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HERMITE-HADAMARD TYPE INEQUALITIES FOR
GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS OF h-CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Hermite-Hadamard type inequal-
ities for the Generalized Riemann-Liouville fractional integrals I(?+,gf and
I;;‘_ﬂf7 g, where g is a strictly increasing function on (a,b), having a continu-
ous derivative on (a, b) and under the assumption that the composite function
fog1lis h-convex on (g (a), g (b)) . Some applications for Hadamard fractional
integrals and s-Godunova-Levin type convex functions are also provided.

1. INTRODUCTION

The following integral inequality

f<a+b> <! /abf(t)dtéf(a)+f(b)

2 b—a 2 ’

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [15], the recent survey paper [12] and the references therein.

Let (a,b) with —co < a < b < 0o be a finite or infinite interval of the real line
R and a a complex number with Re («) > 0. Also let g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). Following [21, p.
100], we introduce the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a, b] by

(1.1) 12, (@) = = (1a) / - f;)(t)i((tt))ﬁt—a’ a<z<b

and

(1.2) I (@) = o (1a) /: ’ f;)(t) g Ei))]dlt—a’ o<z <b.

For g (£) = t we have the classical Riemann-Liouville fractional integrals
(1.3) T f(@) = (1a) / (xf_(tz)‘ft_a, a<z<b
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and

b
(1.4) Je f(a) = l"(la) / (tf_(?)ilt_a, o<z <b,

while for the logarithmic function g (t) = Int we have the Hadamard fractional
integrals [21, p. 111]

(1.5) HY, f(x) ;:1/: [in (f)rflf(t)dt, 0O<a<z<bh

I'(«) t t

and

(1.6) H“f(:r)'_l/b (L RRFAULL 0<a<z<b

' b= T T(a) /, x t T '
One can consider the function g (t) = —t~! and define the "Harmonic fractional
integrals” by
e f(t)dt

1.7 Ry, f(x) := / ,0<a<z<b

( ) + ( ) F(Oé) " (:L'—t)liato‘Jrl
and

zle /” f(t)dt

1.8 Ry f(z) := ,0<a<z<h.

( ) b f( ) F(OL) . (t—x)liataJrl
Also, for g (t) = tP, p > 0, we have the p-Riemann-Liouville fractional integrals

P Tl () dt

1.9 J ) = / ,0<a<z<b

( ) +,pf( ) F (Oé) " (xp B tp)lfa
and

b op—1
p P f () dt
1.10 Jg = 0<a< b.
( ) b—,pf(-r) T (0[) /z (tp _ xp)l_a, Sasr<

For some recent papers on Hermite-Hadamard inequalities for the Riemann-
Liouville fractional integrals see [1], [5], [6], [18]-[37] and the references therein.

If ¢ is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,bel as
Mg (a,b) = gfl (g(a);_g(b)> .

If I =R and g (t) =t is the identity function, then M, (a,b) =
the arithmetic mean. If I = (0,00) and g (t) = Int, then M, (a,b) =
the geometric mean. If I = (0,00) and g(t) = %, then M, (a,b

H
%, the harmonic mean. If I = (0,00) and ¢ (t) = t?, p # 0, then M, (a, b) =

Ala,b) = “T“’,
G (a,b) :=

) =

M, (a,b) := (#)UP, the power mean with exponent p.

In the recent paper [13] we obtained the following result:

Theorem 1. Let f : [a,b] — R be a continuous function on [a,b] and g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b). If fog™!
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is convex on (g (a), g (b)), then for any x € (a,b) we have the inequalities

« s@rs®), 1)

1.11 -1
(L.11) fog <a+1 > ar1?

< a/ols“‘lfog‘l (520 s 1590 ) as

La 13, o/ (z) Li o J ()
< 3T+ o O G s
o [l

[y

[\

IN

a+1 2 af(m)]'

In particular, we have the inequalities

T =g Lerad My (@0) + I (M, (o, b))

a [f(a)Jrf(b) f(a) + f(b)
“a+l 2 2

(1.12) [ (M, (a,b)) <

#1700, @0)] <

We also obtained the following complementary results [14]:

Theorem 2. With the assumption of Theorem 1, we have for any x € (a,b) that

(1.13) fog! (a—li—lg( );g(b)+ail (z )>
SOé P 1fog ( +sg(z)>d$
1 12y, f () Iy gf(a)
S2“‘””[( ®) g <>>a+<g<x>—g<a>>‘”}
Iy fla)+ f ()
< 2 [HLOHO ).

