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OSTROWSKI AND TRAPEZOID TYPE INEQUALITIES FOR
GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS OF ABSOLUTELY CONTINUOUS FUNCTIONS
WITH BOUNDED DERIVATIVES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. In this paper we establish some Ostrowski and trapezoid type
inequalities for the generalized Riemann-Liouville fractional integrals of ab-
solutely continuous functions with bounded derivatives.

1. INTRODUCTION

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a,b]. The Riemann-Liouville fractional integrals are defined for o > 0 by

Jof () = %a) / C@— 0 () de

fora < x <band

1 b a—1
W/ (t— o)™ (1) dt

for a < x < b, where I' is the Gamma function. For a = 0, they are defined as
Jorf (@) = Jy_f () = f (z) for z € (a,b).

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [1]-[5], [17]-[28] and the references therein.

In the recent paper [14] we obtained the following result for absolutely continuous
functions with bounded derivatives:

Jp-f(x) =

Theorem 1. Let f : [a,b] — R be an absolutely continuous function on [a,b]. If
x € (a,b) and there exists the real numbers my (z), My (), ma (x), Mz (x) such

that
(1.1) my (z) < f'(t) < My (x) for a.e. t € (a, )
and
(1.2) mo (x) < f'(t) < My (z) for a.e. t € (z,b)
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then

(1.3) T (a1+ % {mz () (b—2)*"" — My () (z — a)a“}
< F(a1—|— 0 (z—a)* fla)+ (b—2)* f(0)]—Jo f(z) = Jpf (x)
ST (al—f— %) [M2 () (b— ) —my (2) (z — a)aH}

and

R R S
<T@+ T2 O) - @ 0" + -2 @)

Stary M@ e @ e 0]

In particular, we have the simpler inequalities:

Corollary 1. Let f : [a,b] — R be an absolutely continuous function on [a,b]. If
there exists the real numbers m, M, such that m < f'(t) < M for a.e. t € (a,b),

then
< m(b—a)a“ (M —m)
and
(1.6)  |Jep fla)+ Jep f(b) - 20‘711—‘1(a — (a -; b) (b—a)®

Sm(b*a)aﬂ(M*m)-

We also have the following result for convex functions [14]:

Theorem 2. Let f : [a,b] — R be a convex function and x € (a,b), then we have
the inequalities

D) g @00 - @ e
< g lE -0 1@+ =2 0= TS (@) = TS @)
<ty L OC-0" - @ -]
and
1 ’ a+1 / a+1
19 g @O @ -
<T@+ T2 ) = g (@ = @) + -2 @

<ty L OC-0" - @ e 0],
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where f!. (+) are the lateral derivatives of f.
In particular, we have

v gl () £ (5o
§2wﬂia+nf00;f(ub_@ o (450 1 (22)
< gy U O~ L@ -0,

and

(1.10) 0< 20‘+1F1(04+2) {f+ <a+b> . <a+b)] (b )t

1 a+b o
2alr(a+1)f< 2 >(b_a)
[F2 () = i (@] (b—a)**".

In order to extend the above results for generalized Riemann-Liouville fractional
integrals, we need the following preparations.

Let (a,b) with —co < a < b < oo be a finite or infinite interval of the real line
R and « a complex number with Re (o) > 0. Also, let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [19, p.
100], we introduce the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a, b] by

SJ%, ()+Ja+b f ) -

1
= 20H T (a4 2)

o L[ g0fmd
(1.11) I3y f(z) = (o) /a @) —g O <z <b
and

o _ 1 [ dWfwat
(1.12) I f(z) = I () /m 0 —g @ a<z<b.

For g (t) = t we have the classical Riemann-Liouville fractional integrals intro-
duced above while for the logarithmic function g (¢) = Int we have the Hadamard
fractional integrals [19, p. 111]

3 H @)= [ [n(F)]T HE  saca s

I'(a t t
and
N 1 AN AGY
One can consider the function g (t) = —t~! and define the "Harmonic fractional

integrals” by

(1.15) Ry, f(x) ,0<a<z<b

1 @ ta+1

and

/ (z—1)
(1.16) Ry f(x): / , 0<a<z<b.
(t—x)

a 1 @ ta+1
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Also, for ¢g(t) = exp (Bt), 8 > 0, we can consider the "S-Ezxponential fractional
integrals”

o e B [T epBHf®d
00 Bt @)= s [ o) - e <7<
and

o @y B [ eeB)f(Bdt .
01 st =5 [ exp (31) —exp (B "= "

Motivated by the above results, we obtain in this paper some inequalities for the
generalized Riemann-Liouville fractional integrals of absolutely continuous func-
tions with bounded derivatives and of convex functions. Applications for mid-point
and trapezoid inequalities are provided as well.

