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OSTROWSKI AND TRAPEZOID TYPE INEQUALITIES FOR
GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS OF ABSOLUTELY CONTINUOUS FUNCTIONS IN
TERMS OF p-NORMS OF DERIVATIVE

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. In this paper, some inequalities for the generalized Riemann-Liouville
fractional integrals of absolutely continuous functions in terms of the Lebesgue
p-norms of the derivative are obtained. Applications for mid-point and trape-
zoid inequalities are provided as well. Some examples for the Hadamard frac-
tional integrals are also given.

1. INTRODUCTION

Let f : [a,b] — C be a complex valued Lebesgue integrable function on the real
interval [a, b] . The Riemann-Liowville fractional integrals are defined for a > 0 by

JoLf () = ﬁ / C@— 0 () dt
fora < x <band
b
Jg f (2) = ﬁ / (t— o)™ f (1) dt

for a < x < b, where I' is the Gamma function. For a = 0, they are defined as
IO, f(2) = J_f (@) = f (2) for @ € (a,b).

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [1]-[5], [18]-[29] and the references therein.

In order to extend the above results for generalized Riemann-Liouville fractional
integrals, we need the following preparations.

Let (a,b) with —0o < a < b < 0o be a finite or infinite interval of the real line
R and « a complex number with Re («) > 0. Also, let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [20, p.
100], we introduce the generalized left- and right-sided Riemann-Liowville fractional
integrals of a function f with respect to another function g on [a, b] by

1) 1o fla) i 1 /“ gWmrma <

L) Jo [g(x)—g@)] ™
and
b /
(1.2) I yf(@) =+ (1a) L - <9t)(t_) Jg” Ei))]dlt“’ a<z<b
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2 S.S. DRAGOMIR

For g (t) = t we have the classical Riemann-Liouville fractional integrals intro-
duced above while for the logarithmic function g (¢) = Int we have the Hadamard
fractional integrals [20, p. 111]

(L3)  HY f(2) = 1)/ I (]2 pcacn <

' (« t t -
and
(1.4) H“f(:c)'—l/b In(? RRFAUL 0<a<z<b
’ b= T T (a) /, T t 7T '
One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals"” by
glm T f(t)dt
1.5 Ry f(x) := / ,0<a<z<b
( ) + ( ) F(OL) " (x _t)lfa o+l
and
(1.6) Ry f(z)'xla/b ft)ds 0<a<z<b
| TR L e S '

Also, for ¢g(t) = exp (Bt), 8 > 0, we can consider the "S-Ezxponential fractional
integrals"

a B exp (Bt) f (t) dt w<
0 BLl@ = [T T e a< e <
and

N B exp (Bt) f () dt Ve
49 B 7@ '_F(a)/w [exp (Bt) — exp (Bz)]' ™ st

Motivated by the above results, we obtain in this paper some inequalities for the
generalized Riemann-Liouville fractional integrals of absolutely continuous func-
tions in terms of the Lebesgue p-norms of the derivative. Applications for mid-point
and trapezoid inequalities are also provided. Some examples for the Hadamard frac-
tional integrals are given as well.

2. SOME PRELIMINARY FACTS
We have the following representation, see also [16]:

Lemma 1. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b).

(i) For any z € (a,b) we have

21 LGy f () + I, f (2)
1

~ ot W@ -y (@)* f (a) + (g (b) — g ()" f ()]
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3
(ii) For any x € (a,b) we have

(2.2) I f (&) + 17, ,f (b)

= ﬁ [(g(x) —g (@)™ + (g (b) — g (x)*] f (x)

b xT
: / (g(0) —g @)™ f (t)dt—/

NCES) i

(9(t) —g(a)™ f'(t)dt] .