In particular,

9a—17 (a+1) 1., N
(g(b) —g(a)™ [IMg(a,b)+,gf(b) + IMg(avb)_ﬂf(a)]

o [H@ss0 fa)+ 1)
“a+l|a 2 2 .

(1.14) [ (M, (a,b)) <

(M, (a b))} <

1

Since f o g~*' is convex, then

(o gla)+g®) 1 (L gla)+g®)
feg (a+1 2 +a+lg(x)>+fog (a—i—l 2 +a+1g($))

>ofogt [ (1D 4y )]

for any x € (a,b).
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If we add the inequalities (1.11) and (1.13) and divide by 2 we get following more
symmetric results

) for |5 (Y951 v o)

<;{fog_1 (ailg(a);g(b) +ailg($)>

+fogl< 1 gla)+g(b)  _a g(w))]

a+1 2 a+1

<qel [ etroa (L1 g ) as

Lo gt (-9 220 ) as

I(?«k,gf(x) Il())i,gf(x)
a+1) [<g @ - g@)° GO 9@
R CRN .0 }
G0 - g@)" G - g@)’

{00 )

+
S~

< Z
-2

for any x € (a,b), and

2072 (e + 1)
(9(6) =g (a)”
i, (ap)+,9f(0) + I&g(a,b)f,gf(a)jl

_1[f@+f)
-2 2

(1.16) [ (Mg (a,b)) < 12y o f (Mg (a,b)) + I, f (M, (a, b))

fla)+ f(B)

+100, )] < ZO

In this paper we establish some Hermite-Hadamard type inequalities for the

Generalized Riemann-Liouville fractional integrals I3,  f and ;"  f, under the
1

assumption that the composite function f o g~ is h-convex on (g (a), g (b)) . Some
applications for Hadamard fractional integrals and s-Godunova-Levin type convex
functions are also provided.

2. SOME IDENTITIES

We have the following equalities of interest:

Theorem 3. Let f : [a,b] — C be an integrable function on [a,b] and g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b). Then for
any z € (a,b) we have the equalities

ligf@) Iy 4 f (@)
(g(x) =g (a)®  (g(b) =g ()"
1

1
= 5/ s [fogT (sg(@)+ (L—s)g (@) + fog™" (1-5)g(x)+sg(D)] ds
0

(2.1) %r (@) [
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and
1 o Iﬂ?ﬂgf(b) I?—,gf(a)
(2.2) 3T(a) [(g CETICETIO g(a))a]
1

1
= 5/ s [fogT (sg(@) + (1—5)g (b)) + fog™ (1—5)g(a) + sg(2))] ds.
0

We also have

I (a) [I:+,gf (b) + I,?_,gf(@]
(g9(b) = g(a)” 2

1

1
= 3 A g1 [f o g*l (sg(@a)+ (1—8)g((b)+ fo g*l ((1—3s)g(a)+sg (b))] ds.

(2.3)

Proof. Using the change of variable u = g (t), then we have du = ¢’ (t)dt, t =
g1 (u) and

, /%) fog ' (u)du

sl = 5005 oy To@) =™

fora < x <band

X o 1 g(b) fog™t(u)du
I gf(2) = () /g(x) [u—g(z)]' "

for a < x <b.
Further, if we change the variable u = (1 — s) g (a) + sg (z), with s € [0,1], then
for a < x < b we have

(24) 19, /()

= w5 9@ -y (a))a/0 (L= fog ' (L-5)g(a) +sg(x))ds

1

1
- g W@ g (@)° / 21 f o g (sg(a) + (1— ) g (x)) ds

where for the last equality we replaced s by 1 — s.
If we change the variable u = (1 —s)g(z) + sg(b), with s € [0,1], then for
a <z < b we also have

ﬁ (g() g (a:))a/0 s fog (1= 9)g(x) + g (b)) ds.