2. SOME IDENTITIES

We have the following representation:

Lemma 1. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g'
on (a,b).

(i) For any z € (a,b) we have

(21) I(?+,gf (:C) + Il?f,gf (.’II)

~ e 0@ = 9@ F @+ () - g @) F o)
v b
+ﬁ / (g(@)—g @) f (t)dt—L (g(t) —g(x)* f' (t)dt],

(ii) For any x € (a,b) we have
(2:2) L gf (o) + I3 o f (b)

- ﬁ [(9(x) — g (a)® + (g (b) — g (2)°] f ()
b T
+ ﬁ /m (g(d) =g )™ f(t) dt—/a (gt) —g @)™ f ) dt] _

(ili) We have the trapezoid equality
Iy of (a) + 13y of (b)

(2.3)

2
1 o f(b)+ f(a)
zm(g(b)—g(a)) B
1 "gd) —g )" = (g(t) — g(a)”
+F(a+1)/a . £ () dt.

Proof. (i) Since f : [a,b] — C is an absolutely continuous function on [a, b], then
the Lebesgue integrals

T b
| @@ =g ratand [ g -g@) @
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exist and integrating by parts, we have

24ty [ @@ -a@)r 7 O
1

5 [ @-a0r 00 -

P T @ —9@) 1 (@
= Ing,gf (z) — !

m (9(x) —g(a)® f(a)

fora < x <band

b
29 gy ) @O 9@ @
! b Cf(b L[ ¢ =L (8) f (t) dt
T OO -9 @) 0~ s [ e =@ g 050
1

for a <z < b.
From (2.4), we then have

4l (0) = Fagg 0@ — (@) f @
i ) 6@ a0 F

for a < z < b and from (2.5) we have

0l ()= gy (00— 9 @) £ )

1 b o
- T [ wO—s@) f 0

for a < x < b, which by addition give (2.1).
(ii) We have

1 b L
Il )= o / (9(8) — g ()™ g (1) £ (1) dt

fora <x <band

@)= i [ @@ -a@) g @

for a < x <b.

Since f : [a,b] — C is an absolutely continuous function [a, b] , then the Lebesgue
integrals

. b
| @ =g@) r@aand [(g®)-g@) @

x
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exist and integrating by parts, we have

29 gy [ @O 9@ F @
1 @ 1 ‘ a—1
TT(at1) (9(2) = g(a)) f(x)—m/a (9(t) —g(a)) (t) f(t)dt
1 . X
“TlatD (9 () —g(a)® f(z)— I ,f (a)

fora < 2 <band

b
2N wagy [ @O -0 F O
1 b a—1 1 o
=7 | @O =0T O FOd -z (60 =9 ()" T @)
@ 1 «

= Ia;+,gf (b) - m (g () —g ()" f(z)

for a <z < b.

From (2.6) we have
(23 120 @) = gy 0@ —9(@) f @)

1 z a o1
—m/a (9(t) —g(a)™ f'(t)dt

for a <z < b and from (2.7)

(2.9) A0 p—

b .
T ) B0 -s@) 1 O

for a < & < b, which by addition produce (2.2).
(iii) For z = b in (2.8) we have

e f(a) = <

b [eids
- ) wO—s@r O

while from (2.9) we have for = a that

A pe—

1 b o
+r(a+1)/a (9(b) =g ()" ' (t) dt.

If we add these two equalities and divide by 2, we get (2.3).
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Corollary 2. With the assumptions of Lemma 1, we have

210) 12,0 (50 1 (%57)
s | (0 () -9@) r@+ (909 () 10
et [ (E52) s 1o
I MCUIC S NS

and

(211) T2 f(a)+ 120, (D)

el (5) ) (oo (222

1 b .
+m/l+b (g(b) —g ()" f'(t)dt

2

a+b

1 : »
_m/a (g () —g(a)™ f' () dt.