Proof. (i) Since f : [a,b] — C is an absolutely continuous function on [a, b], then
the Lebesgue integrals

T b
/ (9(x) — g (£)" /' (t) dt and / (9(t) — g (@) ' (t)dt

x
exist and integrating by parts, we have

23 tary [ @@ -a@)r 7 O
1

5 [ @-a0r 00 -

. TatD (9(x) —g(a)® f(a)
fe% 1 @
120 @) = gy 0@~ 9 ()" (@
fora < x <band
b
24 tagg | WO-s@) F O
1 b « b 1 b a—1 d
- T B0 -9 @) f()—F(a)L (9(H)—g (@) g (t) f (1) dt
1

T OO 9@ O -l @)
fora <z <b.
From (2.3), we then have

21af () = Faggy 0@ — (@) f @
ra | W@ s o

for a < & < b and from (2.4) we have

_|_

Iy gf (x) =

1 b o
FarT | W —e@) £ o

for a < x < b, which by addition give (2.1).
(if) We have

a 1 ’ a—1
B 0= i [ 6O =0 ®) g ) )
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for a < x < b and

12 ,f(a) = %

= [ wo—s@ s 0@
for a < x <b.
Since f : [a,b] — C is an absolutely continuous function [a, b] , then the Lebesgue
integrals

x b
/ (9(t) - (@) ' (t)dt and / (g(6) — g ()" /' (t)dt

x

exist and integrating by parts, we have

23ty | @O g F @
- F(a1+ 1) (9.(2) = 9(a))" f (=) - ﬁ/ﬂ (9(t) —g(a)* g () f (t)dt
1 . X
" Tlarn W@ 9@ f @)=Ly f (@

fora < x <band

29 gy | GO s F O

- +

~
80
h
B
~
—
=
N

for a < x <b.
From (2.5) we have

(2.7) @)= 5T

1 ¥ @ o1
e ) GO -g@) @

(9 (z) = g(a)” f (2)

for a < x < b and from (2.6)

1
I'a+1)

1 b o
el RCCRTIONAOE?

(2.8) Iy g f (b) = (g () —g(2)" f ()

for a < x < b, which by addition produce (2.2). O
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Corollary 1. With the assumptions of Lemma 1, we have

(29) I3, ,f (a;b) T o f (a;b)
s [ (2) o) e (o-a (52 0
+F(a1+1)/ <g(“‘2”’) —g(t))af’(t)dt

F(alﬂ)/b (gu)g(“;b))af/(t)dt
and
(210) I8 f(0)+ 120, f ()

el (5) ) (oo (222

1 b .
+m/l+b (g(b) —g ()" f'(t)dt

2

a+b
1 2
S a—— t) —g(a))® f' (t)dt.
) 0-s@) 1w
If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,belby
b
Mg (a,b) = gfl (g(a);g( )) .
If I =R and g (t) =t is the identity function, then M, (a,b) = A(a,b) = *$L,
the arithmetic mean. If I = (0, 00) and g (¢t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g(¢) = 1, then M, (a,b) = H (a,b) :=

%, the harmonic mean. If I = (0,00) and g (t) = t?, p # 0, then M, (a,b) =

M, (a,b) = (%)1/197 the power mean with exponent p. Finally, if I = R and
g (t) = expt, then

M, (a,b) = LME (a,b) := In (e’mﬁepr) |

2
the LogMeanEzxp function.

Corollary 2. With the assumptions of Lemma 1, we have
(2.11) I3y of (Mg (a,0)) + I, f (M (a,b))
_ 1 o fla)+f(b)
= m (9(b) —g(a)) - 9

1 Mg (a,b) .
frarn ) @) - g 0) @ d

1

b
“TlatD) /Mg(a’b) (g (t) — g (My (a,b))* £ (t)dt
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and

(2.12) I3, (a9 (@) + I3, 0o f (D)

= e O — 9 (@) (0 ()

1 b .
S re MU R L

1

Mg (a,b) N
e/ GO-s@r s o

3. THE RESULTS

We use the following Lebesgue p-norms

17l (e, 7,00 7= essup [ ()| < oo provided h € Lo [c, d]
Y t€[e,d)

and

d 1/p
1l ap,p = (/ |k ()|” dt) < oo provided h € L, [c,d], p > 1.

