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NEW OSTROWSKI TYPE FRACTIONAL
INEQUALITIES FOR h-CONVEX FUNCTIONS VIA
CAPUTO k—FRACTIONAL DERIVATIVE

GHULAM FARID! AND MUHAMMAD USMAN3

ABSTRACT. In this paper by using Caputo k-fractional derivatives
we give some new fractional inequalities of Ostrowski type for h-
convex functions. Also we deduce some results for p—funtions,
convex functions and s—convex funtions in the second sense.

1. INTRODUCTION

The following inequality is known as Ostrowski inequality [13] (see
also, [12, page 468|) which gives upper bound for approximation of
integral average by the value f(z) at point z € [a, b]. It is provided by
Ostrowski in 1938.

Theorem 1.1. Let f : I — R where I is interval in R be a mapping
differentiable in I°the interior of I and a,b € I°, a < b. If }f/(t)‘ <M
for all t € |a,b], then we have

(x

o)< 5+

In numerical analysis many quadrature rules have been established
to approximate the definite integrals. Ostrowski inequality provides
the bounds of many numerical quadrature rules (see [2] and references
there in). In recent decades Ostrowski inequality is studied in fractional
calculus point of view by many mathematicians (see [5, 11, 10] and
references their in).

We are interested to give Ostrowski type inequalities for mapping whose
n* derivative is h—convex via Caputo k—fractional derivatives.

1) -

)) ] (b—a)M, x € [a,b].
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Definition 1.2. A function f is called convex function on the interval
[a, b] if for any two points x,y € [a,b] and any ¢ where, 0 <t <1

fltz+ (1 —t)y) <if(z) + (1 —=6)f(y).

Definition 1.3. [3] A non-negative function f : I — R is said to be
p-function, if for any two points z,y € I and t € [0, 1]

[z + (1 =t)y) < flx) + f(y).

s-convex functions in the second sense have been introduced by
Hudzik and Maligranda in [8] as follows.

Definition 1.4. [8] A function f : [0, 00) — Ris called s—convex in the
second sense on the interval [0, 00) if for any two points x,y € [0, 00)
and any ¢ where, 0 <t < 1 and for some fixed s € (0, 1]

fltz + (1 —=t)y) <t°f(x) + (1 —1)°f(y).

Definition 1.5. [14] Let J C R be an interval containing (0,1) and
let h: J — R be a positive function. We say f : I — R is a h-convex
function, if f is non-negative and

(1) fltx + (1 =t)y) < h(t)f(z) +h(1 =) f(y)

for all x,y € I and t € (0,1). If above inequality is reversed, then f is
called h-concave.

It is easy to see that
(i) If h(t) =t, then (1) gives non-negative convex functions.
(ii) If A(t) = 1, then (1) gives p-function.
(iii) If h(t) = t* where s € (0,1), then (1) gives s-convex function in
the second sense.
In the following we give definitions of k-gamma and k-beta functions
as well as their relationship.

Definition 1.6. [4] For k € RT and = € C, the k-gamma function is
defined by

nlkrnkr 1
Pe(w) = Jim —2——

Its integral representation is given by

(2) Tk () :/ to=le= "% dt.
0

One can note that
[p(a+k)=aly(a).
For k =1, (2) gives integral representation of gamma function.
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Definition 1.7. [4] For k € Rt and = € C, the k-beta function with
two parameters x and y is defined as

1 1 z Yy
g Buleg) = [ 0=
0
For k =1, (3) gives integral representation of beta function.

Theorem 1.8. [4] Let z,y > 0, then for k-gamma and k-beta function
following equality holds

(@) i) = )

Definition 1.9. [9] Let a > 0 and o ¢ {1,2,3,...}, n = [a] + 1,
f € C™[a,b] such that f(™ exists and are continuous on [a,b]. The
Caputo fractional derivatives of order « are defined as follows:

C Nna _ 1 ‘ f(n) (t) T a
(5) D f(x) = Lé( dt.o >

I'n—« xr — t)e—ntl

N o ) L L LI B
(6) Dy f(a) = | / : dto < b

I'n—« t — x)o—ntl

If « =n € {1,2,3,...} and usual derivative of order n exists, then
Caputo fractional derivative (°D¢, f)(z) coincides with f™(z). In
particular we have

(7) (“Day f)(@) = (“Dy_f)(x) = f(z)
where n =1 and a = 0.
In the following we define Caputo k-fractional derivatives.