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,belb
’ 1 (gla)+g(b)
M, (a,b) =g (2)

If I =R and g (t) =t is the identity function, then M, (a,b) = A(a,b) = *$L,
the arithmetic mean. If I = (0, 00) and g (¢t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g(¢) = 1, then M, (a,b) = H (a,b) :=

%, the harmonic mean. If I = (0,00) and g (t) = t?, p # 0, then M, (a,b) =

M, (a,b) = (%)1/197 the power mean with exponent p. Finally, if I = R and
g (t) = expt, then

M, (a,b) = LME (a,b) := In (e’mﬁepr) |

2
the LogMeanEzxp function.

Corollary 3. With the assumptions of Lemma 1, we have
(2.12) I3y of (Mg (a,0)) + I, f (M (a,b))
_ 1 o fla)+f(b)
= m (9(b) —g(a)) - 9

1 Mg (a,b) .
frarn ) @) - g 0) @ d

1 b .
“TlatD) /Mg(a’b) (g (t) — g (My (a,b))* £ (t)dt
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and

(2.13) I3t ap)—gf (@) + I37 (a) 4,9 ] (B)
= ST @0 @) £ ()

1 b o
+F(aJrl)/Mgw,b) (9 ®) —g (O)" S (D)

Mg (a,b)
- ﬁ/ (9(t) =g (a)® f'(t) dt.

3. INEQUALITIES FOR FUNCTIONS WITH BOUNDED DERIVATIVES
We have:

Theorem 3. Let f : [a,b] — R be an absolutely continuous function on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g'
on (a,b). If x € (a,b) and there exists the real numbers my (), My (x), ma (z),
M, () such that the conditions (1.1) and (1.2) hold, then

b x
31 g [ @ [ O -s@) a-m@ [ (x)g(t))adt]
< a0 -9 @) 7@+ (6 0) - 90" f o)
I8 @)~ I, (@)
b T
< o M@ [ 60— g @) - mi @) [ (g(x)—g(t))adt]
and
b xr
(3.2) ﬁ mz(w)/ (9 (b) — g ()" dt — My (x)/ (g(t)g(a))adt]
S f (@) + L, f (D)
T 0@ = 9 (@) + )~ 9 (@)1 @
b x
<t M@ [ O g a-m@ [ <t>—g<a>>adt].

Proof. We have from (2.1) that

53 g 0@ ~9@) @+ 0) =g @) S 0)

— Loy of (2) = It o f (2)

Zﬁ /x (Q(t)_g(x))af'(t)dt—/am(g(:v)—g(t))af’(t)dt]

for any x € (a,b).
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Using the conditions (1.1) and (1.2) we have
b b
M (x)/ (g(t) —g(x)"dt < / (g(t) —g (@) £ (t)dt
x x ,
< M) [ (90— g(e))

and

IN
@\&
—

Q
—
8
N—
I

Q
—
[
SN—
S~—
Q
i)
—~
~
S~—
.
=

mi @) [ (@) -9 @) ar

IN
S
S
S~—
@\H
—
Q
—
&
I
Q
—~
~
N—
S~—
Q
QU
&

These imply that

b xr
g/ (t—m)af’(t)dt—/ (z =) f(t)dt

b
<M () [ 9 -9 dt—m @) [ (9() -9 (0) s

that is equivalent to

x

b
FarT @ [ @O a-an @) [ (g(w)—g(t))“dt]
1 ’ o o v a
<tarm | o oa- [ @b f(t)dt]
b T
<t [ @ [ GO -g@)d—m @) [ (g(z)g(t))“dt]

By using the equality (3.3) we get (3.1).
From (2.2) we have

(34)  L_ gf (@) + 17 4 f ()
[(g(x) = g(a)* + (g (b) — g (2)°] f (x)

I'a+1)
_ 1
CT(a+1)

x

/ (g(b)—g(t))“f’(t)dt—/ (g(t)—g(a))“f’(t)dt]-

a

In a similar way, we have

IN

b b
mz(:ﬂ)/ (g (b) — g (t)" dt /(g(b)—g(t))af'(t)dt

IN

b
My (2) / (9.(b) — g (£))° dt
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and

m@ [w0-g@ra < [ @o-g@)r s o

which implies that

Tat+1) |

1
“I'(a+1)

A

1
< —— | M-
I'(a+1)