In the follow, wherever we mention these norms we assume that they are finite.
We have:

Theorem 1. Let f : [a,b] — C be an absolutely continuous function on [a,b]. Also
let g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). For any z € (a,b) we have

B.1) |18, f (@) + I f () — (9 (z) —g(a)” f(a)+ (g (b) — g ()" f (b)

oty I'(a+1)
1" Ol fasa1,00 109 (@) = 9 g g0+ 1F Ol 247,00 109 = 9 @) 247,15
1 [e3% o .
<t 1 Ol 169 ) = 0 g+ 17 Ol 10 = 9D

1 )l jg,a1.1 (9 () =g (@) + 1" )l g .1 (9 (B) — g (2))°

1" )l a,0,00 19 () = 91"l jq 0,1

1 / o
<— L M Ol llg @) =gl
ST+ [a,b],p [a,b],q

1 ()l [£ (9 0) = g (@) + |g () — 2o

k
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and

(3:2) |- gf (@) + 17 o f (b) —

17" Ol 2,00 109 = 9 @) g 01,1 + 1 Ol g0 19 (B) = 9) Mz 15
1 (6% «
< Ol 100 = 9 @) aarg + 1 Ol 19 ®) = 9y

“T(a+1)
1 )y 1 (9 (2) — 9 @) + 1 ()l (9 B) — 9 (@)

1 Ol o0 [10 = 9@ g + 19 B) = 9oy

< 17 ey (10~ 9 @)y + 10 B~ )W)
S T(a+1) [ablp \INY 9 [a.a].q T L9 9 Mwpla)

]

1 (Dl [5 (9 ®) = g (a)) + |g () — 2o

wherep,q>1and%+%:1.

Proof. Using the identity (2.1) and the properties of modulus, we have

(3.3) |Igy of (@) + I, f () — (9(z) —g(a)” f Ig(l()()é++(§)(b) —g(z)* f(b) ‘
¥ b
<r@i¢>LL<“@—9@W770ﬁb—l<gm—gum“f@m{
v b
grminl(“@—QMVVWNﬁ+L(ww—mmff%mw]
=:C(z).

Using Holder’s integral inequality we have for p, ¢ > 1 with % + % =1 that

essuPye(a,q |/ (0] [ (g () — g (1) dt;
/z (9(x) =g If Wldt < ([F1f @) dt)l/p ([T (g(z)—g @)™ dt)l/q;

esSUPyefa o] (9 (2) =g (1) [ I (®)ldt
1 Ol faa1,00 109 @) = 9) Nl jg,01,1

=3 I Ollaa 109 @) = 9) 0014

1 Bl ia,a1,1 19 (%) = 9lla 07,00
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and, similarly

1 Ol .00 19 = 9 (@) Mg .1
b
/ (g =g @) If Oldt < & I Ol p 19 =9 @) g g
1 Ol .1 19 = 9 @)11z.0),00

Therefore
C(x)
1" Ol 21,00 109 (@) = 9 a1 + 1 Oll iz p),00 109 = 9 @) N gpg.1 8

<9 1 Ollia,a0 109 @) = 9 1. + 1 Oll iz p 109 = 9 @) a4

17 () (@) = 9lfaaro0 + 1 Oll e g =9 @400 5

which together with (3.3) proves the first inequality in (3.1).
Now, observe that for any x € (a,b)

1 Ol a0 109 @) = 9 N 1 Ol 1 = 9 @)1
< max {17 (Ol g a1 )iy}
% [lt9 @) = 9 N1 + 100 = 9 @) 1011

= 15" ®)lla,p),00 119 (@) = 91"l 0,01,
and, similarly
1" () (@) = 9llfa o100 T 1 Ollig g1 19 (@) = 9l 1,00

< Olljaya ll (@) = 9ll.0),00

Using Holder’s discrete inequality we also have

nfuwmxmug@>—m“ +ufamuﬂmm9—gm»ﬂmﬂg
< (I« +Hf<m@b)
< (10 =9Iy + g = 9 @) )

=7 ()Il[ab,p g () = 910414

for any = € (a,b), which proves the last part of (3.1) by noticing that since g is
monotonic increasing, then

lg () = 9lla.a.00 = (9 (&) =g ()™, 119 = 9 ()" [z 4,00 = (9 (B) — g ()"

and

N—
SN—

Q
-

lg () = glls 4,00 = max {(g (x) — g ()", (g (b) — g (x
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Using the identity (2.2) we have

(34) |G- gf (@) + 17, o f (0) = Fath £ (@)
1 b @
Sm (g(0) —g ()™ f'(t)dt| + / (g(t)—g(a))af’(t)dtH
b x
SF@ZD/<wm—um“w@wﬁ+/(Ma_M@wUWN@
=: D (z)

for any x € (a,b).
By Holder’s inequality we have for p, ¢ > 1 with % + % =1

17 @)l .00 109 ) = 9) gy
b

/(um—g@fuwmms 17 )y 109 B) = 9% 0y

17 @)l 19 ) = g2 41

and
1" (O aa],.00 19 = 9 (@) 4001
/I (g(t) =g @)™ [f ®)dt << I Olliga1p 19 =9 (@) {4014
1" O jaag1 19 = 9 (@I 2,00
Therefore
D (x)
< 1
“T(at1)
1 Ol fasag,00 109 = 9 (@) a1 + 1 Ollig 00 109 0) = 9) Nl g .1

x nfmmmn@—w@mm@MWmemﬁm@—mwmm;

1 Ol ja,a.0 19 = 9 (@)a,a1.00 T 1 Ol g1 119 (0) = 917z 0,00

for any z € (a,b).
Using the discrete Holder’s inequality, we have

1 Olaro0 169 = 9 @) auaga + 1 Ol 00 19 ®) = 91111
< ma {1 Ol apoo 1 Ol }

< [ltg = 9.(@) a0 + 19 4) = 9)* N

=1 Ol o0 [19 = 9 @) Niaya + 10 ) = 9) ]



10 S.S. DRAGOMIR

17 Ol 160 = @) iy + 15 Ol 19 B) = 9
< (I Oy + 1 Oy) "
% [ltg = 9. (@) 210 + 19 ) = 9" IE 114

= 1" ®Ollap) [Il(g = 9(a)) [lfa,1.4 + (9 (0) = 9)°
and, since g is increasing
1 Ol ia,01.1 19 = 9 (@ a,0,00 T 1 Ollgp11 19 ®) = 9l 4.0
< (17 Oy + 1 Ol ) max {llg = 9 @)y, 19 B) = 915110 }
= 1 Ol 03 { g~ 9 (@5, .0 19 B) — 9151y
1 Ol 500~ @)+ o () - L2

g(x) - 5
These together with (3.4) prove the desired result (3.2). O

1/q

q

[r,b],Q} v

We have the following mid-point type inequalities:

Corollary 3. With the assumptions of Theorem 1 we have for p, ¢ > 1 with
1,1

1,1 9

p ' q

(3.5) 13+7gf(a+b> (a;b>
g<a>)“f(a>+(g(bwg(%b))‘*f(b)
I'(a+1)
1 Ol gt [ (0 (5 = 9] o
I g e (0= 9 (45D gy
< 1“(a1+ 1) 17Ol =521, H(g (%) _g)aH[a,%b],q
I Ollege o | 09 (5 sy,
17 )0, 25071 (9 (452) — 9 (@)°
1 Ol p2g 4.0 (9 (0) =g (52))"
17 Ol oo [ (0 (52) =), 1o
R L (G T RN N
17 @) [ (0 ) = 9 (a)) + [g (52) — sle2fa®]]”
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and
(3.6) |20 fl@)+1%, fO)
(9(“2) —g(@)" +(g(0) —g ()"  fa+b
B T (a+1) f( 2 )
1 @)l s ] 19 = 9 @) o 5211
11 llpese 4,00 19 (6) = 9)pege 4.1
| 1 @l 52, 100 = 9 (@) g, 501,
< , o
STt D) ) + I Ol iy, 100 0) = 9l ).,
1 )l 25000 (9 (%52) — 9 (@)°
I Olleg 4.0 (9 (0) =9 (52))",
1 a0 (19— 9@ g ety 1 + 119 (B) = 9) e 4]
<7 (a1+ 59 17 Ol (10 =9 @)W, azap,, + 110 0) - g)anf%b,b},q)” Y
1 Ol [3 9 0) = g (@) + [g (252) — 2o ® 7

We also have the simpler inequalities for the g-mean of the numbers a, b :

Corollary 4. With the assumptions of Theorem 1 we have

1) [12ar O, ) + 1,7 04, ) - SO0 T L T0)

I (t)”[a,Mg(a,b)],oo (g (Mg (a,b)) — g)a”[a’Mg(g"b)]’l
18 Ol oy oo 19— 9 Oy (@) oy

1 )0 a1, 169 (M (@) = 9 10 ar ot
+11f (t)H[Mg(a,b),b],p 1(g — g (Mg (a,0)))" ||[Mg(a b),b],q

IA

F'(a+1)

3w 1 D)l p.1 (9. (0) — g (a))*

1F" ) a,00,00 (g (Mg (a,0)) = 9)* 4 47,15
£ Ol g, 1(g (Mg (@,0)) = 9) 14 01,45
35 1 Ollja,p1.1 (9(8) — 9 (a)*

IN

I'law+1)
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and

b _ (e}
B3 [T -of @+ B unaf 0 - G020 0, @)
1" Ol fa,n1, (ap)y,00 109 = 9(@) a0, ()71
+ L Ol ar, (a,5),0),00 19 (0) = g)aH[Mg(a,b),b],l;

1" Nl 01, (a5, 19 — 9 (a ))a”[a M, (a,b)].q
I Ot 00,000 19 ®) = DN ar, a,),50.0 5

3w 1 O)llja .1 (9 (0) = 9 (a))*,

TS

oty @ona 160 0) = 9 ing oy

1 Ol .00 [0 = 9 (@)"
SF @i ) I Ol (16 = 9@ 1y o+ 160 = 0 g i)
2 15 Dl aya (90) — 9 (@),

wherep,q>1and%+%=1.

4. AN APPLICATION FOR HADAMARD FRACTIONAL INTEGRALS

If we take in the above section g (¢) = Int, t € (a,b) C (0,00) then we can get
various inequalities for Hadamard fractional integrals H, and H;* . We have

n(2)]” f(a n (&)1
@) B @)+ g () - ) fé&:ﬂ)@ﬂ /()

1" )l 2,00 1Mz =I0) g gy + 1 Ol g0 (I =Tn2) [ 4 15
1 a o .
< e 1 Ol g2, 1z = 10)% (g o0 + 1L Ol g p 1A =Inz) 4 5
1 O)llgaga [0 ()] + 1 Ol gpga 0 (2)]°
1" (Ol ,00 2 =[] 455

L D @) I =100 4
F(a—|—1) la,b],p la,b],q

IN

r

1" @) la,0,1 { In ( ‘IH(G(ab))
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and

n(2)]" n ()17
42) s+ ags o - L G )

1F () g0 100 =10 @) g 21y + 1 Bl g0 00D = 10, 1
1

SCE) £ ()l o p 1|0 = 0 @) | 01 + 17 (D))

o) p (00 =) [

1 Ol a1 [ ()] + 17 Ol [ ()]
1 @l gm0 [0 = 100) g+ 1000 = 10) ]

S Taan ) 1 Ol (100 =10 o+ b= )

1 e [310(2) + o ()]

for any x € (a,b), where p, ¢ > 1 with % + % =1.
If we take in these inequalities = G (a,b), then we get

né “ a
(143) |H2T (@ 0.0) + HES G 0t — ol SO IO

1 (t)||[a7G(a,b)],oo [(InG (a,b) — ln)a||[a,G(a7b)],1
L Ol G ap) 0,00 I =10 G (@, ) 1G(00),8,1 3

< L Ollcan, 100G (@) =10 s
“T(at1 @ Glab)p la.G(a,b).q
CHED 1 0w o1 100 =10 (@,0) i g

o 1 ()l gya [ (2)]°

17 (0) 0 .00 110G (@,B) = I
17 (Ol g 110G (@,8) = I,

o 1 ()]0 [ (2)]°

SNCES)
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and

o o - m@)]”
(4.4)  |HG(ap)—f (@) + He g py 4 f (D) f(G(a,b))

20T (o + 1)

|[a,G(a,b)],1

1 Ol o, 6(a,b)7,00 [ = In@)“|
L Ol i a,0),00,00 1000 = 10) M1 0.0),57,1 3
1
Starn ) M Oleceor 108 =100l g,
1 Ol e ap) o, 1000 = 10)lliG(00) 00,4 5

o 1 Olljapa 0 (2)]7,

I )l a,07,00 {H(ln— na)*(|, ceapy,1 + 1(nd — ln)aH[G(a,b),b],J ;

1/q
STarn | I Ol (100 =100 Ny gaayg + 1000 =10 Wi i0)

o 1 ()]0 [ (2)]7

Wherep,q>1with%—|—%:1.

(1]
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