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ON SOME TRAPEZOID TYPE INEQUALITIES FOR
GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, some inequalities of trapezoid type for the general-
ized Riemann-Liouville fractional integrals of absolutely continuous functions
in terms of the Lebesgue p-norm of the derivatives are obtained. Some exam-
ples for the Hadamard and Harmonic fractional integrals are also given.

1. INTRODUCTION

In 1999, Cerone & Dragomir [6] established the following generalized trapezoid
inequality for absolutely continuous functions f : [a,b] — C and z € [a, D]

(1.1) (m—a>f<a>+f<b><b—w>—/ £ (&)t

30— a)+ (@ = %)) 1F oo 1 S € Lo [a,B]

IN

1/q
b [ = 2™ 4 @ =)™ 1,

if p, q>1with%+%:1andf’€Lp[a,b];

[5(b—a)+ |z — =F2] 1" la,e0,1
where the Lebesgue p-norms are defined as

17l (e, 1,00 1= essup [ (t)| < oo provided h € Lo [c, d]

te(c,d]
and
d l/P
1llie,ap,p = </C |k ()|” dt) < oo provided h € Ly [¢,d], p> 1.
For z = %rb we get the sharp trapezoid inequalities:
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b
(1.2) M(b—@—/ oL

L (b= ) 1 oo i f € Loo [a,B];

1+1
2(q+11)1/q (b - a’) Ha ||f/| [a,b],p

if p, q>1with%+%zlandf/€Lp[a,b];

IN

% (b—a) ||fl||[a,b},1 :

For other trapezoid type inequalities see [7]-[11] and the references therein.

In order to extend these results for fractional integrals we need the following
definitions.

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for o > 0 by

ﬁhf@)=réolz@—ﬂw*f®dt

fora < x <band

1 b a—1
i [ e

for a < z < b, where I' is the Gamma function. For a = 0, they are defined as
IO, () = JOf (x) = f () for @ € (a,b).

For several inequalities for Riemann-Liouville fractional integrals see [1]-[5], [12]-
[26] and the references therein.

Let (a,b) with —oo < a < b < oo be a finite or infinite interval of the real line
R and « a complex number with Re («) > 0. Also, let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [17, p.
100], we introduce the generalized left- and right-sided Riemann-Liowville fractional
integrals of a function f with respect to another function g on [a, b] by

Jp-f (z) =

C L[ Wi
(13) aﬁﬁuy—rwyé[ﬂw_gwra, <z<h
and

o Y A A OFIOL
(1.4) I f(z) = (o) /w 50 —g @ a<z<b.

For g (t) = t we have the classical Riemann-Liouville fractional integrals intro-
duced above while for the logarithmic function g (¢) = Int we have the Hadamard
fractional integrals [17, p. 111]

(1.5) H2, f() ::I‘(la)/: [1n (%)}M@, 0O<a<z<b
and

(L6)  HY f(z) :1"(104)/: {m (;)}a_l f(?dt, 0<a<az<b
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One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals” by
A f@)dt
1.7 RY = 0< <b
(1.7 20 = Ty [ o e 05 e < s
and
i /b f(t)dt
1.8 Ry f(x) := ,0<a<z<b.
) =T ), e

Recall also the concept of generalized mean generated by a function. If g is a
function which maps an interval I of the real line to the real numbers and is both
continuous and injective then we can define the g-mean of two numbers a, b € I by

PR CUEC))

If I =R and g (t) =t is the identity function, then M, (a,b) = A(a,b) := *FL,
the arithmetic mean. If I = (0, 00) and g (t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g(t) = 1 then M, (a,b) = H(a,b) =
%, the harmonic mean. If I = (0,00) and g(t) = tP, p # 0, then M, (a,b) =

M, (a,b) := (#)l/p, the power mean with exponent p.

Motivated by the above results, in this paper we establish some inequalities
of trapezoid type for the generalized Riemann-Liouville fractional integrals of ab-
solutely continuous functions in terms of the Lebesgue p-norm of the derivatives.
Some examples for the Hadamard and Harmonic fractional integrals are also given.

2. MAIN RESULTS

We need the following equalities that are of interest in themselves as well.