By using (2.4) and (2.5) we get (2.1).
Now, if we replace x with b in (2.4) and a with z, then we get

(2:5) I o f(x) =

1
Iy g f(b) = . ) (9(b) —g (aﬂ))“/0 s 1fog  (sg(x)+ (1—s)g (b)) ds.

T (o)

Also, if we replace  with a and b with 2 in (2.5), then we get

(2.6) 12, /(@) = — S (9(2) =9 (@)° / 1 fog M (1 5)g(a) + s (x)) ds.

I'(«
By using these two equalities, we get (2.2).
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Now, if we take © = b in (2.4), then we have

1
18, f (b) = %a) (9(5) - g())° / 1 fo g (sg(a) + (1—s) g (b)) ds

and if we take x = a in (2.5), then we also have

1 1
I8 (0) = gy (9 0) g (@) / S fog T (1-8)g(a) + 59 (b)) ds.

If we add these equalities, we then get (2.3).

Corollary 1. With the assumptions of Theorem 3, we have

2710 (0) . e .
(27) (g (b) —g (a))a [IaJr,gf(Mg ( 7b)) + Ibf,gf(Mg ( 7b))]

=5 [ eg o (@) + (1= 99 (FM, (@.1)
0
#1097 (1 5) g (FOM, (@) + 59 ()] ds
and

21T (0
(2.8) (g(b)_g((a)))a [I&g(a,m,gf(b) + 131, (ap)—g f (@)
1

1
=5 [ s o O, @) + (1= 99 0)
0
+fog™ (1= s)g(a) + sg (M, (a,b)))] ds.
We remark that, if we take into above equalities g (t) = ¢, then we get the

following results for the classical Riemann-Liouville fractional integrals Jg, and
Jg*, see for instance [11]

oo o [B B
1 ! a—1 _ A . )
5/0 s Hf(sa+ (1—s)z)+ f((1—s)x+sb)|d
and
=

1
%/0 s (sz+ (1 —5)b) + f((1 —8)a+ sx)]ds.

We also have

Do) [Jef () + ¢ f(a)
(2.11) VIOET IR { 2 }

1

e
2/0 s f(sa+ (1—38)b)+ f((1—s)a+ sb)]ds.
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In particular, we have the mid-point equalities

212 et (@ [ + g ]

_ ;/Olsal {f <sa+(ls) “;b> +f<(ls)a;b+sb)] ds
and
(213) 2

_ ;/Olsal [f(sa;bJr(ls)b) +f<(1s)a+sa—2’—b)}ds.

If we take f (t) = Int, t € [a,b] C (0,00) into above general equalities, then we
get the following identities for the Hadamard fractional integrals

1 A f@) | HE (@
(2.14) 2t (@ [[mé)(]‘z ! [hj(ig]i]
1 1 o1 s 1—s 1-syps
[ s
and
L (o) [ HcS®) |, Hi fla
(2.15) L@ [[mfﬁ)(]a " [In 2)(]a]

for any x € (a,b).
We also have

T(a) [H f(b)+H f(a)

(210 TIC]5 B —

%/O' Soc—l [f (al—sbs) +f (asbl—s)] ds
In particular, we have
(27) W [H2, £(G (a,) + HE£(G (0,5))]
-1 /O ST (a* G (@) + £ (G (a,b)7)] ds

and
(215) W (HE o1y £0) + HEoy £(0)]

1

_ 2/0 521 [f (a1°G® (a,b)) + £ (G° (a,b) b1*)] ds,

where G (a,b) := Vab is the geometric mean of a, b > 0.



8 S.S. DRAGOMIR

If we take g(t) = —t~1, t € (a,b) C (0,00), then g~ (t) = —t~! and by the
above equalities we have for the Harmonic fractional integrals

(2.19) 1]_’\ (@) l:aaxaRg+f($) n ],'OébaRg‘f(x):|

2 1 (z —a)" (b—2)"

o ares) o (i)
and
(2.20) Ir () {xal()zz_%g;){: (b) a%(::fjﬁg)i (a)}

[ () ()

for any x € (a,b).
We also have

a*b°T (a) {Raﬂ (0) + Ré"_f(a)]

(2.21) bar 5

[ () ()