Definition 1.10. [6] Let « > 0,k > 1 and o ¢ {1,2,3,...}, n = [a]+1,
f € C"a,b] such that f™ exists and are continuous on [a,b]. Then
Caputo k-fractional derivatives of order «a are defined as follows:

x (n)
8) D% f(x) ! )/ (f D 2>a

= krk(n — % T — t)%fn+1

and

b
O D) = g | e <



4 GHULAM FARID! AND MUHAMMAD USMAN?

We organize the paper in such a way that in the following section we
prove some Ostrowski type inequalities for mappings whose n'* times
derivative is h-convex via Caputo k-fractional derivatives.

Through out the paper C"[a, b] denotes the space of n—times differen-
tiable functions such that f( are continuous on [a, b)].

2. OSTROWSKI TYPE CAPUTO k-FRACTIONAL INEQUALITIES FOR
MAPPINGS WHOES n'" TIMES DERIVATIVE IS h-CONVEX

In this section we present some Ostrowski type inequalities for h-
convex functions via Caputo k-fractional integrals. The following lemma
is very useful to obtain our results.

Lemma 2.1. Let f : [a,b] — R be a function such that f € C"a,b], a <
b. Then we have the following equality for Caputo k—fractional deriva-
tives

(nk — a)T(n — <)

]f(")(:v)— X

{(m —a)"k + (b— )"k
b—a
[ D2 (@) + (1) <D f(b)]

(x _ a)n*%Jrl

1
= —/ =% fOF) (4 (1 — t)a)dt
0

b—a
_ 2\n—%+1 1 .
(10) - % / 7% FOD (1 4 (1 — £)b)dt.
- 0

Proof. 1t is easy to see that

1
/ "k fO D (b 4 (1 — t)a)dt
0

"k fW(tz + (1 — t)a)

1 a 1
n— a
— k / R (k4 (1 — t)a)dt
0

r —a 0 r—a
f@) n—9 [*/y—q n—%—lf(n)(y)
:x—a_x—ft/a (x—a) x—ady
(11)
S (@) (nk—a)Tp(n—F) ok
r—a (l‘—a)"’%ﬂk D> f(a)
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and

1
/ 7% D) (t 4 (1 — t)b)dt
0

1

PR (L) -8 1
= — ¢ ™)tz + (1 — t)b)dt
e I [ -

_ @) n—-% /b y =0\ )

 x—b xr—b ), \x—0 z—b Y
(12)

—f"(x) | (nk—a)Th(n—§) . on
= = DI (D).
N T S
o \n—%41 _ \n—%+1
Multiplying (11) by @[)# and (12) by —(bl)#, then
- —a

adding resulting equations we get (10). O

Using above lemma we give the following Ostrowski fractional in-
equality.

Theorem 2.2. Let f : 1 C [0,00) = R be a function such that f €
C"a,b], 0 < a <b. If | f"TV] is h-convez on [a,b] and | f"+) ()] <
M, x € [a,b], then the following inequality for Caputo k-fractional
deriwatives holds

‘ [(x - a)”_[k) jc(Lb - x)n—k] fo gy — (k= ab)f‘ka(n -8

| DY fla) + (~1)" D3 )] |

M(@O—a

(13) < 5 ) /Olt”—?i [h(t) + h(1 —t)] dt; x € [a,b].
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Proof. Using Lemma 2.1, h-convexity of | f (”+1)|, and upper bound of
| f0 ) (x)| we have

} F(z) — (nk — O‘b)f’fa(” — i)y

(x—a)" % + (b— )"t
[t

| DY f(a) + (=1 DI £(b)] ‘

z—a)E ot
(R (P
2" /ot |t + (1 — t)b)|dt
< &= [t o) s @) + - )£ )
—Qa 0
+ % /1 =% [h(t)| FD ()] + h(1 — )| FmD )] dt
o M b—_a):,ﬁl /O "% [A(t) + h(1 — )] dt
. M(b ;f):k+1 /O "% [h(t) + k(1 — )] dt

Y (x _ a/)n*%*l’l + (b _ a,;)n*%+1
N b—a

] /Olt”—‘z? [h(t) + h(1 —t)] dt.

This completes the proof. 0

Now we give some special cases of Theorem 2.2.
The following result for Caputo fractional derivatives holds.