N

and by (3.4) we get (3.2). O

Corollary 4. With the assumptions of Theorem 3 and if there exist the real num-
bers my (Mg (a, b)), My (Mg (a,b)), ma (Mg (a,b)), My (M, (a,b)) such that

(3.5) my (Mg (a,b)) < f'(¢t) < My (Mg (a,b)) for a.e. t € (a,My(a,b))
and
(3.6) ma (My (a,b)) < f'(t) < My (M, (a,b)) for a.e. t € (M, (a,b),b)
then

1 b o
B pary [me M) [ 00— g0y ) a

1 o f(a)+ £ (b)
Sm(g(b)*g(a)) -9
- I((;Jr,gf (Mg (a,b)) — Ilgxf,gf (Mg (a,b))

1 b

< Tlat1) M (Mg (a,b)) /Mg(a,b) (g (t) — g (M, (a,b)))"dt

Mgy (a,b)
—my (M (a,b)) / (9 (Mg (a,b)) — g ()" dt]
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and

b

ma (M, (a,b)) / (9(b) — g (1) dt

Mg (a,b)

1
I'a+1)

(3.8)

Mg(a,b)
—M; (Mg (a,b)) / (g (t) —g(a)” dt]

< I3, (0= (@) + 157, )10 f (B)
1

T T (et (9(b) —g(a)® f (M (a,b))
1 b o
< g M M@ [ 60 g

Mg (a,b)
iy (M, (a,b)) / (9(t) — g (a))" dt] |

The case of convex functions is of interest:

Corollary 5. Let f : [a,b] — R be a convez function on [a,b]. Also let g be a

strictly increasing function on (a,b), having a continuous derivative g’ on (a,b). If
x € (a,b), then

39 oo @ [ ()~ g @) - 1 (@) | 6@-gwy dt]
< T 0@ —9@)" @+ B =g ()" £ )
I8 f @)~ I f (@)
St [0 [ 6w -s@ra- s (e oo dt]
and
310) s @) [ (o) — () d— £ () [ 60 -g@r dt]

S Ig—,gf (a) + Ig+,gf (b)

- D 0@ 9@+ 6 0) -9 @) @
b xr
< ﬁ I- (b)/x (g(b) —g(t)*dt — fi (a)/a (g(t) — g (a)® dt] .

Proof. Since f is convex, then the derivative f’ exists almost everywhere on [a, b]
and

fi(a) < f1(t) < fL(z) for ae. t € (a,x)
and

fi(@) < f(t) < fL(b) for ae. t € (z,b).
Now, writing the inequalities (3.1) and (3.2) for m; (z) = f} (a), M1 (z) = f (x),
my (z) = f () and My (x) = f’ (b) we get the desired results (3.9) and (3.10). O
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Corollary 6. Let f : [a,b] — R be an absolutely continuous function on [a,b] and
assume that there exists the constants m < M such that

(3.11) m< f'(t) <M for a.e. t € |a,b

Also let g be a strictly increasing function on (a,b), having a continuous derivative
g on (a,b). Then we have the inequalities

612 g (g 6) — g ) db— M | @ —g(t))“dt]
< T @) =9 (@) F @)+ 5 0) =g @) £ 0)
I8 @)~ I f (@)
gﬁ M/:<g<t>—g(x))“dt—m/:(gm—g(t))“dt]
and
61 | (g0~ g0 dt - M | 6o —g(a))adt]
<IE L F(@) 412 f ()
- @) @) + ()~ g @) (@
< F T M/:<g<b>—g(t))adt—m/;@(t)—g(a))“dt]
for z € (a,b).
Equivalently, we have the inequalities
(3.14) ]F(alﬂ) (g (2) — g (@) £ (a)+ (9 () — g (&))" £ (b)
12, f @)~ I f (@)
—§<M+m> /b<g<t>—g(w))“dt—/;@(x)—g(t»“dtl
s - [0 - g a
and
(3.15)  |Ig_ f(a)+ I3, ,f (D)
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Since g is a strictly increasing function on (a, b) , then by the elementary Holder’s
inequality we have

[lv0—swra= [ w@-swras [ 6o-g@ra

g/z@(x)—g(a))“du/ (g(6) — g (x))* dt

:(x*a)(g(ﬂf)*g(a))%rg(c —x)(g(b) —g(x))"
max {z — a,b -z} (g (b) — g ()" + (9 () — g(a))"];

