ab,

the geometric mean. If I = (0;1) and g (t) = 1
t ; then Mg (a; b) = H (a; b) :=

2ab
a+b ; the harmonic mean. If I = (0;1) and g (t) = tp; p 6= 0; then Mg (a; b) =

Mp (a; b) :=
�
ap+bp

2

�1=p
; the power mean with exponent p.

2. Main Results

We have the following representation,

Lemma 1. Let f : [a; b] ! C be an absolutely continuous function on [a; b] : Also
let g be a strictly increasing function on (a; b) ; having a continuous derivative g0

on (a; b) : Then for any x 2 (a; b) we have

I�x�;gf (a) + I
�
x+;gf (b)(2.1)

=
1

� (�+ 1)
[(g (x)� g (a))� + (g (b)� g (x))�] f (x)

+
1

� (�+ 1)

"Z b

x

(g (b)� g (t))� f 0 (t) dt�
Z x

a

(g (t)� g (a))� f 0 (t) dt
#
:
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In particular, we have

I�Mg(a;b)�;gf (a) + I
�
Mg(a;b)+;g

f (b)(2.2)

=
1

2��1� (�+ 1)
(g (b)� g (a))� f (Mg (a; b))

+
1

� (�+ 1)

Z b

Mg(a;b)

(g (b)� g (t))� f 0 (t) dt

� 1

� (�+ 1)

Z Mg(a;b)

a

(g (t)� g (a))� f 0 (t) dt:

Proof. By the de�nition of generalized Riemann-Liouville fractional integrals, we
have

I�x+;gf (b) =
1

� (�)

Z b

x

(g (b)� g (t))��1 g0 (t) f (t) dt

for a � x < b and

I�x�;gf (a) =
1

� (�)

Z x

a

(g (t)� g (a))��1 g0 (t) f (t) dt

for a < x � b.
Since f : [a; b]! C is an absolutely continuous function [a; b] ; then the Lebesgue

integrals Z x

a

(g (t)� g (a))� f 0 (t) dt and
Z b

x

(g (b)� g (t))� f 0 (t) dt

exist and integrating by parts, we have

(2.3)
1

� (�+ 1)

Z x

a

(g (t)� g (a))� f 0 (t) dt

=
1

� (�+ 1)
(g (x)� g (a))� f (x)� 1

� (�)

Z x

a

(g (t)� g (a))��1 g0 (t) f (t) dt

=
1

� (�+ 1)
(g (x)� g (a))� f (x)� I�x�;gf (a)

for a < x � b and

(2.4)
1

� (�+ 1)

Z b

x

(g (b)� g (t))� f 0 (t) dt

=
1

� (�)

Z b

x

(g (b)� g (t))��1 g0 (t) f (t) dt� 1

� (�+ 1)
(g (b)� g (x))� f (x)

= I�x+;gf (b)�
1

� (�+ 1)
(g (b)� g (x))� f (x)

for a � x < b.
From (2.3) we get

I�x�;gf (a) =
1

� (�+ 1)
(g (x)� g (a))� f (x)

� 1

� (�+ 1)

Z x

a

(g (t)� g (a))� f 0 (t) dt



TRAPEZOID INEQUALITIES FOR RL-FRACTIONAL INTEGRALS 5

for a < x � b and from (2.4)

I�x+;gf (b) =
1

� (�+ 1)
(g (b)� g (x))� f (x)

+
1

� (�+ 1)

Z b

x

(g (b)� g (t))� f 0 (t) dt;

for a � x < b, which by addition produce (2.1). �

We use the Lebesgue p-norms de�ned as

khk[c;d];1 := essup
t2[c;d]

jh (t)j <1 provided h 2 L1 [c; d]

and

khk[c;d];p :=
 Z d

c

jh (t)jp dt
!1=p

<1 provided h 2 Lp [c; d] ; p � 1:

The following inequalities hold:

Theorem 3. Let f : [a; b]! C be an absolutely continuous function on [a; b] : Also
let g be a strictly increasing function on (a; b) ; having a continuous derivative g0

on (a; b) :
(i) If f

0

g0 2 L1 [a; b] ; then for any x 2 (a; b) we have

(2.5)