Corollary 2.3. In Theorem 2.2, if we take k = 1, then (13) becomes
the following inequality

(x—a)" 4+ (b—2)"] .. (n—a)Tx(n — )
H b—a }f()(x)— b—a 8

| <D fla) + (1) D F () ‘
14)

(

<M {(‘T - a)“w; jéb - x)naﬂ} /01 17 [h(t) + h(1 — )] dt.
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Corollary 2.4. In Theorem 2.2, if we take h(t) = 1, which means that
‘f(”“)‘ is p-function, then (13) becomes the following inequality

") () —
b—a }f (z) b—a

[ <D fa) + (~1)" D2 (0)]

‘Fm—@"z+@—xyz (nk — a)Ty(n — 2)

(15)

2M {(x —a)" R (b — )R]

Sn_ﬂ-|-1 b—a ];xe[a,b].
k

Corollary 2.5. In Theorem 2.2, if we take h(t) = t, which means that
‘f(”“)‘ is convez function, then (13) becomes the following inequality

b—a }f(n)@j)_ b—a

[ <Dt (@) + (~1)" D2 £ ()]

< M (x —a)" ** 4 (b —2) & H!
Tn—7+1 b—a

|Fx—@w%+@—@wﬁ (nk —0)lu(n — )

(16) } ;x € [a,bl.
Corollary 2.6. In Theorem 2.2, if we take h(t) = t°, which means

that ’f("ﬂ)’ is s-function in the second sense, then (13) becomes the
following inequality

[P ——
(D2 () + (1" D ()] ‘
<M [(ZE — a)"‘%;itc(tb - x)”“é“} [n — i —

kKTp(nk — o + k)Ty(sk + k)
Lip(nk — o + sk + 2k)

(17) } ;x € [a,b].

Theorem 2.7. Let f : I C [0,00) — R be a function such that f €
C"a,b], 0 < a < b. If |[f™D|% ¢ > 1, is h-convez on [a,b] and
‘f(”“)(mﬂ < M, x € [a,b], then the following inequality for Caputo
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k-fractional integrals holds

X

(x — a)”_% -+ (b — ]j)"_% n (nk — a)Fk(n — %)
H b—a }f()(x)— b—a

[ <Dt pa) + (—1)" “DEE (1)

e [

3=

1 ;
(18) (/ [h(t)—l—h(l—t)]dt) ;x € [a, bl
0
with o,k >0 and * +1 =1.
P q

Proof. Using Lemma 2.1 and Holder’s inequality we have

} po ) - Rl 2§,

(@ —a)"% +(b—a)" %
[

DY f(a) + (<1 <D f(b)] |

_ \n—%41 1
< w/ " [ (b + (1 — t)a)]dt
0

- b—a
b_ nfg«kl 1 @
+ %/ "k | D (b + (1 — t)b)| dt
- 0

=2+l 1 ) N 1 o
< w (/ tp(n_k)dt) (/ ‘f(”“)(tx + (1 — t)a)‘th)
b—a 0 0

(b—ff)"_z“( L) )1( ") ol )‘1]
A — /Ot dt /O\f (tz + (1 —t)b)|"dt ) .
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Since |f("+1)| is h-convex and | f")(z)| < M, x € [a,b], there for we
have

(x—a)" % +(b—2)""%] ., (nk —a)l'y(n — %)
H b—a }f()(x)— b—a x

| <D F(a) + (=) DL (b)) ‘

SQZ%?ﬁE(AVWﬁuQ%X
([ ol na—olreep )
" (b_bx—# (/Olt””‘?)dt); x
( / [1()| 7D ()| + h(1 = )] £ (B)]] dt>;
)
P MOZ O (p<n__ ) ([ e +h1_t>]d>;

[ ()

q

1
q

S—

(/01 [R(t) + h(1 —1t)] dt)

This completes the proof. O

Now we give some special cases of Theorem 2.7.
The following result for Caputo fractional derivatives holds.
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Corollary 2.8. In Theorem 2.7, if we take k = 1, then (18) becomes
the following inequality

{(:v — a)”Zi—c(Lb - 35)”0‘] £ (z) — (n — ab)f_‘k;n — ) y

| D fa) + (-1 DL )]

b—a n—a)+1

(19) (/01 h(t) + h(1— 1) dt)é |

Corollary 2.9. In Theorem 2.7, if we take h(t) = 1, which means that
‘f(”“)‘ is p-function, then (18) becomes the following inequality

} £ (z) — (nk —a)l'y(n — %) y

b—a

H(Q;—a)”g +(b— )% 2t

[ D2 f(a) + (~1)" D2 ()] ‘

Y (i LT L A L

with x € [a,b] and o, k > 0.