(& —a)’ + (b—2) 1”’” [(9/x) =9 (a)* + (g (b) g (@))"]"*
where p, q>1and —|—f 1;
(

(b—a) [max {g (z) ~ g () .9 (b) — g
3b—a)+ o= 5] 9(t) g (o )
) e—a)"+ (- z)p]l "lg (x) = g(a)™ + (g (b)
=9 where p,¢ > 1 and % —|—;:1,

(

(b—a) [§<g<b>—g<a>>+ g (x) — 2edto®

IN

and by (3.14) we get the chain of inequalities:

310 |y (00 - 9(0)" 7 @+ 6 0) -9 (0)" 1 0]

— I3y o f (@) = I o f ()

b T
—§<M+m> /<g<t>—g<x>>“dt—/a <g<x)—g<t>>adt]
; (M —m) / lg (¢ x)|* dt
< o (a1+ 5 (M = m) [l2 = a) (9 0) ~ 9 (@)" + (b=2) (9.) ~ 9 ()"
1
S iy M—™
50—+ [o =2 (g () ~9 (@))" + (9 =) g (@)"]:
(= )+ (0217 [(g (1) — g @)" + (9 8) — g (2))"]""

Tr —
where p,q > 1 and +% 1;
(b—a) [4(9(6) — g(a) + |g (2) - Lol

for any x € (a,b).
We also have
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Therefore, by (3.15) we have the chain of inequalities

(3.17) |Ig_ ,f (@) + Iy ,f (b)

- ﬁ [(g(x) —g(a)" + (g (b) — g ()] f ()

1
—§(M+m)

b x
/ (g(5) — g (£))" dt — / <g<t>—g(a>>adt]

b xr
< V GO -9 @)+ [ (o0 g(a))adt]

< m (M —m)[(z — a) (9.(x) — g (a))" + (b~ ) (g () — g (2))"]

2F(oz+1)(M_m)
[3(b—a)+|o—252{] [(g(b) -

2 g ) (a ;
(@ —a)" + (b= )" (g (2) = g (@)™ + (9 (6) g () a)t/a
Wherepq>1and —|—f: ;

1;
- 0) [3 (0 0) — g @) + |g ) — 2223200
for any x € (a,b).

Remark 1. If we take v = M (a,b) in (8.14) and (3.15), then we get the simpler
inequalities

o f(a)+f(b)

(3.18) 2 T (a+1) (9(b) —g(a)) 3

I3 o (M (@,8)) — 5 o (My (a,) — 3 (M +m)
Mgy (a,b)

b
x [/ (9(t) =g (Mg (a,)))" dt — (g (Mj (a,)) — g (£)) dt]
My (a,b)

a

ey /\g M, (a,))|" dt

and

(3.19) ‘I&g(mb)_,gf (@) + I3, (ap) 4.9 (0)

- G @) 9 (@) 7 O, (@.0)

b Mg(a,b)
/ (g(b) —g (1) dt —/ (g () — g (a))” dt}
Mg(a»b) a

(M —m)

1
—§(M+m)

1
D
Sl (a+1)

b Mg (a,b)
’ VMgw,b) 0O g @t [ 00 9@ dt].
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We also observe that, if we assume that the function f : [a,b] — R is convex then
we can take in the inequalities (3.14)-(8.19) m = f (a) and M = f’ (b) provided
these quantities are finite. The details are omitted.

The following trapezoid type inequality also holds:

Theorem 4. Let f : [a,b] — R be an absolutely continuous function on [a,b] and
assume that there exists the constants m < M such that the condition (3.11) is
satisfied. Also let g be a strictly increasing function on (a,b), having a continuous
derivative g on (a,b). Then we have the inequalities

I a)+I¢ b a
oy |l IO L) - g O
b b
_2F(;+1)m;M /a(g(b)_g(t))adt—/a (g(t)—g(a))adt]

—m [?
ST 60— ~ O s @)

Proof. Observe that, by (2.3) we have
b _ o _ a)® m
P p—— RO O R AR A
1 /b (g(0) —g ()" = (g(t) —g(a)”
I'a+1) /,
m+M 1 "9 () —g ()" — (9 (t) — g (a)*
2 T(a+1) / d

I a)+I¢ b a
I SO IO (g ) — g o) LS

(a+1)

r 1
m+M 1 "g(d) —g ()" — (9(t) — g (a)
2 F(oz—i—l)/a 2 d

L.

