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1. Introduction

The following definition is well known in the literature: a function f: I - R, @ # I c R, is said

to be convex on [ if the inequality
fex+ A -y) <t f)+ A -ty (1.1)
holds forall x,y € I and t € [0, 1].

Many important inequalities have been established for the class of convex functions, but the
most famous is the Hermite - Hadamard inequality. This double inequality is stated as follows:

b
B 1 b
(a; )Sb_aff(x)dxsw (12)

where f: [a, b] = R is a convex function.

In 1978, Breckner introduced an s - convex function as a generalization of a convex function [1].
Such a function is defined in the following way: a function f: [0, ] — R is said to be s-

convex in the second sense if

flex+ A =y) <t° f) + (1 -°f(¥) (1.3)
holds for all x,y € [0, ), t € [0, 1] and for fixed s € (0, 1].

In [2], Dragomir and Fitzpatrick proved the following variant of the Hermite - Hadamard

inequality for s — convex functions:

25_1f(a;b) Sbiaff(x)dxﬁ

fa) + f(b)

p—— (1.4)

In the paper [3] Varosanec introduced a large class of non-negative functions, the so - called h -
convex functions. This class is defined in the following way: a non-negative function f: 1 — R,

@ # I c Risan interval, is called h —convex if

fx+ A =0y) <h(1-DF () +hOF ) (1.5)

holds for all x,y € I, t € (0,1), where h: ] — R is a non-negative function, h # 0 and ] is an
interval, (0,1) € J.



In [4] Sarikaya, Saglam and Yildirim proved that for h — convex function the following
variant of the Harmite - Hadamard inequality is fulfilled:

1
2h (%

b 1
) f (a er b) < . - f F) dx < [f(@) + F(B)] - f h(o) d. (16)

In [5] Bombardelli and Varosanec proved that for an h — convex function the following

variant of the Harmite - Hadamard - Fejér inequality holds:

f:W(x)dx (a+b) - ff( Y weod
= X)w(x)ax
() P
<-a)(f(a) + ) f01 h(t) w(ta + (1 — t)b)dt, (1.7)

where w: [a, b] = R, w = 0 and symmetric with respect to %.

In 1988, Weir and Mond introduced the concept of preinvex functions [6]. Now, we recall some

notions in invexity analysis which will be used throughout the article.

A set S € R™ is said to be invex with respect to the map n: S X S — R", if for every x,y € S
and t € [0,1]

y+tn(x,y) €S.

Let S < R™ be an invex set with respectto 7: S X S — R™. Then, the function f: S — R is said

to be preinvex with respect to n if forevery x,y € Sand t € [0, 1]

fy+eney) < tf)+ A - Df ). (1.8)

We also need the following assumption regarding the function n which is due to Mohan and

Neogy [7].

Condition C. Let S € R™ be an open invex subset with respect to n. For any x,y € S and
t €[0,1],

n(y,y +tnlxy)) =—tnlxy),

n(xy +tn(xy) =1 —-nlx,y).



In 2009, Noor [8] proved the Harmite — Hadamard inequality for preinvex function under the
assumption that the Condition C is fulfilled

a+n(b,a)

f F() dx < w. (1.9)

f(a +% n(b,a)) <

In 2013, Mattoka [9] introduced the concept of h - preinvex function. Such a function is
defined in the following way: the non-negative function f on the invex set S is said to be h

- preinvex with respect to 7 if

fly+tn(xy) <h(1-0f )+ h(©)f(x)
holds forall x,y € Sand t € [0, 1].

If h(t) = t° then the function is called s - preinvex.

In the same paper Mattoka proved the Hermite-Hadamard inequality for h - preinvex

functions:
a+n (b,a)
1 1
~f(a+zn00) < [ rwax
2h(3) a
<[f(@+fB)]- [, h(®)dt (1.10)
In 2014, Mattoka [10] proved the following Hermite - Hadamard - Fejér inequality for h
- preinvex function:
a+n (b,a)

a+mn (b,a) d
b OBy w) < j FOOw()dx

2h(3)

< (b, a)(f(@ + f(B)) - [y h(OOw(a + tn(b,a)) dt. (1.12)

In 2013, Sarikaya, Set, Yaldiz and Basak [11] established the following Hermite-Hadamard

inequalities for Riemann-Liouville fractional integral

fa) + f(b)
—

[1%£(b) + 1E-f(a)] <

(a +b ) Na+1) (1.12)

2 )= 20, a)

where f is convex function and the symbols 17 f and 13- f denote the left - sided and right sided

Riemann-Liouville fractional integral of the order @ € R* that are defined by



1 X
19, £ (x) = mf(x — e (t)dt (0<a<x<b)

and

b
1
Ip-f(x) = @f@ —x)%1f(t)dt (0<a<sx<bh),

respectively. Here I'(+) is the gamma function.

