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HERMITE-HADAMARD TYPE INEQUALITIES OF FIRST KIND
FOR GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Hermite-Hadamard type inequal-
ities for the Generalized Riemann-Liouville fractional integrals I(?+,gf and
I;;‘_ﬂf7 g, where g is a strictly increasing function on (a,b), having a continu-
ous derivative on (a, b) and under the assumption that the composite function
fog™1is convex on (g(a),g(b)). Some applications for Hadamard and Ex-
ponential fractional integrals are also provided.

1. INTRODUCTION

The following integral inequality

f<a+b> <! /abf(t)dtéf(a)+f(b)

2 b—a 2 ’

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [10], the recent survey paper [9] and the references therein.

Let (a,b) with —co < a < b < 0o be a finite or infinite interval of the real line
R and a a complex number with Re («) > 0. Also let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [13, p.
100], we introduce the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a, b] by

(1.1) 12, (@) = = (1a) / - f;)(t)i((tt))ﬁt—a’ a<z<b

and

(1.2) I (@) = o (1a) /: ’ f;)(t) g Ei))]dlt—a’ o<z <b.

For g (£) = t we have the classical Riemann-Liouville fractional integrals
(1.3) T f(@) = (1a) / (xf_(tz)‘ft_a, a<z<b
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and

b
(1.9 B = s | (tf_ (2)‘5’; a<a<b

while for the logarithmic function g (t) = Int we have the Hadamard fractional
integrals [13, p. 111]

(1.5) H, f(=) ;—1)/; [m (f)r_lf(t)dt, 0O<a<z<b

T (a ¢ t
and
(1.6) e f(2) ::F(loz)/: {m (;)Tl f(tt)dt, 0<a<a<b.

Also, for ¢g(t) = exp (Bt), 8 > 0, we can consider the "S-Ezponential fractional
integrals"

o _ B [T ep@Byf®d
B Hal 'F<a>/a exp (8) —exp (B © ==
and

o _ B[ e f®)dt N
Bl '_F<a>/m fexp (30) —exp (B 7"

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,bel as
b
Mq (a,b) = g—l (g(a) ;g( )) .
If I =R and g (t) =t is the identity function, then M, (a,b) = A(a,b) := *FL,
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) = G (a,b) := Vab,

the geometric mean. If I = (0,00) and g(t) = 1, then M, (a,b) = H (a,b) :=

%, the harmonic mean. If I = (0,00) and g (t) = t?, p # 0, then M, (a,b) =
1/p

MP (a’b) = (%)
g (t) = expt, then

, the power mean with exponent p. Finally, if I = R and

b
M, (a,b) = LME (a,b) := In (expa+exp> |

2
the LogMeanEzp function.

In this paper we establish some Hermite-Hadamard type inequalities for the
operator

11—‘ (Oé) |: Ia+,gf(x) - + Ibf,gf(‘r) a:| Lz c (G,, b)

2 (9(x) —g(a))” ~ (9(b) —g(x))
under the assumption that the composite function fog=! is convex on (g (a), g (b)) .
We call these inequalities of first kind, to make a distinction between these and the
inequalities for the dual operator

1 Jo f(a) Ing f(b)

T 9 -9

T | Ga @ GO e
that will be considered in another work.

],xe(a,b)
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Some applications for Hadamard and Exponential fractional integrals are also
provided.

2. MAIN RESULTS

‘We have:

Theorem 1. Let f : [a,b] — R be a continuous function on [a,b] and g be a strictly
increasing function on (a,b), having a continuous derivative g' on (a,b). If fog™*
is convex on (g (a),g (D)), then for any x € (a,b) we have the inequalities

b e ()

<[ Ll o gt (10 s 19 0) ) as

Lo [ Loraf @) 1o f ()
<3l [@(x) —g(@)” " (g ) —g<w>>°‘}

L [f@rio L)

Proof. Using the change of variable u = ¢ (t), then we have du = ¢’ (¢)dt, t =
g1 (u) and

oty e L (" fogTt (wdu
800 = ) /g<a> lg () —ul™"

fora < x <band

I g f(x) =

1 /g(b) fog ! (u)du
T'(@) Jyw) [u—g(a)
for a < x < b.