����I�x�;gf (a) + I�x+;gf (b)� (g (x)� g (a))� + (g (b)� g (x))�� (�+ 1)
f (x)

����
� 1

� (�+ 2)

"



f 0g0





[x;a];1

(g (x)� g (a))�+1 +




f 0g0






[b;x];1

(g (b)� g (x))�+1
#

� 1

� (�+ 2)





f 0g0





[a;b];1

h
(g (x)� g (a))�+1 + (g (b)� g (x))�+1

i
:

(ii) If f 0

(g0)
1
q
2 Lp [a; b] ; where p; q > 1 with 1

p +
1
q = 1; then for any x 2 (a; b)

we have

(2.6)

����I�x�;gf (a) + I�x+;gf (b)� (g (x)� g (a))� + (g (b)� g (x))�� (�+ 1)
f (x)

����
� 1

� (�+ 1) (�q + 1)
1=q

�

24




 f 0

(g0)
1
q







[a;x];p

(g (x)� g (a))�+
1
q +






 f 0

(g0)
1
q







[x;b];p

(g (b)� g (x))�+
1
q

35
� 1

� (�+ 1) (�q + 1)
1=q






 f 0

(g0)
1
q







[a;b];p

h
(g (x)� g (a))q�+1 + (g (b)� g (x))q�+1

i1=q
:
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Proof. (i) Using the identity (2.1) and the properties of modulus, we have����I�x�;gf (a) + I�x+;gf (b)� (g (x)� g (a))� + (g (b)� g (x))�� (�+ 1)
f (x)

����(2.7)

� 1

� (�+ 1)

"�����
Z b

x

(g (b)� g (t))� f 0 (t) dt
�����+
����Z x

a

(g (t)� g (a))� f 0 (t) dt
����
#

� 1

� (�+ 1)

"Z b

x

(g (b)� g (t))� jf 0 (t)j dt+
Z x

a

(g (t)� g (a))� jf 0 (t)j dt
#

=
1

� (�+ 1)

Z b

x

(g (b)� g (t))�
����f 0 (t)g0 (t)

���� g0 (t) dt
+

1

� (�+ 1)

Z x

a

(g (t)� g (a))�
����f 0 (t)g0 (t)

���� g0 (t) dt
=:

1

� (�+ 1)
D (x)

for any x 2 (a; b) :
By the properties of integralZ b

x

(g (b)� g (t))�
����f 0 (t)g0 (t)

���� g0 (t) dt � 



f 0g0





[b;x];1

(g (b)� g (x))�+1

�+ 1

and Z x

a

(g (t)� g (a))�
����f 0 (t)g0 (t)

���� g0 (t) dt � 



f 0g0





[x;a];1

(g (x)� g (a))�+1

�+ 1

for any x 2 (a; b) :
Therefore

D (x) �




f 0g0






[x;a];1

(g (x)� g (a))�+1

�+ 1
+





f 0g0





[b;x];1

(g (b)� g (x))�+1

�+ 1

� max

(



f 0g0





[a;x];1

;





f 0g0





[x;b];1

)"
(g (x)� g (a))�+1 + (g (b)� g (x))�+1

�+ 1

#

=
1

�+ 1





f 0g0





[a;b];1

h
(g (x)� g (a))�+1 + (g (b)� g (x))�+1

i
for any x 2 (a; b) and the inequality (2.5) is thus proved.
(ii) By Hölder�s weighted integral inequality

�����
Z d

c

u (t) v (t)w (t) dt

����� �
 Z d

c

ju (t)jp w (t) dt
!1=p Z d

c

jv (t)jq w (t) dt
!1=q

where p; q > 1 with 1
p +

1
q = 1 and w � 0 a.e. on [c; d] ; we also have
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Z x

a

(g (t)� g (a))�
����f 0 (t)g0 (t)

���� g0 (t) dt
�
�Z x

a

����f 0 (t)g0 (t)