In the present we give new inequalities of Hermite - Hadamard - Fejér for h - preinvex functions.
2. Hermite - Hadamard - Fejér inequalities via fractional integrals

Hermite - Hadamard - Fejér inequalities can be represented in fractional integral forms as

follows.

Theorem 2.1. Suppose f:[a, a +n(b,a)] = R is an h - preinvex function, Condition C for n
holds and n(b,a) >0, h G) > 0and w:[a, a +n(b,a)] » R, w = 0 is symmetric with respect

to a+ %77 (b, a). Then the following inequalities hold:

I'(a)
2-h (%) -n(b,a)®

f (a + %n (b, a)) [Ig‘am(b,a))— w(a) + 1% w(a + n(b, a))]

M@ 4 .
=50, )" (1€ sty W@DF (@) + 18w (a + (b, @)f (a +n(b, @)

< [f(a) + f(B)]- [, t*[a(®) + h(1 — O] w(a + t n (b,@))dt, (2.1)

Proof. From the definition of an h - preinvex function and from Condition C for it follows
that:



1 1
f (a +50 B, a)) <h (E) [f(a+tn (b d)+fla+d-0oOnba).
Multiplying both sides of the above inequality by

t*w(a+tn(ba)) =t*w(a+ (1 —t)7n (b, a)), then integrating the resulting inequality

with respect to t over [0, 1], we obtain

1
ff a+- n(b a) t“ w(a+tn(b,a))dt
0

1

<h (%) [f t*f(a+tn b a)wla+tn(ba))dt

0

1
+f t*1f(a+ 1 -0 (b a)wla+ (1 -0n(ba))dt|.
0

Since

jt“‘l w(a+tn (b a))dt = (b( ))a I‘("a+n(b o) W@,
0

] tf(a+tn b a))wla+tn(ba))dt = (b( ))a gam(b @) f(aw(a)
0

and

] t*f(a+ (1 —0nba)w(a+ (1 —-0nb, a))dt
0

I'(a)
~n(b,a)* @

+f(a + n(b, a))w(a + n(b, a))

we have

I'(a)
n(b, a)*

f(a +1 (b a)) I - w(a)
2 n o, (a+n(b,@)



1\ T(@) [, )
=h (E) n(b,O;)a (16 senoay) f@W(@) + 12 (@ + (b, )w(a +n(b, )] (2.2)

Similarly, we also have

I'(a)

1
b o) f<a +51 (b, a)> 17+ w(a +n(b,a))

1\ T@) |, )
=h (E) n(b,O;)a [ aeniom) F@W(@) +18f (a+ (b, @))w(a +n(b,@))] (2.3)

Thus, from (2.2) and (2.3) we obtain the first inequality of (2.1).

For the proof of the second inequality we first note that f is an h - preinvex function, then for t €
[0, 1], it yields

fla+tna) <h(l—-t)f(a)+ h()f(b)

and

fla+ @ -0nka)<h(®f(@ +h(1-Ofb).

By adding these inequalities we have

fla+tnba)+fla+@-6n b a)<[f(@)+fB)]-[h(1-1)+h®)].
Then multiplying both sides by t**w(a + tn (b,a)) = t* *w(a+ (1 —t)n (b, a))

and integrating the resulting inequality with respect to t over [0, 1], we obtain
1

f t*f(a+tn b a))wla+tn(ba))dt

0

+ j tf(a+ 1 -0)na)wla+ (1A —-t)n (b a))dt
0

<[f(a) + f()]- j tHUh@) + h(1—)]w(a+tn (ba))dt
0



r
n(b(c;))a 1€ senoay) W@ (@) + 1w(a+n(b,@)f(a +1(b )|

< [f(@) + F(B)] - f te1[h(t) + h(1 — )] w(a + t n (b,a))dt.