Further, if we change the variable u = (1 — s) g (a) + sg (x) , with s € [0, 1], then
for a < x < b we have

I3y o f(2)

- (g@) —g(a))" /1 (1= fog (1 —5)g(a)+sg(x))ds
T(a) 77 ;

= ﬁ (9(z) —g(a)® /0 s 1fog t(sg(a)+ (1 —5s)g(x))ds

where for the last equality we replaced s by 1 — s.
If we change the variable v = (1 —s)g(x) + sg(b), with s € [0,1], then for
a <z < b we also have

1 9®) £o g7t (u) du
I f(r) = —— Jog wau
o= 5 oy g

=57 (g(b) *Q(I))a/ s fogT (1 —5)g(z) +sg (b)) ds.
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Therefore we obtain the equality of interest

1 13y of () I o f (@)
22 30 [ e Gy e
= %/ s fog T (sg(a)+ (1 —s)g () + fog™ (1 —s)g(x)+sg(b)]ds
0
for any x € (a,b).
By the convexity of fog~! on (g(a),g (b)) we get
fog t(sg(a)+(1—s)g(@)+fog ' ((1-3s)g(x)+sg(b))
2

> poqt (s 4 1y )

for any s € [0,1].
On multiplying this inequality by s*~! and taking the integral over s, we get

[l o 0@ U ool og ! (o)t ),
0

2

z/ol s fog (LI ) as

which proves the second inequality in (2.1).
By Jensen’s inequality for the convex function fog

fol s 1fog ! (Sg(a);-g(b) +(1-s)g (x)) ds
fl s2—1ds

g (f ga—1 < g(a)+g(b) +(1— s)g(z)) ds)

—1 we also have

fo s@=1(s

oo a gla+g®) 1
=Jey (a+1 2 +a+1g(x)>

giving that

/01 @ fog! <39(“)2+9(b) +(1- s)g($)> ds

o (B0 1Y

a—+1 2 a—+1

which proves the first inequality in (2.1).
By the convexity of f o g~! we also have
fogt(sg(a)+(1—s)g(@)+ fog™' ((1—s)g(x)+sg(b))
2

%[5( N(g(@)+(1—s)(fog ") (g(x))]
1
2

[(1=s)(fog ™) (g(@)+s(fog™")(g(d)]
IVIOES IR
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for any z € (a,b) and s € [0, 1].
On multiplying this inequality by s*~! and taking the integral over s, we get

3] o 0@+ (=99 @)+ fog™ (1= 5)g (o) + 59 (8)] ds

<[ 1 o LI s ) as
L [fese

1
o+l 2 +af(x)}

for any x € (a,b), which proves the last part of (2.1).

Corollary 1. With the assumptions of Theorem 1, we have

G0 g (@) Larof (M (a:0) + I o f(My (a.5)]

< 0‘?—1 {f(a);f(b)—l-;f(]\jq(a’b))] SM.

2
Proof. If we take x = My (a,b) in (2.1), then we get

1, 4 a g(a+g(b) 1
Efog <a—|—1 2 Jr(oz—i—l

(2.3) [ (Mg (a,b)) <

01, (0.0)

e, .9(a)+g(b)
< [ereq (KB 0= 04, 0 ) s
I Ig, f(My(a,b)) Ig (M, (a,b))
<3O |G on D =y @ G e )

N Cr

IN

that is equivalent to

29 2O (ah) <27 |

1 [f(a)Jrf(b)
T a+1 2

Icof+,gf(Mg (a,b)) n I;)X—,gf(Mg (a, b))}
(9(b) — g (a)” (9(b) — g (a)®

2108 @)

By the convexity of f o g™ we also have

(M, (a,b)) = fog™" (9<a) +9<b)) L (Feg ) @)+ 1097 (9(0)

2 2
_ fla)+f(b)
—
Therefore
L [EORI0 Ly | < L [0, 1@ 0
1 @+
« 2

and by (2.4) we get the desired result (2.3).
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Corollary 2. With the assumptions of Theorem 1, we have the integral inequalities

(25) ;fog1< o gla)+g) 1 1 /bg@)dx)

a+1 2 at+lb—a
(- g(a)+g(b) 1
_ab (a—i—l 2 +a+1g(x) de

IN

b—a/a (/ ey 1(8W+<1—s>g<x>)ds)m

1 1 12, f(2) Iy f(z) .
§§F(a)b—a/a [<g<> g<a>>“+<g<b>—g<x>>“]d
L [f@+f)
“a+1 2 Oéb*a/f 1

The first inequality in (2.5) follows by Jensen’s inequality for the convex function
fog!. The rest follows by taking the integral mean in (2.1).