Lemma 1. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g’
n (a,b). Then for any = € (a,b) we have

21 LGy f () + I, f (2)

= FarT @) 9 @) F @+ o) =g @) £ )
z b
s | [ 6@ a0 7 0a- [0 - ).
In particular, we have
(2.2) 12 o f (Mg (a,b)) + I f (M, (a,b))
— sy 0 — gy LD
1 g(a,b)
fren ) GO @h) g0 £ @
1 ab
e CCREEACE L
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Proof. Since f : [a,b] — C is an absolutely continuous function on [a, b], then the
Lebesgue integrals

T b
| @@ =g ratand [ g0 -g@) o

exist and integrating by parts, we have

23ty [ @@ -9 @)1 O
1

i [ @@ g )T OF Ot~ s @) -9 (@) @
= Il @)= g 1@ — 9 @) 1 (@
for a < x < b and
b
24 gy [ GO 9@ F O
- (w))‘”f(b)—I/b( ()= g @) g (t) f (1)t
T+ YV T ), W —9
1 . .
e e G R I IC RS
for a <z < b.

From (2.3), we then have

4l (0) = Faggy 0@ — (@) f @
fraan | 0@ -e@) o

for a < & < b and from (2.4) we have

0l )= s (00— 9 @) £ )
b
- FarT [ W@ f 0
for a < x < b, which by addition give (2.1). O

‘We have:

Theorem 1. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g'

on (a,b).
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(i) Ifg—: € Ly [a,b], then for any = € (a,b) we have

(9(z) —g(a)” f(a)+ (g (b) — g ()" f (b)

(25) |3y  f (@) + I f () — Fa ]
! Ll 2) — g ()t Ji — (Nt
Tt ([0 (9(z) =g (@)™ + 17 _ (9 () —g(x)) ]
1 f/ a+1 a+1
<@g 7], [E@ @™ B —g@) ™.

(ii) If f,l € Ly [a,b], where p, ¢ > 1 with % + % =1, then for any x € (a,b)
(g)4
we have

(2.6) (g(z) —g(a)” f(a)+ (g (b) — g ()" f (b) ‘

I'(a+1)

1
T T(a+1)(ag+1)"
fl

1

(9')

Iy of (@) + I f (2) —
f/
(g

X[
1
<

T T(a+1)(ag+1)"*

atl
(g(b) —g(z)) +q}
la,z],p [=,b],p

/a

g [(9@) ~ 9.@)™ ™ + (g (8) — g ()] "

e
(g')
Proof. (i) Using the identity (2.1) and the properties of modulus, we have succes-
sively

[a,b],p

(2.7) Loy f (@) + I o f (z) — (9(z) =g (a)” flga()ai(%(b) —g(x))af(b)‘
1 z o b .
SW /a (g(x) =g ()" f (t)dt‘+ /m (g(t) —g ()" f (t)dt]
1 z . b .
SF(a+1) /a (9(x) =g (@) |f (t)|dt+/z (g(t) —g@)|f (t)ldt]
__ 1 ’ _ o 1@
e CCRION v PCE
L[ oW
trarn ) w0 -s@r SRl o
1
= mc(ﬂi)
for z € (a,b).
‘We have
T o f/(t) , f/ (g(m)_g(a))oﬂrl
/‘1 () =9 0) g (t) g (t)dt < ? [a,z],00 a+1
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and
N O r (g.(b) — g ()"
[ w0-swr|g)s @as |5 P
Therefore,
c@<|L (g(x)_i(f))aﬂ ! (g(b)—g(laf))(”rl
9 [a,z],00 a g [z,b],00 a+
“ { ! Fid }l(g(x)—g(a))““+<g<b>—g<x>)a+1]
B g/ [a,x],oo, g/ [z,b],00 a+1
1 f/ a+1 a+1
= a1 7 [(9@) = g (@)™ + (g 0) - g ()"
for « € (a,b).