����p g0 (t) dt�1=p�Z x

a

(g (t)� g (a))q� g0 (t) dt
�1=q

=






 f 0

(g0)
1
q







[a;x];p

(g (x)� g (a))�+
1
q

(�q + 1)
1=q

and, similarly

Z b

x

(g (b)� g (t))�
����f 0 (t)g0 (t)

���� g0 (t) dt �





 f 0

(g0)
1
q







[x;b];p

(g (b)� g (x))�+
1
q

(�q + 1)
1=q

:

Therefore, by Hölder�s discrete inequality

mn+ uv � (mp + up)
1=p
(nq + vq)

1=q

where p; q > 1 with 1
p +

1
q = 1 and m; n; u; v � 0; we have further

C (x) �

24




 f 0

(g0)
1
q







[a;x];p

(g (x)� g (a))�+
1
q

(�q + 1)
1=q

+






 f 0

(g0)
1
q







[x;b];p

(g (b)� g (x))�+
1
q

(�q + 1)
1=q

35
� 1

(�q + 1)
1=q

24




 f 0

(g0)
1
q







p

[a;x];p

+






 f 0

(g0)
1
q







p

[x;b];p

351=p

�
h�
(g (x)� g (a))�+

1
q

�q
+
�
(g (b)� g (x))�+

1
q

�qi1=q
=

1

(�q + 1)
1=q






 f 0

(g0)
1
q







[a;b];p

h
(g (x)� g (a))q�+1 + (g (b)� g (x))q�+1

i1=q
:

By making use of (2.7) we get the desired (2.6). �

Corollary 2. With the assumptions of Theorem 3, we have

(2.8)

����I�Mg(a;b)�;gf (a) + I
�
Mg(a;b)+;g

f (b)� (g (b)� g (a))
�

2��1� (�+ 1)
f (Mg (a; b))

����
� 1

2�+1� (�+ 2)

"



f 0g0





[a;Mg(a;b)];1

+





f 0g0





[Mg(a;b);b];1

#
(g (b)� g (a))�+1

� 1

2�� (�+ 2)





f 0g0





[a;b];1

(g (b)� g (a))�+1
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provided f 0

g0 2 L1 [a; b] and

(2.9)

����I�Mg(a;b)�;gf (a) + I
�
Mg(a;b)+;g

f (b)� (g (b)� g (a))
�

2��1� (�+ 1)
f (Mg (a; b))

����
� (g (b)� g (a))�+

1
q

2�+
1
q � (�+ 1) (�q + 1)

1=q

24




 f 0

(g0)
1
q







[a;Mg(a;b)];p

+






 f 0

(g0)
1
q







[Mg(a;b);b];p

35
� 1

2�� (�+ 1) (�q + 1)
1=q






 f 0

(g0)
1
q







[a;b];p

(g (b)� g (a))�+
1
q ;

provided f 0

(g0)
1
q
2 Lp [a; b] ; where p; q > 1 with 1

p +
1
q = 1:

3. Applications

If we take g (t) = t; t 2 [a; b] in the above inequalities, then we get the follow-
ing results for the classical Riemann-Liouville fractional integrals of the absolutely
continuous function f : [a; b]! C����J�x�f (a) + J�x+f (b)� (x� a)� + (b� x)�� (�+ 1)

f (x)

����(3.1)

� 1

� (�+ 2)

h
kf 0k[a;x];1 (x� a)

�+1
+ kf 0k[x;b];1 (b� x)

�+1
i

� 1

� (�+ 2)
kf 0k[a;b];1

h
(x� a)�+1 + (b� x)�+1

i
for any x 2 (a; b) ; provided f 0 2 L1 [a; b] : In particular, we have����J�a+b

2 �f (a) + J
�
a+b
2 +

f (b)� (b� a)�

2��1� (�+ 1)
f

�
a+ b

2

�����(3.2)

� 1

2�+1� (�+ 2)

h
kf 0k[a; a+b2 ];1 + kf 0k[ a+b2 ;b];1

i
(b� a)�+1

� 1

2�� (�+ 2)
kf 0k[a;b];1 (b� a)

�+1
:

If f 0 2 Lp [a; b] ; where p; q > 1 with 1
p +

1
q = 1; then for any x 2 (a; b) we have����J�x�f (a) + J�x+f (b)� (x� a)� + (b� x)�� (�+ 1)

f (x)