Remark 1. In the case of g (t) =t, t € [a,b], and if f is convex on (a,b), then we
have by (2.1) and (2.3) the following inequalities for the classical Riemann-Liouville
fractional integrals J$, and J*_ that have been obtained in [8]

1 a a+b 1 o a+b
(2.6) af(a+1 5 +a+lx>§/0 1f( (l—s)x>d5
1 a+f(w) Jz?f(w)]

<3 F@ {(x—a)a SR

GRS Uy

for any z € (a,b) and

(2.7) f<a+b> < 2‘)‘_1F(o¢1—1) [ +f(a+b)+JéXf(a+b)]

2 ®—a) 2
_ail {f(a);f()Jr;f(a;b)} Sf(a);f(b).

From (2.5), we have for a convex function f that

a+b 1 b a a+b 1
2. <
(28) f( 2 )- —a af(a—l—l 2 +a+1x>dx

biaa/ab</01 o= 1f< a+b+(1—s):c>ds>dx

IA

) 1 o flx) JP f(x)
§§F(0‘+1)b—a/ [(l,+a)a+(£z)a:|daj

o [f@+sw Ho 20
“a+l 2 ab—a/f ] ? |

For some recent papers on Hermite-Hadamard inequalities for the Riemann-
Liouville fractional integrals see [1], [3], [4], [11]-[26] and the references therein.
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3. APPLICATION FOR GA-CONVEX FUNCTIONS

Let I C (0,00) be an interval; a real-valued function f : I — R is said to be
GA-convez (concave) on [ if

(3.1) FE™) < (2) Q=N f (@) +Af (y)

for all z, y € I and X € [0, 1].
Since the condition (3.1) can be written as

(32) foexp(1—=A)lnz+Alny) < (Z)(1—-A)foexp(lnz)+ Afoexp(lny),

then we observe that f: I — R is GA-convez (concave) on I if and only if f o exp
is convex (concave) on InJ :={lnz,z € I}. If I = [a,b] then In] = [lna,Inb].
It is known that the function f (z) =1In (1 + z) is GA-convex on (0, 00) [2].
For real and positive values of x, the Fuler gamma function I' and its logarithmic
derivative 1, the so-called digamma function, are defined by
S R _ (=)
[(x): /0 t" e 'dt and ¢ (z) : T()

It has been shown in [25] that the function f : (0,00) — R defined by

F @)= @)+ o

is GA-concave on (0, 00) while the function g : (0,00) — R defined by

1 1
g(x)=¢($)+§+@

is GA-convex on (0,000) .

For some recent inequalities on GA-convex functions see [5]-[7].

If we assume that the function f : [a,b] C (0,00) — R is GA-convezr on [a,b],
then by Theorem 1 for g : [a,b] C (0,00) — R, g(¢) = Int, we have the following
inequalities for Hadamard fractional integrals

(3.3) éf ([G (a,)] 7 wT) < /01 s f ([G (a,b)]° 2 7%) ds

1 H f(z) Hp f(x)

<7F (e + a [}

=3 ”l[m(z)] (2] ]
1 [f(a)Jrf(b)

“a+1 2

+ ;f(m)} ;

for any x € (a,b), where G (a,b) := V/ab is the geometric mean of a, b.
From (2.3) we have

2017 (a + 1)
[ (2)]"
a [fl@+f() 1 f(a) + [ (b)

at1 { 2 +af<G<“’b>>] =T

34)  f(G(a,b)) < [H2, f(G (a,0) + Hy' f(G (a,b))]

IN

provided f : [a,b] C (0,00) — R is GA-convex.
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We also have the integral inequalities

(35) 1 (16 (@,6)7 [ (@,0)] 77)
<

11 a1
<aima ) F(GEo=es)

ia ab </01 s (IG (a, b)) 2 7%) ds) dx

o .