The proof is completed.

Corollary 2.1. In Theorem 2.1, if « = 1, then inequalities (2.1) become inequalities (1.11).

Corollary 2.2. In Theorem 2.1, ifwetake n (b,a) = b — a,w(x) = 1and h(t) = t, which

means that f is convex function, then inequalities (2.1) become inequalities (1.12).
Corollary 2.3. In Theorem 2.1, if a =1 and w(x) = 1, then we get inequalities (1.10).

Corollary 2.4. In Theorem 2.1, if a=1 and w(x)=1 and h(t) =t, then we get
inequalities (1.9).

Corollary 2.5. In Theorem 2.1, if a =1 and 7 (b,a) = b — a, then inequalities (2.1)

become inequalities (1.7).

Corollary 2.6. In Theorem 2.1, if «a = 1and n (b,a) = b —aand w(x) = 1, then we get
inequalities (1.6).

Corollary 2.6. In Theorem 2.1, if a =1and n (b,a) =b —aand w(x) =1andh(t) =
ts, then we get inequalities (1.4).

Corollary 2.5. In Theorem 2.1, if a =1and n (b,a) =b —aand w(x) =1andh(t) =
t, then we get inequalities (1.2).

Corollary 2.6. In Theorem 2.1, if we let w(x) = 1 and h(t) = t°, then inequalities (2.1)

become the following inequalities for s - preinvex function

1
2°f (a +on @, a)> ((C;’-i_)a) [ (a+n,w)” f(@ + Ig+f(a+n(b, a))]

1 T@rs+1
<al[f(a)+ f(b)]- [a n F((Z)+(j:1))l.



Corollary 2.7. In Theorem 2.1, if we let w(x) =1, h(t) =t* and n (b,a) = b — a then

inequalities (2.1) become the following inequalities for s - convex function

a+ b) FNa+1) [IZ‘— f(a)+lfl‘+f(b)]

zsf( 2 S(b—a)“

1 F'(a)T(s+ 1)
a+s T(a+s+1)|

Sab’(a)+f(b)]'l

Corollary 2.8. In Theorem 2.1, if we let w(x) = 1, h(t) = t then inequalities (2.1) become
the following inequalities for preinvex function

lNa+1)

1 a a
f <“ tan “)> < 207 [Nasmoay F@ + 1 f (@ +nb)| <

f(a) + f(b)
~ 2n(b,a)® '

2

3. Hermite - Hadamard - Fejér type inequalities via fractional integrals

In order to prove our results we need the following identity.

Lemma 3.1. Let K € R be an open invex subset with respectto n: K XK - R and a,b € K
with (b, a) > 0. Suppose that f: K — R is differentiable mapping on K such that f'e
L([a,a +n(b,a)]). If w: K - [0, o) is differentiable, then the following equality holds:

f[(l — )% —t%] W(a+ tn (b,a)) -f’(a+ tn (b,a)) dt
0

[Na+1)

= 0, ) [IZ+ w(a+n(b,a))w(a+n(b,a))+ Igaw(b'a))— w(a)f(a)

—1% w'(a+nb, ) f(a+n(b,a)) +I?Zin(b’a))— w’(a)f(a)]

1
n(b,a)

[f(a + n(b, a)) W(a + n(b, a)) + W(a)f(a)]. (3.1)



Proof. Integrating by parts

1
f[(l —t)* — t%] W(a+ tn (b,a)) -f’(a+ tn (b,a)) dt
0

f(a+tn(b a)) w(a+tn(b a)) [(1—-0t)* —t9]

n(b a)

0

- ]w(a+tn(b,a))-f(a+tn(b,a)) dt
0

—f[(l—t)“—t“] w'(a+tna) fla+tn (b a))dt
0

1
“rh ey W@ @+ flatn b a)wlatn®a)

INa+1)

1(b, @)@+ [lff+ w(a+n(b,a)) f(a+nb, a))+ {ainma) W@f (@

—1%'w' (a + n(b,a)) f(a+nb,a)) +I?a++1n(b'a))— w’(a)f(a)]

which completes the proof.

Using this Lemma, we can obtain the following fractional integral inequalities.