By making use of (2.7) we then get the desired result (2.5).
By Holder’s weighted integral inequality

d 1/p d 1
<</ u<t>|”w<t>dt> (/ w)qw(t)dt)

where p, ¢ > 1 with % + % =1 and w > 0 a.e. on [¢,d], we also have

d /a
/ w(t) v (t)w () dt

I ()
g (t)

) W ([ 6w - s 0a) "

/ “w@ - g | LD g 1y ar

< (/9” /(@)

g' ()
_||f (9(z) — g(a)"7
@) Nljaa1p (2t 1)t/
and similarly,
[ at-ser L0y 0a< | Lo O-sET
x g (t) (¢")7 el (aq + 1)1/q

Therefore, by Holder’s discrete inequality

mn +uv < (mP +up)1/p (n? +vq)1/q
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where p, ¢ > 1 with % + % =1 and m, n, u, v > 0, we have further

(g(b) — g (x))*"7

c@ = || (g(w)—g(af/)“+«+‘ y )
@) gz (g + 1) @)l (ea+1)7"
p p 11/p
1 I’ f
hS (aq—l—l)l/q i (9')e (aelp (¢")7 et
1\ 4 1\ q71/4
< [(0e 078" (00 -’
= 1 f ) — a(a))ieH b) — o (2))7F! 1/q.
a0 @) (9(2) = (@)™ + (g (b) — g ()]
O

By making use of (2.7) we then get the desired result (2.6).

Corollary 1. With the assumptions of Theorem 1, we have

(9(b) —g(a)” f(a) + £ (b)

?

(28) |10 (My (00)) 4 o (My (a0)) — S e 0 20
f/ ’ f/ a+1
<o |15 +[5 b) —
20T (o + 2) '9/ [a, Mg (a,b)],00 g [M,(a,b),b],00 (9(6) = g(a)
L)/ (9.(6) — g (@)

< - ||
22T (a4 2) || ¢’

la,b],00

provided 2—: € Lo [a,b] and

29) |12t O, o) + 1, O, a)) — SO0 TO LT

PN CIORYI0) , I
= arl 1 1 7
2°FaT (a+ 1) (ag+ 1)V || (¢)7 (@)l 19 ag, a).5).p
1 f oty
. (9() — g @))%
20T (0 + 1) (ag + 1M [ (907 |1y

fll € L,[a,b], where p, ¢ > 1 with  + L =1.
(g") 4 p q

provided

3. APPLICATIONS

If we take g (t) = t, t € [a,b] in the above inequalities, then we get the follow-
ing results for the classical Riemann-Liouville fractional integrals of the absolutely
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continuous function f : [a,b] — C

(3.1) Jor f (@) + Jg_ f (z) =

(x—a)af(a)—i—(b—m)af(b)‘
I'(a+1)

1 o (& = @) 1 g0 0 — )]

1
I'(a+2)
1
I'(a+2)

for any x € (a,b), provided f’ € Lo, [a,b]. In particular, we have

() () 042
1

< gty M e sst]

1 ! a+1
—_— b— .
20 (a 2) Hf ||[a»b],00 ( a)

1 Moo [ (@ = @)+ (b= )]

(3.2)

1 g ] (= 0

If f' € L,[a,b], where p, ¢ > 1 with % + % = 1, then for any z € (a,b) we have

(33) oS (2) + T f (x) —

(w—a)af(a)ﬂL(b—ﬂ?)af(b)‘
I'(a+1)

1 1 1
< o 1 oy @ = @5 4 [ gy, (b — 2)° T
( +1)( ) /q [a,z] [x,b]
[0 aq
1 [0 « 1/(1
< o 1 sy | (@ = @)+ (0= )|
I'(a+1)(ag+1)"1

In particular, we have

J(“”)uﬁf(“*b)_ (b—a)° f(a)+f(b)‘

(34) 2 20-1T (a + 1) 2

(b—a)*ts {
T 2T (a+ 1) (ag + 1)'°
1 1
1l (0= @)
20T (@ + 1) (ag + 1)1/ 0P

18 g o+ 1 s g1,

IN

The case o = 1 produces the following inequalities for the Riemann integral that
improve the trapezoid inequalities from Introduction:

(3.5)

(x—a) f (@) + f (b) (b—2) /f 1) di

IN

(2= a2 11f ||[M], + (0= 2)° 1F g

l

2

l (b—a)+ a+b)
2

IN

!
1l .00
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for any x € [a,b] and in particular

f@)+1) /‘f ot

(3.6) 5

(b= ) oo

=~ =

ggw—afﬁuwhﬁb

where f' € Ly [a,b].
If f' € L,[a,b], where p, ¢ > 1 with % + % = 1, then for any = € (a,b) we have

oo * 1 Mg )] <

(3.7) (x—a)f(a)+f(b)(b_m)_/abf(t)dt
< g W = @8 1, 0007
- (q+11)1/q 1 Ny [ (2 = @) 4 (6= )] e

and, in particular

(3.8) f();f /f .