If we take the modulus in this equality, we get

L@+, f0) 1 W f )+ )
b 5 hs ECTS) (9(b) =g (a)" =5

m+M 1 " g () —g ()" = (g(t) — g (a)”
2 I‘(a—l—l)/a at

1 “1(g (b)) —g )" — (g(t) — g (a)®
= r(a+1)/a

1 M—m/b
<
“T(a+1) 2 .

which proves (3.20). O

fr) -

(g() —g(#)" —(g(t) —g(a)”
2

m+ M
dt
]

dt,

Remark 2. If we take g (t) =t into above inequalities we recapture some of the
results for the traditional Riemann-Liouville integrals stated in the introduction.
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4. MORE PARTICULAR INEQUALITIES

Let g be a strictly increasing function on (a,b), having a continuous derivative
g’ on (a,b). If we assume more properties for this function, then we can get further
simpler bounds. For instance, assume that ¢ : [a,b] — R is r-H-Hélder continuous
on [a,b] with r € (0,1] and K > 0 namely

(4.1) If (&) = F I <Kt — s
for any ¢, s € [a,b]. If r = 1 and K = L we call the function L-Lipschitzian on
[a,b].

If g : [a,b] — R is r-H-Hdlder continuous on [a,b] with r € (0,1] and K > 0,
then

/Ig x)[* dt<K/ [t — 2| dt = Kl/j(:rt)mdtJr/wb(tx)mdt]

[l ]

ar+1

for x € [a,b].
From (3.14) we then get the simpler inequality

1 N .
‘I‘(a—i—l) [(g (2) = g(a))” f(a) + (g (b) — g ()" f ()]

— Loy of (®) = It o f (2)

b x
/ (9(t) — g ()" dt — / <g<x>—g<t>>“dt]

(4.2)

—§(M+m)

1
2(ar+ 1T (a+1)

(M =m) K (= )™ + (0 2)" ],

for € (a,b), provided f : [a,b] — R is an absolutely continuous function on
[a,b] and that there exists the constants m < M such that the condition (3.11) is
satisfied.

If g is L-Lipschitzian on [a, b], then by (4.2) we have

1 N .
’W [(9(z) —g(a))® f(a) + (g(b) — g ()" f(b)]

— LGy of () = Ii_ o f (2)

(4.3)

b T
s 0rm | [aO-g@)a- [ w@-g0r dt]
< m (M —m) L [(@—a)™ 4 (b — )]

for z € (a,b).
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Now, if we take z = 2£2 in (4.3), then we get the mid-point inequality:

(@0 \F(a1+ Sl () -0@) r@+ (s0-9(“)) 10

eaf (50 -1t (U57) - 5 01+ m)

[ gg (57) dt_/aa;b (g<a§b)—g<t)>adt]

(M —m)L(b—a)™"".

- 2a+11" (a + 2)

If g : [a,b] — R is r-H-Hélder continuous on [a,b] with r € (0,1] and K > 0,
then by (3.15) we have

/(g(b)—g(t))“dt+/m(g(t)—g(a))adtgHV (b_ty'adH/m(x_a)radt]

B K (.’II _ a)lx’l‘-i-l + (b _ .’I,')aT+1
B ar+1

From (3.15) we get the simpler inequality

(4.5) ’ 12 f (b)
- ﬁ (9(2) — 9 (@)" + (g.b) — g (@)°] £ @)
b T
*%(M+m) /gc (9(6)*9(t))adtf/a (g(t)g(a))adt]

1
S ar+ D (at 1)

(M —m) K [(z— )™ + (b — )]

for z € (a,b), provided f : [a,b] — R is an absolutely continuous function on
[a,b] and that there exists the constants m < M such that the condition (3.11) is
satisfied.

If g is L-Lipschitzian on [a, b], then by (4.5) we have

(4.6) re I3 4f (b)

—% (M +m)

[ e -s@ra- [ wo-g <a>>adt]

1

< m (M —m)L [(x _ a)aJrl Y (b m)oud] ’

for z € (a,b).
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If we take z = %t in (4.6), then we get

7)

fu @+, )

“rarn () 00) oo (557)) ()
—%(Mer) /b -

L =g - [T a0 -g@)

—a a

=

;(M—m)ub—a)“*l.
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