Theorem 3.1. Let K € R be an open invex subset with respectton: K X K - Randa,b € K

with (b, a) > 0. Suppose that f: K — R is a differentiable mapping on K and w: K -
[0, o) is differentiable and symmetric to a + %77 (b,a). If |f'] is h— preinvex on K, we have the

following inequality:

r 1
‘ (a+1) [1 sw(a+nb,a) f(a+n,a))+ Iga+n(b,a))_ w(a)f(a)

(b, a)a+1

1“1 w'(a+n, ) fla+nb a) +Iga++1n(b’a))- W’(a)f(a)]

10



n(bl ) [f(a+nba)wla+nba)+fla)w@)] |

1
<I[lf'(@|+1|f' )] - f t*w(a+tn (b a)h(®) + (1 —1)]dt. (3.2)
0

Proof. Using Lemma 3.1 and the h — preinvexity of |f’|, we have

r 1
|n((bc'¥;a3f [Iff+ w(a+n(b,a)) f(a+n(b,a)) + Ig‘am(b‘a))- w(a)f(a)

— 12w (a+ (b, @) fla+ (b, @) HIEL - w'(@f (0)]

1
oSt G@)wlatn®a)+fl@)wa] |

< fl(l — )%=t w(a+tn b a)|f' (a+nb a)|de
0
1
< f[(l — )+ t“Iw(a+tn (b a) [RA-DIf (@] +h@®)|f'(B)|]dt
0
=|f'(a)| - j(l —0)%w(a+tn (b,a))h(1l —t)dt+ |f'(a)l J t*w(a+tn (b,a))h(1—t)dt
0 0
+|f'(b)| - j(l —0%w(a+tn (ba)h®)dt + |f'(b)| J t*w(a + tn (b,a))h(t)dt
0 0
~ (1" @1 + O] [ t“w(a+ 7 b,@) - hDde
0

1

HIF @]+ /O] f t*w(a+tn (b a)h(l - O)dt

0

11



= [If'@l+ 1Bl f t* w(a +tn (b,@))[h(t) + h(1 - t)]dt
which completes the proof.

Corollary 3.1. If we take w(x) =1, and h(t) =t then inequality (3.2) become the
following inequality for preinvex function:

Fla+1) [, .
U—(b; IGE [Ia+ f(a +n(b, a)) + Lasn,a))- f(a)— (b ) [f(a + n(b, a)) + f(a)] |

|f @[+ 1f'(b)l
a+1 '

Corollary 3.2. If we take w(x) =1, and h(t) =t° then inequality (3.2) become the
following inequality for s - preinvex function:

M(a +1) . 1
Gyt e F(@ 406, @) + fonay f@ s [Fa+0(b,0) + f@)] |

IF'a+ DI(s+1)

=l @I+ O T Y Tars+2)

Theorem 3.2. Let K € R be an open invex subset with respectton: K X K - Randa,b € K
withn(b,a) > 0. Suppose that f: K — R is a differentiable mapping on K and w: K - [0, )
is differentiable and symmetric to a + %77 (b,a). If |f'|9, g =1, is h - preinvex on K, then one
has:

Mo+ 1
n(&% [15+ w(a +n(b,@)f(a+nb,a)) + iypa)- w@f(a)

Ia+1
d g

w'(a+n(b,a)f(a+nb,a) + 1555 b.a)- W (@f (@]

_n(bl ) [f(a+nb a))w(a+nb )+ fl@w(a)] |

12



1
q

1—= 1
= (a i 1) ! <[If’(a)|q +1f'(B)14] f t* [w(a +tn (b, )] [R(t) + h(1 - t)]dt) (3.3)
0

Proof. By using the Lemma 3.1, h - preinvexity of |f'|? and the well known power mean
inequality, we have

INa+1)
|77(b' Q)a+l

[15+ w(a +n(b,@))f(a+nb, @) + 1§, .0y Ww@f (@)

—1G5 W (a+ 0, @)f(a +nb, @) + G5 0ma)- W (@f (@]

1
n(b, a)

[f(a + n(b, a))w(a + n(b, a)) + f(a)w(a)] |

1 1_%
< [(1—-t)* +t*]dt .
i )

1
q

: (j[(l — )+ t*[w(a+tn b a)]’|f'(a+tn o, a))|th>
0

1
11 q

2 1
(a n 1) ! <[|f'(a)|q + 1" (D)17] j t*[w(a +tn (b,a))]’[h() + h(1 - )] dt)
0

IA

which completes the proof.