1
~ 91+1/q (q+ 1)1/q

1 141 ’
< W (b—a) " |f ||[a,b],p'

Now, if we take g (t) = Int, ¢t € (a,b) C (0,00) in inequalities from the above
section, then we get the following results for the Hadamard fractional integrals Hg',
and H;* :

If ef’ € Lo [a,b], where e (t) =t is the identity function, then for any x € (a,b)
we have

(b—a) "7 [||f’||[a7a;rb],p + ||f/H[“T+b,b],p

[tn (5)]" f (@) + [0 (2)]" 7 (&)
I'a+1)
1

F01+2)|kamem[m(z)]aH4‘ijhwaPn<z>}WH]

ﬁ €S 1 fab),00 “m (g)rﬂ . [ln (Z)rﬂl

and, in particular

In (2)1° a
gy (vat) + g (i) - Lt s eI
< m [”@f/H[a,\/E]m + ||€f/H[\/@,b],oo] [ln (Z)]Dfﬂ

1 b a+1
/
_— In{ — .
9aT (a 2) Hef ||[a,b],oo |:Il <a>:|

(3.9) |H3+f () + Hy f (z) -

(3.10)
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If e*/af" € L, [a,b], where p, ¢ > 1 with % + % = 1, then for any z € (a,b) we
have

[0 (£)]" f (@) + I ()] f )
F'(a+1)

1
= 1/q
I'a+1)(ag+1)

a+l aty

o O s, B (O]
o /
BT (O]

(3.11) ‘Ht‘l’;f () + Hy f(x) —

y [Heuqf/

l/qfl

“TlatD)(agt )7 |

and, in particular

(3.12) H(;l-',-f (@) +Hf (\/%) — QQ[I?F((ZOB]: 1) = ; o
[in (2))*"s Vg g
= 2°F5T (a + 1) (ag + 1)/ U)e s fovale © He " [\/@b]m}

a+i

1 el/q ! K

b
< v f In{ -
20T (a+ 1) (g + 1)1 [a,b].p a
If we take the function g (t) = —t=1, ¢t € (a,b) C (0,00) in (2.5)-(2.6), then we
have the following inequalities for Harmonic fractional integrals and = € (a, b)

o o (50" F @)+ ()" ()
(3.13) |RS f(z)+ Ry f(z) — s 11),
1 , Nt / b oot
= m ||€2f H[a,x],oo (CExaCL) + ||62f H[x,b],oo <bxx> ‘|

1 9 1 r—a\* b— g\t
S1“(()4—&—2) HefH[’l’bLoo [< xa ) +< bz >

if e2f' € Lo [a,b], and
(=) f(a) + (52)" £ ()
I'(a+1)
1
T I(a+1)(ag+1)"1

z—a\"a +H62/qf' b—az\ta
la,z],p xTa [z,b],p bz
1 62/q ’

z—a)t! b— )9t '
< 74 f + 5
I'a+1)(ag+1) [a,b],p za @

ifeQ/Qf/ ELP[aab] fOI‘p, q> 1 Wlth%'i_%:l

(3.14) |Rg, f(z) + Ry_f(x) —

<[l

/a
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Consider the Harmonic mean of two positive numbers H (a,b) := 222 then by

= 2ab,
(2.8) and (2.9) we have

Y f@tfo)
20-1T (@ + 1) 2

(3.15)  |Rg.f(H (a,b)) + Ry f (H (a,b))

1 2 el 2t b—a ot
< 20T (a + 2) {He f ||[a,H(a,b)],oo + ||e f H[H(a,b)7b],ooi| ba

1 9 b—a\*"!
< 5otz 17 onoo <b>

provided e f' € Lo, [a,b] and

(=) fla)+ 1)

(3.16) |Rg.f(H (a,b)) + Ry f (H (a,b))

~ 20710 (e + 1) 2
b—a a+%
< G Mez/q : |e2ra }
T 29T (a4 1) (g + 1)1 [a,H (a,)].p [H (a,b),b].p
a+l
“srarnaro Yl (5
T 20T (a+ 1) (ag+1)Y4 [a,b],p \ ba

if e2/af" € L, [a,b] for p, ¢ > 1 With%"r%:l.
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