)b—a hl:E*lIla lnb lnx)

f();f ab—a/f ]

since In 1 (a,b) = ;- fb In xdx and the identric mean I (a,b) is defined by I (a,b) =
1
1(bb) for 0 <a <b.

e \ a®

IN

IN

1
T a+1

4. APPLICATION FOR EXPONENTIAL FRACTIONAL INTEGRAL

Consider the "Ezponential fractional integrals”

o« i) e 1 ¥ exp (t) f () dt .
B f(@): F(a)/a [exp (z) — exp (¢)]' ™ <wsh
and
o oy L b exp(t) f(t)dt Ve
Fidto) = F(a)/ac lexp (t) — exp (2)]' sesh

Let f : [a,b] — R be a continuous function on [a,b] C R. If f oln is convex on
(exp (a) ,exp (b)), then for any = € (a,b) we have by Theorem 1 the inequalities

1 a expa—+expb 1
4.1 —f 1
(4.1) af[n(a+1 5 +a+lexpx)]

1
b
§/ s [ln (sexpa—2|—6><p +(1 —s)expx)} ds
0

Eqy f(x) Ep_f(z)
= §F (@) [(expzt expa)” + (eprb— expx)a}

I [fla)+f() 1
a+1{ 2 +af(x)]'
From (2.3) we have
(42)  f(LME (a,b))
2071 (a + 1)
~ (expb—expa)”

o [J@+i0) Fa)+§ )
< [P Lrams ) < TS,

[Eay f(LME (a,b)) + Ep" f(LME (a,b))]

where LM E (a,b) :=1n (%‘Le"pb) , provided that foln is convex on (exp (a) , exp (b)) .



HERMITE-HADAMARD TYPE INEQUALITIES OF FIRST KIND 9

Finally, by (2.5) we have

(4.3)

a+1 2 a+1 b—a

S;bia/abf[ln<ailexpa;epr+aileXPmﬂdx
bia/ab (/Olsa_lf [In (s(WHl—s)expxﬂ ds) do
<o [ ety f)a—fg((i))“] o

L | f@+f0)
S04+1 2 abfa/f

1f[ln( a expa—|—epr+ 1 epr—expa)]

IN

provided that f oln is convex on (exp (a),exp (b)) .

(1]
2]

[14]

[15]

REFERENCES

P. Agarwal, M. Jleli and M. Tomar, Certain Hermite-Hadamard type inequalities via gener-

alized k-fractional integrals, Journal of Inequalities and Applications 2017 (2017) :55

G. D. Anderson, M. K. Vamanamurthy and M. Vuorinen, Generalized convexity and inequal-

ities, J. Math. Anal. Appl. 335 (2007) 1294-1308.

Z. Dahmani, On Minkowski and Hermite-Hadamard integral inequalities via fractional inte-

gration, Ann. Funct. Anal. 1(1) (2010), 51-58.

J. Deng and J. Wang, Fractional Hermite-Hadamard inequalities for (a;m)-logarithmically

convex functions. J. Inequal. Appl. 2013, Article ID 364 (2013)

S. S. Dragomir, Inequalities of Hermite-Hadamard type for GA-convex functions, RGMIA

Res. Rep. Coll. 18 (2015), Art. 30. [Online http://rgmia.org/papers/vi8/v18a30.pdf].

S. S. Dragomir, Some new inequalities of Hermite-Hadamard type for GA-

convex functions, RGMIA Res. Rep. Coll. 18 (2015), Art. 33. [Online

http://rgmia.org/papers/v18/v18a33.pdf] .

S S. Dragomir, Inequalities of Jensen type for GA-convex functions, RGMIA Res. Rep. Coll.
8 (2015), Art. 35. [Online http://rgmia.org/papers/v18/v18a35.pdf].

S. S. Dragomir, Some inequalities of Hermite-Hadamard type for convex functions and

Riemann-Liouville fractional integrals, RGMIA Res. Rep. Coll. 20 (2017), Art. 40. [Online

http://rgmia.org/papers/v20/v20a40.pdf] .

S. S. Dragomir, Ostrowski type inequalities for Lebesgue integral: a survey of recent results,

Australian J. Math. Anal. Appl., Volume 14, Issue 1, Article 1, pp. 1-287, 2017. [Online

http://ajmaa.org/cgi-bin/paper.pl?string=v14nl1/V14I1P1.tex] .