In particular, we have

22 Z U (e (0.0 + RS0 0)

- ;/olsal a=mriren) H (TFamws)|

204—1 apar ) N N
(2.23) (ba_a)a(a [RH(a,b)Jrf(b) + RH(a,b)ff(a)}

- ;/01 st [f (sb—i— (fllfa;f)ltjl[)(a,b)) +f (sa—k(alfi(:),g(a,b))] ds,

where H (a,b) := jii is the harmonic mean of a, b > 0.
Finally, if we take the power function g (t) = t*, ¢t € (a,b) C (0,00), then by

Theorem 3 we have

Ja "L' J& x
(2.24) ;F(a)[(;;fii)zv (bl;,_pj;i)l}

and

- ;/01 ga—1 (f {(Sap +(1-3s) xp)l/P] T f {((1 —s)aP + pr)l/p]) ds

and

Jovpf®)  Jopf(a
(2.25) %F (a) [(b::;r_,pi}())l + (xf"—pj;i)l}

= % /01 st (f [(sxp +(1-5) bp)l/p} +f {((1 —s)a’ + Smp)l/p]) ds

for any x € (a,b).
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We also have

(2.26) %) {J3+,pf (b)+Jz?‘,pf(a)]

(b? — ar)” 2

- ;/01 2| (f |sa” + (=) 07| 1 [ 5) a4 s6) 7] )] ds,

In particular, by replacing « with M, (a,b) :
exponent p, we have

1
(%) /p , the power mean with

220 2T (g £ (0.0 + 5, O, (09)

S (o (5)]

+f ((1 —5) (ap ; bp) + sbp)l/pD ds
1 ! o1 (I+s8)a?+(1—s)bP p
=3 [ (o] ()
A

and
229 2O 18 bSO+ T )

[ (o[ () rama) ]
S NIE
(sap+(2—s)bp)1/” <(2—S);p+sbp>1/p]>d8'

2
3. INEQUALITIES FOR h-CONVEXITY

+f

+f

L[ e <f

Assume that I and J are intervals in R, (0,1) C J and functions h and f are real
non-negative functions defined in J and I, respectively.

Definition 1 ([34]). Let h : J — [0,00) with h not identical to 0. We say that
f:1—10,00) is an h-convex function if for all x,y € I we have

(3.1) flr+(1=t)y) <h(@)f(z)+h(1-1)f(y)
for allt € (0,1).

For some results concerning this class of functions see [34], [3], [19], [28] and [33].
We can give the following examples of h-convex functions.
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Definition 2 ([17]). We say that f: I — R is a Godunova-Levin function or that
f belongs to the class Q (I) if f is non-negative and for all x,y € I and t € (0,1)
we have

1

f@)+7—7f ).

(3.2) f(ter(l*t)y)S 1—t¢

S

Definition 3 ([16]). We say that a function f : I — R belongs to the class P (I)
if it is nonnegative and for all x,y € I and t € [0,1] we have

(3-3) fle+ A =t)y) < f(x)+f(y).

Obviously @ (I) contains P (I) and for applications it is important to note that
also P (I) contain all nonnegative monotone, convex and quasi convex functions.

We have introduced the class of functions [10] that generalize both Godunova-
Levin type functions and P type functions.

Definition 4. We say that the function f : I — [0,00) is of s-Godunova-Levin
type, with s € [0,1], if

o

1
*f(x)+ (17t)8f(y)7

(3.9 fla+ 1=ty <

forallt € (0,1) and z,y € I.

We observe that for s = 0 we obtain the class of P-functions while for s =1 we
obtain the class of Godunova-Levin. If we denote by Qs (I) the class of s-Godunova-
Levin functions defined on I, then we obviously have

P(I)=Qo(I) € Qs (I) S Qs, (1) S Q1 (1) = Q)
for 0 < s; <s9<1.
Definition 5 ([4]). Let s be a real number, s € (0,1]. A function f : [0,00) — [0, 00)
is said to be s-convez (in the second sense) or Breckner s-convex if
flz+1-t)y) <t°f (@) +(1-1)"f(y)
for all z, y € [0,00) and t € [0,1].
We have:

Theorem 4. Let f : [a,b] — R be a continuous function on [a,b] and g be a strictly
increasing function on (a,b), having a continuous derivative g’ on (a,b). If fog™*
is h-convez on (g (a),g (b)), then for any x € (a,b) we have the inequalities

(3.5) h(ll)/o 2 1fog! (59(“);9“) +(1—s)g(m)> s
N I f(a)
o' ( >[<g<m>—g<a>>“ " <g<b>—g<x>>a]

1
1 1
< W/O Saflh(s)dwf(x)/o s 'h(1 - s)ds.