Corollary 3.3. If we take w(x) =1, and h(t) =t then inequality (3.3) become the

following inequality for preinvex function

INa+1)
n(b,a)a+1

[15:+ w(a +n(b,@))f(a+n(b, @) + 1§, b0y W@f (@)

—Igfl W,(a + T](b, a))f(a + U(b; a)) + Iga++1n(b,a))_ W,(a)f(a)]

13



1
n(b, a)

[f(a + n(b, a))w(a + n(b, a)) + f(a)w(a)] |

<

( 2 )1‘% F/ (@19 + £/ (b)]7\a
a+1 a+1 '

Corollary 3.4. If we take w(x) =1, and h(t) =t° then inequality (3.3) become the

following inequality for s - preinvex function

I 1
|n(§jaa-;a-31 [Ig+ W(a + T](b, a))f(a + U(b» a)) + I?a+n(b,a))_ W(a)f(a)

—Igfl W,(a + n(b: a))f(a + U(b: a)) + I?a++1n(b,a))' W’(a)f(a)]

1
n(b,a)

[F(a+nb a)w(a+nb )+ fl@w(a)] |

1

2
< (a - ) ([If’(a)l" +1f (b))

1
+F(a+1)F(s+1) q
a+s+1 INa+s+2)

Theorem 3.3. Let K € R be an open invex subset with respectton: K X K - Rand a,b € K
with (b, a) > 0. Suppose that f: K — R is a differentiable mapping on K and w: K - [0, )
is differentiable and symmetric to a + %77 (b,a). If |f'|9, g > 1, is h - preinvex on K, then the

following inequality for fractional integrals holds:

INa+1)

- [12 w(a +n(b,@)f(a+n(b, @) + 1 ppay- w(@f (@)

—Igit w'(a +n(b,@))f (a+nb,a) + 155 0,0)- W' (@f (a)]

1
n(b,a)

[f(a + n(b, a))w(a + n(b, a)) + f(a)w(a)] |

i 7
< %(Hf’(a)lq PO [ [watin @ a>)]‘*h<t>dt> , 3.
(ap + 1)P 0

Where3+1=1.
P q

14



Proof. From Lemma 3.1 and using the well known Hélder inequality, we have

INa+1)

O [12: w(a +n(b,@)f(a +n(b, @) + 1, ppay- w(@f (@)

—157 w'(a+n(b,@)f (a +n(b, @) + 1555 b.m)- W (@f ()]

1
n(b,a)

[F(a+nb a))w(a+nba)+fl@w(a)] ’

1 1

1 P 1
< (f(l - t)“”dt) (f[W(a +tn (b,)]" |f'(a+tn b, a))lth>
0 0

q

1 1
1 P 1 a

+<fwmﬂ>-(ﬂw@+tnwﬂnfvwa+tnwﬂnﬁm>
0 0

1

1 q

< 2 T <[|f’(a)|q + 1 (D] - f [w(a+tn (b, a))]qh(t)dt> :
(ap+1)P 0

Corollary 3.5. If we take w(x) =1, and h(t) =t then inequality (3.4) become the

following inequality for preinvex function

r 1
| @+ 1) [15+ w(a +n(b,@))f(a +n(b, @) + 14 np.an- w(@)f(a)

n(b’ a)a+1

—IZ:-I W’(a + Yl(b. a))f(a + Tl(b' a)) + Iga++1n(b,a))' W’(a)f(a)]

1

n(b, a) [f(a +n(b, a))W(a + n(b, a)) + f(a)w(a)] |

<2 (vwww+u«mwf.
(ap+1)p ’

Corollary 3.6. If we take w(x) =1, and h(t) =t° then inequality (3.4) become the

following inequality for s - preinvex function

15



INa+1)
n(b, @)@+

—1%"w'(a

1
n(b,a)

[f

<

[Ig"' W(a + Tl(b, a))f(a + U(b, a)) + I?a+17(b,a))_ W(a)f(a)
+1(b,a))f(a+n(b, @) + 15 .0y W (@f (@)]

(a+ (b, @) w(a+n(b,@) + f@w(@) |

2 1
7 T (@17 +1f' ().

_(ap+1)

P (s+1)4

16
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