����(3.3)

� 1

� (�+ 1) (�q + 1)
1=q

h
kf 0k[a;x];p (x� a)

�+ 1
q + kf 0k[x;b];p (b� x)

�+ 1
q

i
� 1

� (�+ 1) (�q + 1)
1=q

kf 0k[a;b];p
h
(x� a)q�+1 + (b� x)q�+1

i1=q
:
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In particular, we have����J�a+b
2 �f (a) + J

�
a+b
2 +

f (b)� (b� a)�

2��1� (�+ 1)
f

�
a+ b

2

�����(3.4)

� (b� a)�+
1
q

2�+
1
q � (�+ 1) (�q + 1)

1=q

h
kf 0k[a; a+b2 ];p + kf

0k[ a+b2 ;b];p

i
� 1

2�� (�+ 1) (�q + 1)
1=q

kf 0k[a;b];p (b� a)
�+ 1

q :

The case � = 1 produces the following inequalities for the Riemann integral, see
also 1.2 �����

Z b

a

f (t) dt� f (x) (b� a)
�����(3.5)

� 1

2

h
(x� a)2 kf 0k[a;x];1 + (b� x)2 kf 0k[x;b];1

i
�
"
1

4
(b� a) +

�
x� a+ b

2

�2#
kf 0k[a;b];1

for any x 2 [a; b] and�����
Z b

a

f (t) dt� f
�
a+ b

2

�
(b� a)

�����(3.6)

� 1

8
(b� a)2

h
kf 0k[a; a+b2 ];1 + kf 0k[ a+b2 ;b];1

i
� 1

4
(b� a) kf 0k[a;b];1 ;

where f 0 2 L1 [a; b] :
If f 0 2 Lp [a; b] ; where p; q > 1 with 1

p +
1
q = 1; then for any x 2 (a; b) we have�����

Z b

a

f (t) dt� f (x) (b� a)
�����(3.7)

� 1

(q + 1)
1=q

h
kf 0k[a;x];p (x� a)

1+ 1
q + kf 0k[x;b];p (b� x)

1+ 1
q

i
� 1

(q + 1)
1=q

kf 0k[a;b];p
h
(x� a)q+1 + (b� x)q+1

i1=q
and, in particular�����

Z b

a

f (t) dt� f
�
a+ b

2

�
(b� a)

�����(3.8)

� 1

21+1=q (q + 1)
1=q

(b� a)1+
1
q

h
kf 0k[a; a+b2 ];p + kf

0k[ a+b2 ;b];p

i
� 1

2 (q + 1)
1=q

(b� a)1+
1
q kf 0k[a;b];p :

Now, if we take g (t) = ln t; t 2 (a; b) � (0;1) in inequalities from the above
section, then we get the following results for the Hadamard fractional integrals H�

a+

and H�
b�:



10 S. S. DRAGOMIR

If ef 0 2 L1 [a; b] ; where e (t) = t is the identity function, then for any x 2 (a; b)
we have �����H�

x�f (a) +H
�
x+f (b)�

�
ln
�
x
a

���
+
�
ln
�
b
x

���
� (�+ 1)

f (x)

�����(3.9)

� 1

� (�+ 2)

"
kef 0k[a;x];1

h
ln
�x
a

�i�+1
+ kef 0k[x;b];1

�
ln

�
b

x

���+1#

� 1

� (�+ 2)
kef 0k[a;b];1

"h
ln
�x
a

�i�+1
+

�
ln

�
b

x

���+1#

and, in particular�����H�p
ab�f (a) +H

�p
ab+
f (b)�

�
ln
�
b
a

���
2��1� (�+ 1)

f
�p
ab
������(3.10)

� 1

2�+1� (�+ 2)

h
kef 0k[a;pab];1 + kef 0k[pab;b];1

i �
ln

�
b

a

���+1
� 1

2�� (�+ 2)
kef 0k[a;b];1

�
ln

�
b

a

���+1
:

If e1=qf 0 2 Lp [a; b] ; where p; q > 1 with 1
p +

1
q = 1; then for any x 2 (a; b) we

have

(3.11)

�����H�
x�f (a) +H

�
x+f (b)�

�
ln
�
x
a

���
+
�
ln
�
b
x

���
� (�+ 1)

f (x)

�����
� 1

� (�+ 1) (�q + 1)
1=q

�
"


e1=qf 0




[a;x];p

h
ln
�x
a

�i�+ 1
q

+



e1=qf 0




[x;b];p

�
ln

�
b

x

���+ 1
q

#

� 1

� (�+ 1) (�q + 1)
1=q




e1=qf 0



[a;b];p

"h
ln
�x
a

�iq�+1
+

�
ln

�
b

x

��q�+1#1=q
and, in particular�����H�p

ab�f (a) +H
�p
ab+
f (b)�

�
ln
�
b
a

���
2��1� (�+ 1)

f
�p
ab
������(3.12)

�
�
ln
�
b
a

���+ 1
q

2�+
1
q � (�+ 1) (�q + 1)

1=q

�


e1=qf 0



[a;
p
ab];p

+



e1=qf 0




[
p
ab;b];p

�

� 1

2�� (�+ 1) (�q + 1)
1=q




e1=qf 0



[a;b];p

�
ln

�
b

a

���+ 1
q

:

If we take the function g (t) = �t�1; t 2 (a; b) � (0;1) in the inequalities from
the previous section, then we have the following inequalities for Harmonic fractional
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integrals and x 2 (a; b)

(3.13)

�����R�x�f (a) +R�x+f (b)�
�
x�a
xa

��
+
�
b�x
bx

��
� (�+ 1)

f (x)

�����
� 1

� (�+ 2)

"

e2f 0


[a;x];1

�
x� a
xa

��+1
+


e2f 0



[x;b];1

�
b� x
bx

��+1#

� 1

� (�+ 2)



e2f 0


[a;b];1

"�
x� a
xa

��+1
+

�
b� x
bx

��+1#
if e2f 0 2 L1 [a; b] ; and

(3.14)

�����R�x�f (a) +R�x+f (b)�
�
x�a
xa

��
+
�
b�x
bx

��
� (�+ 1)

f (x)

�����
� 1

� (�+ 1) (�q + 1)
1=q

�
"


e2=qf 0




[a;x];p

�
x� a
xa

��+ 1
q

+



e2=qf 0




[x;b];p

�
b� x
bx

��+ 1
q

#

� 1

� (�+ 1) (�q + 1)
1=q




e2=qf 0



[a;b];p

"�
x� a
xa

�q�+1
+

�
b� x
bx

�q�+1#1=q
if e2=qf 0 2 Lp [a; b] for p; q > 1 with 1

p +
1
q = 1:

Consider the Harmonic mean of two positive numbers H (a; b) := 2ab
a+b ; then by

(3.13) and (3.14) we have

(3.15)

�����R�H(a;b)�f (a) +R�H(a;b)+f (b)�
�
x�a
xa

��
+
�
b�x
bx

��
� (�+ 1)

f (H (a; b))

�����
� 1

2�+1� (�+ 2)

h

e2f 0


[a;H(a;b)];1 +



e2f 0


[H(a;b);b];1

i�b� a
ba

��+1
� 1

2�� (�+ 2)



e2f 0


[a;b];1

�
b� a
ba

��+1
provided e2f 0 2 L1 [a; b] and

(3.16)

�����R�H(a;b)�f (a) +R�H(a;b)+f (b)�
�
x�a
xa

��
+
�
b�x
bx

��
� (�+ 1)

f (H (a; b))

�����
�

�
b�a
ba

��+ 1
q

2�+
1
q � (�+ 1) (�q + 1)

1=q

�


e2=qf 0



[a;H(a;b)];p

+



e2=qf 0




[H(a;b);b];p

�

� 1

2�� (�+ 1) (�q + 1)
1=q




e2=qf 0



[a;b];p

�
b� a
ba

��+ 1
q

;

if e2=qf 0 2 Lp [a; b] for p; q > 1 with 1
p +

1
q = 1:
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