<
<
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In particular, we have the inequalities

(3.6) h(ll)f (M, (a,b))

2

=G0 —g@)” (15 o f(My (a, b)) + I, f(My (a,b))]
M 1811—1 s a 18(1_1 ., .
Sa[ 5 /0 h(s)ds+ f(My( b))/o h(l—s)ds|.

Proof. First of all, we observe that if a function F : (¢,d) — R is h-convex on the
interval (¢, d) then for any u,v € (¢,d) and s € (0,1) we have

F(1-—s)u+sv)<h(l—s)F(u)+h(s)F(v)
and

(3.7) <“+“) F(v).

Since f o g~! is h-convex on ( (a),g (b)), then we have

(b))
[fog™ (sg(a) + (1 =s)g(x))+ fog ((1-s)g(x)+sg(b))]

S [h(s) fog™ (9(a) +h(1—5) Fog™ (g(x))

+h(l—s)fog ' (g9(x)+h(s)fog™ (g(b))]
=L@ () ha -9 F @)
for any = € (a,b) and s € (0,1).
If we multiply this inequality by s®~*
1

§A s> [fog™ (sg(a)+ (1 —s)g(x))+ fog™ (1—s)g(x)+sg(b)]ds
f(a’) + f(b) ! a—1 ' a—1 _
gf/o s h(s)ds—i—f(x)/o s h(1—s)ds

for any x € (a,b) .

and integrate over s, then we get

By using this inequality and the representation (2.1) we get the last part of (3.5)
We also have by (3.7) that

Fogl (sg(a)+(1—S)g(w)+(1—8)9(w)+sg(b))

1
h(3)
<5 lFog™ (sgla) +

namely

2

(1=s5)g(@)+fog™ (1-5)g(z)+s9(1))],

fog (M4 19 w)

1
(3)
S [Fou™ (sg (@) + (1= 8) g () + Fog™ (L= 9)g(x) + 59 (B)]

for any x € (a,b) .

If we multiply this inequality by s*~!, integrate over s and use the representation
(2.1), then we get the first part of (3.5).

h
<
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Now, if we take

v = M, (ab) — g~ 1(9(6%)-2%9(5))

then we have

/o1 s* ' fog™! (Sg(a);rg(b) t{l=slg (@) “

Dy o1 (9@ g () g(a) +9(0)
/05 fog <52+(1s)2>d5

= Fog™ (M, (a)

Also
L[ T8, SO, (0.0) IpF(M, (a.5))
o' ( >{<9(M @) = @r T GO s 0L @h)” }

b)
_ 1 13y gf (Mg (a,b)) Iy f(Mg(a,b))
B 2F(a) [( 2(a)+o(t) _g(a)f * (g (b) — Lalta®) “]

2a71 N .
=G0 @@ [, f(M, (a,b)) + I f(M, (a,b))] .

By using (3.5) for # = M, (a,b) we get the desired result (3.6). O

Remark 1. If we take the integral mean in (3.5), then we get

(3.8) h(l )bia/ab </015a—1fog—1 <5W+(1—s)g(x)>ds> da
b o a X
r@52s [ [Ger e on fg(aj))“} o
Sf(a);rf(b)/olsa1h(s)ds+bia/abf(z)da:/olsa1h(1s)ds.

Theorem 5. Assume that f and g are as in Theorem 4, then for any = € (a,b)
we have the inequalities

1 Lo - g(a)+g(d)
(3.9) h()/ A 1((15)2“9(@)@
1o [ Laf @) L, 1(a)
<370 Gy 5o e
f(a)+ f(b)

1 1
—_ ot —s)ds T s h(s) ds.
<HOLIE Lot =sds+ @) [ s d
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In particular, we have the inequalities

(3.10) h(ﬂ)ﬂM_@ (a,1))

201 (o + 1)
<G s@r |

<a {f(“)‘;f(b) /1 (1= s)ds + f (M, (a,b)) /01 1 (s) ds] .