S. S. Dragomir and C. E. M. Pearce, Selected  Topics on  Hermite-

Hadamard  Inequalities and  Applications, RGMIA  Monographs, 2000.[0nline

http://rgmia.org/monographs/hermite_hadamard.html].

S.-R. Hwang, K.-L. Tseng and K.-C. Hsu, New inequalities for fractional integrals and their

applications, Turk. J. Math. 40 (2016): 471-486.

A. Kashuri and R. Liko, Hermite-Hadamard type fractional integral inequalities for the gener-

alized (1; m)-preinvex functions, Nonlinear Analysis and Differential Equations, Vol. 4, 2016,

no. 8, 353 - 367.

A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differen-

tial Equations. North-Holland Mathematics Studies, 204. Elsevier Science B.V., Amsterdam,

2006. xvi+523 pp. ISBN: 978-0-444-51832-3; 0-444-51832-0

M. Kunt and I. Iscan, Hermite-Hadamard-Fejer type inequalities for p-convex functions via

fractional integrals, Communication in Mathematical Modeling and Applications, 2 (2017),

No. 1, 1-15.

M. A. Khan, Y. Khurshid and T. Ali, Hermite-Hadamard inequality for fractional integrals

via n-convex functions, Acta Math. Univ. Comenianae Vol. LXXXVI, 1 (2017), pp. 153-164.



10

[16]

[17]

[18]

[19]

[21]

22]

23]

[24]

[25]

[26]

MEg

S.S. DRAGOMIR

W. Liu and W. Wen, Some generalizations of different type of integral inequalities for MT-
convex functions, Filomat 30:2 (2016), 333-342

M. E. Ozdemir and C. Yildiz, The Hadamard’s inequality for quasi-convex functions via
fractional integrals, Annals of the University of Craiova, Mathematics and Computer Science
Series, Volume 40 (2), 2013, Pages 167-173.

S. Qaisar, M. Igbal, S. Hussain, S. I. Butt and M. A. Meraj, New inequalities on Hermite-
Hadamard utilizing fractional integrals, Kragujevac J. Math., 42 (1) (2018), Pages 15-27.
M. Z. Sarikaya, H. Filiz and M. E. Kiris, On some generalized integral inequalities for
Riemann-Liouville fractional integrals, Filomat, 29:6 (2015), 1307-1314.

M. Z. Sarikaya, E. Set, H. Yaldiz, and N. Basak, Hermite-Hadamard’s inequalities for frac-
tional integrals and related fractional inequalities, Mathematical and Computer Modelling,
57 (2013), pp.2403-2407, doi:10.1016/j.mcm.2011.12.048.

M. Z. Sarikaya and H. Yildirim, On Hermite-Hadamard type inequalities for Riemann-
Liouville fractional integrals, Miskole Mathematical Notes, 17 (2016), No. 2, pp. 1049-1059.
D.-P. Shi, B.-Y. Xi and F. Qi, Hermite-Hadamard type inequalities for Riemann-Liouville
fractional integrals of (a, m)-convex functions, Fractional Differential Calculus, Volume 4,
Number 1 (2014), 31-43

M. Tunc, On new inequalities for h-convex functions via Riemann-Liouville fractional inte-
gration, Filomat 27:4 (2013), 559-565.

J.-R. Wang, X. Lia and Y. Zhou, Hermite-Hadamard inequalities involving Riemann-Liouville
fractional integrals via s-convex functions and applications to special Means, Filomat 30:5
(2016), 1143-1150.

X.-M. Zhang, Y.-M. Chu and X.-H. Zhang, The Hermite-Hadamard type inequality of GA-
convex functions and its application, Journal of Inequalities and Applications, Volume 2010,
Article ID 507560, 11 pages.

Y. Zhang and J. Wang, On some new Hermite-Hadamard inequalities involving Riemann-
Liouville fractional integrals, J. Inequal. Appl. 2013, Article ID 220 (2013)

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
LBOURNE CiTYy, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE, IN THE MATHEMATICAL AND STATISTICAL SCIENCES,

ScHOOL OF COMPUTER SCIENCE & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATERSRAND,
PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA





