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OSTROWSKI AND TRAPEZOID TYPE INEQUALITIES FOR
GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS OF g¢-LIPSCHITZIAN FUNCTIONS

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we establish some Ostrowski and trapezoid type
inequalities for the Riemann-Liouville fractional integrals of functions that are
g-Lipschitzian. Applications for the g-mean of two numbers are provided as
well. Some particular cases for Hadamard and Harmonic fractional integrals
are also provided.

1. INTRODUCTION

Let (a,b) with —oo < a < b < oo be a finite or infinite interval of the real line
R and « a complex number with Re (a) > 0. Also let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [19, p.
100], we introduce the generalized left- and right-sided Riemann-Liowville fractional
integrals of a function f with respect to another function g on [a, b] by

(1.1) o @) = — / gurmd -y

e T(@) Ja [g(@) =gt
and
(1.2) I (@)= o (1&) /: ’ f;)(t_) J; Ei))]dlta’ a<wz<b.
For g (t) = t we have the classical Riemann-Liowville fractional integrals
(1.3) T (@) = (1a) / ’ (xf_(tz)ﬁ“_a, a<e<b
and
(14 i) = i [P asa <o

while for the logarithmic function ¢ (t) = Int we have the Hadamard fractional
integrals [19, p. 111]

(1.5) H?, f(z) :F(la)/ [111 (%)r‘lf(tt)d{ 0<a<az<b

and

(1L6)  HE f(z) = I‘(la) /: {m (Dr—l f(tt) &t o<ca<ca<n
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One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals” by

o I f)dt
(1.7) Ry, f(x) == () /a ) 0<a<z<b
and

" Tt f()dt
(1.8) Ry f(z):= I () /gc PRSI 0<a<z<b.

Also, for ¢g(t) = exp (Bt), 8 > 0, we can consider the "S-Ezxponential fractional
integrals”

oty B[ ewnimd
(19) Ea-‘rﬂf(z) i T (Oé) /a [exp (ﬂl‘) — exp (ﬂt)]l_o” < S b
and
o B[P exp(Bt)f(t)dt .
) Bl 7 ) / exp (30) —exp (B “ = <"

In the recent paper [14] we obtained the following Ostrowski type inequalities
for functions of bounded variation:

Theorem 1. Let f : [a,b] — C be a function of bounded variation on [a,b] and
g be a strictly increasing function on (a,b), having a continuous derivative g’ on
(a,b) . For any x € (a,b) we have the inequalities

2000+ 0 0) — s (90 = 9@ 41 0) — 9 @] ] @
1 g )V (f)dt b g (t) Ve (f)dt
=T /a lg(z)—g ()" +/x [g(t)—g(w)}la]

1

SNCES)

T b
l9 () =g (@]*\/ () +1g (0) =g (@)]"\/ (f)]

[50®) —g (@) + | (@) - 22520V (4);
o @ =g@)+ ) - g @)™ (Vi + (Vi)

T I(a+1) withp, ¢ >1, 3+ ¢ =1;

(9.2) — g (@) +(9.0) =g (@) [LVA () + £ V2 (F) = V2 ()

1/q

.
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and

I f(a) + 13y o f(b) — Tat1)

1 T g )V (f)dt b g (t)V, (f)dt
= V [g(t)g(a)]l‘”/x 1 ]

V() + g ) —g @]/ (f)]

a

Q

[3(9(6) = g (@) + g () - L2520\ (1)

e L) @ -g@) T+ g0 - g<))“”)“p(wz(f))u(v‘;<f>)q)1/q
1;

BRNCESY with p, ¢ > 1, 7+%=

(9(@) =g (@) +(g0) =g @)™ [3Va (N + 5 Vo) = Vo]

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers
a,bel as

M, (a,b) = g~ (9(>2+9<b>> |

If I =R and ¢ (t) =t is the identity function, then M, (a,b) = A(a,b) == %rb,
the arithmetic mean. If I = (0,00) and g (¢t) = Int, then M, (a,b) = G (a,b) := Vab,
the geometric mean. If I = (0,00) and g (t) = then M, (a,b) = H(a,b) =

%, the harmonic mean. If I = (0,00) and g (¢ ) =P, p # 0, then Mg (a,b) =

M, (a,b) := (<2 1/p7 the power mean with exponent p. Finally, if I = R and
P 2
g (t) = expt, then

M, (a,b) = LME (a,b) :=In (W) ’

the LogMeanEzp function.
The following particular case for g-mean is of interest [14].