I&Q(avb)'hgf(b) + Ilo\zg(a,b)—,gf(a)}

0

1

Proof. By the h-convexity of f o g™ we have, as in the proof of Theorem 4, that

(3.11) h(ll)f o ((1 _gpdlta® (x))

2
< [fog (s9@+(1-5)g®) + Fog (1-5)g (@) +s9 ()]
<TI0 g iher@.

for any = € (a,b) and s € (0,1).
If we multiply by s*~!, integrate over s and use the representation (2.2), then
we get the desired result (3.9). O

Remark 2. If we take the integral mean in (3.9), then we get

(3.12) - (1% bia /ab (/Olsalfogl ((1 — 5) M + sg (m)) ds) dx
b « a
< 5@/ Lgé’?’gﬁi’%m gf(( )>> J s
<W/Olsa—1h(1 ds+—/ f(x dm/ s h(s)ds.

The following trapezoid type inequalities also hold.

Theorem 6. With the assumptions of Theorem 4, we have

1 T(a+1) [Ig f )+ f(a)
(313) h (%) f (Mg (CL b)) S (g (b) —g (a))a |: 9 :|
< f(“);f(b)a/o s VIR (s) + h (1 — s)] ds.

Proof. By the h-convexity of fo g™!

(1%) Fogl (g (a) -QFg (b)>

h
1 _ _
<5 [feg (sg(@+(1—=5)g®) +fog™ (1 -5)g(a)+s9(b))]
< f@+F0)
2
for any s € (0,1).
If we multiply this inequality by s®~!, integrate over s and use the identity (2.3)
we get the desired result (3.13). O

we have,

[h(s) +h(1=s)]
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The above results provide some interesting inequalities if one takes particular
examples for the function g that lead to various fractional integrals as exemplified
in the introduction.

If f is h-convex on (a,b), then from (3.6), (3.10) and (3.13) we get the following
inequalities for the classical Riemann-Liouville fractional integrals Jg*, and Jg

1 a+b

(3.14) h(%)f<2 >
20710 (a+ 1) [, ,,a+Db o o 0+D
S(ba)a[‘]a-‘rf(2)+‘]b—f(2):|

<a {W/:salh(s)dﬁf(“;b) /Olsalh(l—s)ds},

(3.15) h(lé)f <“2+b)
< 2O e )+ 2 S0

= {f(a);f(b) /01 s Mh(1—s)ds + f (a;b) /01 sa_lh(s)ds}
:1.?6) hé)f (a;rb> < F(b“i;? [Jngf(b);-Jbo‘f(a)]
[@+10)

IN

: (b)a/o [ (s) 4 h (1 — s)] ds.

If foexp is h-convex on (Ina,Inbd), then from (3.6), (3.10) and (3.13) we get the
following inequalities for the classical Hadamard fractional integrals HS, and Hy*

(3.17) — f(M)sW[Hmf(mHHf_ﬂx@]

<a [f(a);f(b)/olso‘_lh(s)ds—i—f (\/@) /01 s*7th(1 —s)ds] ,

w
—_
o0

~—

—_
~
—

5
>

~—~

IN

2011 (a + 1) [
[ (2)]"
<a [f(“)*f(b) /1 s Ih(1—s)ds+ f (\/@) /1 Sk () ds}

H o J0) + H o f(0)]

2

(3.19) Lot (Vab) < Eﬁc;:)]lg [H§+f(b) 2+1;“f<a>}
< L0 [Pt + n - o) as.

Similar results can be stated for Harmonic fractional integrals and p-Riemann-
Liouville fractional integrals as defined in the introduction. The details are not
presented here.
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4. SOME EXAMPLES

The above results provide various inequalities when f o g~ ! is h-convex on

(g(a),g (b)) and h is one the examples provided at the beginning of the above
paragraph.