Corollary 2.10. In Theorem 2.7, if we take h(t) = t, which means that
‘f(”“)‘ is convez function, then (18) becomes the following inequality

[T
[ D2 fla) + (<1 D2 (D) |
(21) |
T — q) %+l A ! >
[

Corollary 2.11. In Theorem 2.7, if we take h(t) = t°, which means
that ‘f("ﬂ)‘ is s-function in the second sense, then (18) becomes the
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following inequality

‘ {(x —a)"F 4+ (b— )" (nk — a)Ti(n — 2)

() () —
b—a ]f (=) b—a .

| Dy f(@) + (<1 Dt £(b)] ‘

(22)

e ) ()

Theorem 2.12. Let f : I C [0,00) — R be a function such that
fe " Mab],0 <a<b If|fD|" g > 1 is h-convez on [a,b]
qg>1, and !f("ﬂ)(:v)} < M, x € [a,b], then the following inequality for
Caputo k-fractional integrals holds

‘ [(:1: —a)"F 4+ (b—a) (nk — a)Tg(n — 2)

(") (1) —
b—a ]f () b—a X

[ <D2* fa) + (—1)" “DEE (1)

<M [(3: —a)"et (b — x)ﬂ—aﬂ] ( ] )1; )

b—a n—g+1

q

(23) ( /0 et [h(t) + h(1 — t)] dt) (2 € [a,b].
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Proof. Using Lemma 2.1 and power mean inequality we have

‘ [(a; = a)"; jC(Lb = x)nk] foog — (k= Ozb)fka(n -8

[ D2 (@) + (~1) <D (0)] ‘

_ 4 \n—F+1 1
< M/ % }f(nJrl)(tx +(1—-t)a ‘dt
b—a 0
b— n—%41 1 N
+ %/ R | U (t + (1 — t)b)| dt
- 0

_ A \n—$+1 1 1_% 7
< % </ t"‘idt> (/ k| f D (b 4 (1 - t)a)| dt)
- 0 0
h— n—<41 1 N 1_5 i
+(b#</ t”_kdt) (/ R | O (t + (1 — )b \dt)
—a 0 0
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Since |f("+1)| is h-convex and | f")(z)| < M, x € [a,b], there for we
have

X

(x—a)" % +(b—2)" %] ., (nk —a)lk(n — %)
H b—a }f()(i)_ b—a

[ DY f(a) + (1) Cfof(b)] ‘
< (x —a)" %t < 1 )1; X
- b—a n — % +1

;.

1

"k [ @] A 0] 0 )
I ()

(/01 [ @) b1 )}f“*”(b)\q}dt);

ot 1>1‘3 ([ et + - ojar)

L MO ;ﬂ:—‘é“ (n _ i . 1)1_3 ( / R () + (1~ ) dt);

Yy (l’ - a)nfoHrl + (b _ x)nfoHrl 1 1‘% y
n b—a n—z+1

N

+

This completes the proof. O

Now we give some special cases of Theorem 2.12.
The following result for Caputo fractional derivatives holds.
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Corollary 2.13. In Theorem 2.12, if we take k = 1, then (23) becomes
the following inequality

b—a }f(")(x)— b—a
| D2 fa) + (1) DL )]

SM[@—@)MHHb—x)wH]( 1 )1—3X

b—a n—a+1

‘ {(x — Q)" 4 (b— )" (n — a)Ti(n — @)

(24) ( /0 e () + h(1 — 1) dt); |

Corollary 2.14. In Theorem 2.12, if we take h(t) = 1, which means
that {f(”+1)| is p-function, then (23) becomes the following inequality

} F) () — (nk - O‘b)fka(" — %)

(& — a)" % + (b—a)" %
[t

[ D2 fa) + (1) D21 0)] ‘

(25)

ey lEma T ey L N 2 s
- b—a n—z+1 n—z+1

Corollary 2.15. In Theorem 2.12, if we take h(t) = t, which means
that ‘f(”“)‘ is convex function, then (23) becomes the following in-
equality

] fo ey - R 2B

‘ [(a: —a)" %+ (b—a)k
b—a
[ D2 f(a) + (=) D2 F(0)] |

(26) SM[(m—a)"‘z“—l—(b—x)”_i“}( 1 )

b—a n—z+1

Corollary 2.16. In Theorem 2.12, if we take h(t) = t*, which means
that ‘f("ﬂ)‘ is s-function in the second sense, then (23) becomes the
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following inequality

(2 —a)" %+ (b—a)"*
ST

(nk — a)lx(n — <)

| sy - SRR =),

[ D2t f(a) + (~1)" D2 £ ()

<M {(m—a)”—%+1+(b—x)n—;:+11 ( . >1_; { 1

b—a n—oa+1 n—z+s+1
(27)
kD (nk — o + k)Dg(sk + k)]
k(n o+ k)Ti(sk + k) ;x € |a,b].
['y(nk — o+ sk + 2k)
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