Corollary 1. With the assumptions of Theorem 1 we have

T2, 0 £y (00) + 15,7y a0) - 20 7 o, (a,b))1
L[ Mg @) Ve () de ’ 9 (Vi 0y (f) dt ]
- I'(e) l/‘l lg (M, (a,b)) — g (t)]l_a - /M_q(a,b) [g(t) — g (M, (a, b))]l_“
1

b
Sm(g(b)*g(a))a\!(fﬁ
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and

a0 (@) + By 0~ SO <a,b>>‘
1 My (a,b) g () \/M g(a;b) (f) dt b \/; dt ‘|
=Ta) V 90— 9@ Jriyam [9®) —g(0)
1 o b
S 3Tarn ¥ \/

Remark 1. If we take in Theorem 1 x = ‘%rb, then we obtain similar mid-point

inequalities, however the details are not presented here. Some applications for the
Hadamard fractional integrals are also provided in [14].

The following trapezoid type inequalities for functions of bounded variation also
hold [15]:

Theorem 2. Let f : [a,b] — C be a complex valued function of bounded variation
on the real interval [a,b], and g be a strictly increasing function on (a,b), having
a continuous derivative g’ on (a,b). Then we have the inequalities

19, 1) + I f(a) - L@ 9@ ] éa(>a++[£i )<b> —g @) £ ()

L[ g@VL(nde b g'(t)Vi’(f)dt]
= T(a) U g () —g(t) " *L [

[0 () = 9 () +|o (@) — 2220\ (1)
) @ g+ a0 @)™ (Vi (Ve)')

" Ia+1) wz’thp,q>1,%+%:1;

(9.=) = g(@)* +(9(6) = g (@)*) [F VA (5) + 3

Vi (= V)]

and

@) 4 12 ) — @) +[g (b) - g(x)]afw)’

a+1)

1 AONAGL: N AONA
=T V 9() — g (@) o 9B — g (0]

==~

)

QU

&
—
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b
—g(2)"\/ (f)]

x

R | IVAGE
6 0)— 9 @)™ (V' + (Van)”) "
1;

1

Sm (9 (x) —

SN—
S~—

o
e <=
—~
=

[ ®) -9 (@)

< b ) ((g)—gla)™
T I'(a+1) with p, ¢ > 1,

((9 () = g(a))

for any z € (a,b)
(i) We also have

_|_
.
pti=
T gO =g @) [3VL +E Vi -V

I fla) + 12, f(b) 1 o f )+ [ (a)
b 5 s —F(a+1)[9(b)—9(a)] —
1 [/ (VL (f)dt /*g%ﬂvﬂﬂdt]
o) o g g S lg®) —g (@)

In particular, we have [15]:

Corollary 2. With the assumptions of Theorem 2 we have
fla)+F(b)

124 o (My (0,8)) + I f(My () = e lg () = g @)

1| Mt g V() dt b g (t) Vy (f) dt ]
SI%MlL [g@@mw»g@W“+[ﬁwmuﬂwgw@mwm1“

b
< Frerm OO -9 @)V ()

and

. . fla)+f(b .

IMg(a,b)—,gf(a’)+IMg(a,b)+,gf(b) m[ g(b) —g(a)]

L[ en gmviga | g @V
= T(a) [/ 0@ —g@ "

T'(a) l9(8) =g @] " Jaryan) [g(6) — g (&)

b
< iy OO 9@V )

For several Ostrowski and trapezoid type inequalities for Riemann-Liouville frac-
tional integrals see [1]-[5], [17]-[29] and the references therein.

Motivated by the above results, in this paper we establish some Ostrowski and
trapezoid type inequalities for the generalized Riemann-Liouville fractional integrals
of generalized Lipschitzian functions. Applications for the g-mean of two numbers
are provided as well. Some particular cases for Hadamard and Harmonic fractional
integrals are also provided.
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2. SOME PRELIMINARY FACTS
We have the following two parameter identities, see also [15] :

Lemma 1. Let f : [a,b] — C be Lebesque integrable on [a,b], g be a strictly
increasing function on (a,b), having a continuous derivative ¢’ on (a,b) and \, p
some complex parameters:

(i) For any x € (a,b) we have the representation

i M@~ g @I+ ale ()~ 9 (@)])
g (t)f Jdt (" g ()[f () — pldt
il 9(z) 1“'+L wa>—gun“a1

and

(2.2) I3 f(a) + 17 4 f(b) = o 1)( g (x) = g ()] + nlg (b) — g (x)]")

(2.1) I3 o f (@) + I o f(x) =

g @[ bymvw—Mﬁ]
la g (t) — +/z lg®) —g@®]'™ |
(i) We have
I a ¢ b
2g) Al O ) g A2

1 "YW —Ndt g ()[f () dt]
Tar(a) [/a lg (b) =g ()] +/a lg(t) =g (@)™ |
Proof. (i) We observe that
L [P @Lf () —Nadt
U T /a lg(x) =g (D) "
o 1 e g (t)dt

=1 - A

a0 AR /a lg (@) =g (O]

o) = RN = i) -

_ T
Ia-i—y

for a < x < b and, similarly,

L "¢ ®F@)—pldt _ 9 (b) — g ()]
2 @), ho e O TGy
for a < x <b.
If z € (a,b), then by adding the equalities (2.4) and (2.5) we get the representa-
tion (2.1).

By the definition of fractional integrals we have

o e L[ g@f@a
MJ@_NMLw@w@W“S <!

and
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Then

L PeOUF©-Nd . g0 —g @)
2 PO IO B A Y CE S VI
for a < x < band

L OO . o @) —g )
o) A e e s v
for a < x <b.

If z € (a,b), then by adding the equalities (2.6) and (2.7) we get the representa-
tion (2.1).
(ii) If we take z = b in (2.4) we get

L [PdWif®)—Ndt _ g (b) =g (a)]
28) T (a) / g g el O TRy
while from = = a in (2.5) we get

L [P —pat _lg(b) = g(a)]
e @ ), Go—ewiT O T
If we add (2.8) with (2.9) and divide by 2 we get (2.3). O
Remark 2. If we take in (2.1) and (2.2) x = M, (a,b) =g~ (M) , then we
get

(210) 1., FOMy (0 B) + I3 o £ (a,1)
) -1 (25"

-1ir
L[t gl () - A b g (O1F (1) — pldt ]
e U l9 (M, (a,5) — g (1)~ +/Mg<a7b> l9.(6) — g (My (a.0))]"

and

21D oo+ I w1100 = g gy 00 - 9 @) (252
L[N g @@ -Ad [P g @1 () — plde
T Va lg (1) = g (a)] " +/M @n lg(®) =g |

The above lemma provides various identities of interest by taking particular
values for the parameters A and p, out of which we give only a few:

Corollary 3. With the assumptions of Lemma 1 we have:

Q12) I, @)+ 1) = oy () — g @) + o ()~ g @) £ (@)

! V g (OLF (1) - <>1dt+/bg'<t>[f<t>—f<m>1dt]

T'(a) lg(z) =g ()] lg () —g (=) "

for any x € (a,b).
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The proof is obvious by taking A = u = f (z) in Lemma 1. These identity was
obtained in [14]. If we take in (2.12) z = M (a,b) = g~! (%‘*‘g(b)) , then we get
the corresponding identity that was obtained in [14].

Corollary 4. With the assumptions of Lemma 1 we have:

(2.13) I fla) + 17, ,f(b)

- tar (@ =@ 1 @)+ 1 0) — g @) 1 )
L[ el @ fald, Mg @lo-sold
T V g(t) —g (@] +/m g(b)—g ()] 1

for any x € (a,b).
We also have

I a I« b a
(2.14) bf,gf( ) ;L a+,gf( ) — - (alJr 1) [g (b) _ (a)]a f (b) "2' f( )
1 by )~ O]t [P g @) ()~ f(a)] dt}
o (o) V ) —g " - 90 —g@] |

The proof of (2.13) is obvious by taking A = f (a), g = f(b) in Lemma 1. The
proof of (2.14) follows by Lemma 1 on taking A = f (b) and u = f (a).

Remark 3. If we take in (2.13) x = M, (a,b) = g~* (M) , then we get

(2.15)  I57 (a)—of (@) + 131 ay1.0 S (D)

1 o a b

- s 0 s (ZO )
BRI VA AON O 1) LN A AOIV O L O dt]
ey V AT B i £

3. INEQUALITIES FOR GENERALIZED LIPSCHITZ CONDITION

Following [21], for two functions f, g : [a,b] — C we say that f is of g-Lipschitz
type with constant K > 0 if

(3.1) 1f(y) = f (@) < Klg(y) —g ()|

for any z, y € [a,b] . This condition can be weakened by assuming that (3.1) holds
for almost every z, y € [a, b] .

If functions f and ¢ are real valued and both continuous on the closed interval
[a, b], and differentiable on the open interval (a, b), then according to Cauchy’s mean
value theorem, there exists some ¢ € (a,b), such that

[f (0) = f(@)]g' () = [9(b) = g (@)] ' ().
Now, if f, g : [a,b] — R are continuous on [a, b], differentiable on (a, b) and ¢’ (t) # 0
%‘ < 00, we get that

for any t € (a,b), then by assuming that L := sup;c(, )
f is of g-Lipschitz type with constant L > 0. This can provide many examples of
such pairs by taking various particular functions g that are strictly monotonic on
(a,b) . For instance, if we take g : [a,b] C (0,00) — (0,00), g (t) =P, p > 0 and if
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‘(t
{p—(_l =: L, < oo,

f:[a,b] — R is differentiable on (a,b) and such that sup,c(,)

then the function f is (-)"-Lipschitzian with the constant L,. If we assume that
SUPye(ap [tf ()] =1 L1 < oo, then the function f is In-Lipschitzian with the
constant L_q.

Theorem 3. Let g be a strictly increasing function on (a,b), having a continuous
derivative g’ on (a,b). If f : [a,b] — C is of g-Lipschitz type with constant K > 0
then we have

I::il»,gf(x) + Il?f,gf(x) -
< 1

T (a+ 1T ()

1
I'(a+1)

K [lg(@) = g (@) +[g(®) - g (@) ]

(3.2)

(lg(x) —g(a)]* + g (b) — g (@)]) f (x)

and
9 |1z, g0 - LD o) g ]S ()
! « a+l
S e X @ g @I +lg ()~ g @]

for any = € (a,b).
We also have

Iy f(a) + 1y ,£(b) 1 o f(O)+f(a)

5 Tatl) [9(b) — g (a)] 5
1 a+1
Sm[([g(b)—g(aﬂ i

Proof. Using the identity (2.12) we have

(3.4)

I B e e L
L el o -r@ia bg’(t)[f(t)—f(x)]dt]
=) l/ p—sor ||l Tow-se
L[ [ le @i -1 @) "9 @10 - f (@) d}
=) V e A e
L O T@)
“ v | |E R s 0@ s @
1 b f(t) —f(.’IJ) / _ x «
cra | e 0o s @
=:C (x)
for x € (a,b).

Using the fact that f : [a,b] — C is of g-Lipschitz type with constant K > 0 then
() — f (=)
g t

<Kfora<t<uz

and

7( < Kforx<t<hb.
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These imply that

x b
C(x)gﬁ[( [ / § (6)[g (@) — g (0] dt + / J () [g(t)—g(x)]“dt]
_ [[g (@) —g(@]"" + g (b) - g(x)]a“]
I'(a) a+1

and the inequality (3.2) is proved.
If we use the equality (2.13) we have in a similar way that

o o (lg () — g (a)]” f (a) +[g(b) — g (x)]" f (b))

(36) I xf,gf(a) + Ix+ gf(b) - T (Ol ¥+ 1) ‘
1 @@ - fll “lg (0 [f () — £ ()] d]
=T (a) Va g(t)—g(a) ™" H/r [g(b) —g(t)]' ™ t

L@ e
< | B Ol g @)

L O - ) e
s | e e g

T b

srfa)[ [ 0BO-g@ra+ [ g [g(b)—g(t)]“dt]
_ K l[g (2) =g @] +[g(b) — g (x)}a“]

I'(a) a+1

for x € (a,b), and the inequality (3.3) is proved.
Finally, by the equality we have

™ a)+ I¢ b a
(3.7) bf,gf( );F a+,gf( ) B F(alJr 5 9 (b) —g(a)]a M

1 "l OIFW—FOI] L [Tg O = (o) d]
= 2T () /a lg(b) —g (&))" H/a 90 —g@r |“
_ 1 [ =ro] e
~ o | [EE=L ) - g

LI -T@] .
el ACTICRIO

b b
T [ [ 0ue-gora+ [ g0 [g(t)—g(awt]
_ 1 lg(®) —g@]""  [g(b) —g(a)*"
2F(a)Kl a+1 * a+1 ]
1 ) g @)
I () a+1

and the inequality (3.4) is proved.

We have the following mid-point type inequalities:
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Corollary 5. With the assumptions of Theorem 3 we have

38 |t (50) vt (50
arn (L (557) ] +po-o(55)]) (5
et [p2) e oo (2
. I F@) + 1%, 0)

(o (=) =9 (@] " £ (@) + [9.5) = g (52)] " £ ()
- I'a+1)

< [ (5) o] s o (50)]]

We have the following inequalities for the g-mean of two numbers a, b € I

(o) gt (L0190

Corollary 6. With the assumptions of Theorem 8 we have

B10) |12y F0 (00) + 5O, o)~ SO 2O 0, 0|
1 a+1
< mf([g (b) — g (a))**
and
B [Tl @+ a0 — GO S L)

1 1
<—— K[g(b) - ot

S I CESA ) g (b) — g (a)]
Remark 4. Assume that f : [a,b] — R is differentiable on (a,b) and g is a strictly
increasing function on (a,b), having a continuous derivative g' on (a,b). Then we
have

(312) |12 o f (@) + I 4 f (@) - oD /(@)
7 (1) - ati
S @I nT@ . (L) [0 = o™ + 1o @) = g 0"
and
313) |12 00+ 12, s - LO LT B 0 -0 0] 10

(
|f/(t)‘ a+1 a+1
< GEUT@ S (‘L) [0 = 9@ 4 ls @) = g 0"

for any x € (a,b).



12 S.S. DRAGOMIR

We also have

I a I b a

o1 0120 g (03
PO gy e
S CER N ( 70 ) lg(®) —g (@™

In particular, we have

[g (b) — g (a)]”

319) |12, 00 @) + 12, 100 (0,0) - SO 2O 0, )
L PO gy et
< warr@ S (o) 1O -9@
and
310 [Tl @+ Ty 0) - SO AL LA
L PO g e
< wror@ 2, (70 ) b s

4. SOME APPLICATIONS

In the following we assume that f : [a,b] — R is continuous on [a, b] and differ-
entiable on (a,b).

If we take g(t) = Int, t € (a,b) C (0,00) in (3.12)-(3.14), then we have the
following inequalities for the Hadamard fractional integrals

n(% @ n EAYRS
N R R
1 ’ €T a+1 b a+1
S rT@ ey M <t>'>[[ln(a)} w[n(3)] ]
and
n( (x a n LAY
(4.2) H® f(a) + HE, f(b) [n (3)] fé()ai[ll)(z)] £ ()

< T S 0 “m () + [ (E)H

for any z € (a,b).
We also have

< e o o ()]
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In particular, we have by (3.15) and (3.16) that

n(2)1¢
4 |HES@ @)+ S ) - s @)
1 , b\
< war o 2, 0 [ (2)]
and
In (2)]® a
145) | S0+ B S0) — gl SO LT

<za«m+ﬂ>r«nt53iﬁt””“”>P“(Z>}a+{

If we take the function g (¢) = —t~! in (3.12)-(3.14), then we have the following
inequalities for Harmonic fractional integrals

z—a\% b—z\ &
4s)  |msw R - Gl LB
- 2 pr T —a atl b—x a+1
<@, Cron | (%) + ()
and
z—a\% a b—z\¥
(4.7) RO f(a) + B2, f(b) - (=) f ; ()a++(1§m )" £ (b)

1 z—a\* b—a2\
< - g t2 /t
<@ nr o, 1 ”')[ <) (%)
for any z € (a,b).
We also have

ay [PLOLRSO 1 (o0 0

2 T(a+1) \ ba 2
2 p/ b—a ot

< ., Cr o]

In particular, we have
o o 1 b—a\”
(49) | RS0 (00) + B0 (@0) = ooy (Bat ) £ @)
1 , b—a\*"
o ALl

and

(4.10) ‘R?{(ayb)_f(a) + R (a,n)+ (D) 1 <b " a) I ‘

C 207 1T (a4 1) \ ba 2

1 , b—a\*"
S 5a (a+1)T () tes(lflml?b) (11 (t))< ba ) '
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