If we assume that f o g~ ' is of s-Godunova-Levin type, with s € [0,1) on
(9(a),g (b)), namely h(t) = 4, then by (3.6) we have the following Hermite-
Hadamard type inequalities

1

w (€7 a « a
(g (b) —g (a))a [Ia-hgf(Mg ( ,b)) + Ib—,gf(Mg ( ,b))]

_f@+f®)_a
- 2 a—

(4.1)  2°f (M (a,b)) <

. + f (Mg (a,b))aB (a,1—s)

provided o > s > 0 and s € [0,1), where B (-, -) is Beta function, i.e.

1
B («, ) ::/ 71— 75)*8_1 dt, o, > 0.
0
From (3.10) we get

(4.2)  2°f (Mg (a,b)) < L, [

WO =g (@) [Bra@oral ©)+ i o -f (@)
S+ 1) a

< 5 aB(oz,l—S)'i'f(Mq(a’b))a_s

while from (3.13) we get

(4.3) 2 f (M, (a,8)) < —- (@D {féu,gf (b) + Iﬁ‘_,gf(a)}

(9 () —g(a))” 5
< [aB(a,1—5)+ o ] f(a)+ f(b)

oa— S 2

If fog!is of P-type, namely s = 0, then we have the simpler inequalities
29710 (a4 1)
(g9 (b) —g(a)”

< LO2TO 4 f (a1, a,0)

(44) (M, (a,b)) < (184 o F(M, (a.b)) + I, (M, (a,b)]

2071 (e + 1)
(5)  FMy (b)) < e |

< TOXTO 1 (01, 0.

IJO‘L/[g(axb)‘hgf(b) + Il?/fg(a,b)f,gf(a')}

and

(4.6)  f (M, (a,b)) < ['(a+1) |:Ig+,gf (b) + Ig“_vgf(a)

(g (0) —g(a))” 2

More particular, if we assume that f is of s-Godunova-Levin type, with s € [0,1)
on (a,b), then from (4.1)-(4.3) we get the following inequalities for the classical

] < @)+ ).
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Riemann-Liouville fractional integrals

an o (50) < EEO D e Y ]

2 (b_a)a 2 9
< f(a);rf(b)ais+f<a42rb> aB (o1 )
(4.8) 2 f (a;b) < 2"—(;F_(Z‘)j 1) [J%+ F0) + T f(a)}
<WaB(a,1—s)+f<a;b> —
and
()
< {OzB(a,ls)+ ais} f(a);f(b)’

provided o > s > 0 and s € [0, 1).
Also, if f is of P-type, namely s = 0, then we have the simpler inequalities

(4.10) f <a+b) < 2071 (a + 1) [J&’f(a—&—b)_i_Jélf(a—&-b)}

2 (b—a)” 2 2
SO0 (a10)

Sf(a);f(b)+f<a42‘b>

and

(4.12) ! (Hb) Tty [J§‘+f(b)+J§‘f(a)

2 (b—a)” 2

Moreover, if f oexp is of s-Godunova-Levin type, with s € [0,1) on (Ina,Inbd),
then from (4.1)-(4.3) we get the following inequalities for the classical Hadamard
fractional integrals

@iy 2y (vVar) < 2D Tye g+ pvan)]

]sf(a>+f<b)-

[ ()]
< f((l);'f(b)ozis_'_f(\/%)oéB(oé,l_s)7
(4.14) 2f (Vab) < W (H F0) + B f(a)]
SMO&B(OL,l*S)#‘f(M) o
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and
(4.15) 95 f (\/@) < EI(IOE:)]ICZ {H3+f(b);-Hf_f(a)]
< [aB<a,1_s>+ aas} S0

provided & > s > 0 and s € [0,1).
Also, if foexp is of P-type, namely s = 0, then we have the simpler inequalities

@) f(vab) < W [, £(Vab) + Hg:f(v/ab)]

<M+f(\/@),

- 2

(4.17) £ (Vab) < Q[hf((f)]*” (H £0) + Hf(0)]
QIO ()

and

(4.18) 7 (Vab) < EIEOE:)}IO)“ {H&f(b);H’?f(a)] < fla)+ f(b).

Similar results can be stated for Harmonic fractional integrals and p-Riemann-
Liouville fractional integrals as defined in the introduction. The details are not
presented here.
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