
HERMITE-HADAMARD TYPE INEQUALITIES FOR
GENERALIZED RIEMANN-LIOUVILLE FRACTIONAL

INTEGRALS OF h-CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we establish some Hermite-Hadamard type inequal-
ities for the Generalized Riemann-Liouville fractional integrals I�a+;gf and
I�b�;gf , g, where g is a strictly increasing function on (a; b) ; having a continu-
ous derivative on (a; b) and under the assumption that the composite function
f �g�1 is h-convex on (g (a) ; g (b)) : Some applications for Hadamard fractional
integrals and s-Godunova-Levin type convex functions are also provided.

1. Introduction

The following integral inequality

f

�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt � f (a) + f (b)

2
;

which holds for any convex function f : [a; b] ! R; is well known in the literature
as the Hermite-Hadamard inequality.
There is an extensive amount of literature devoted to this simple and nice result

which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [15], the recent survey paper [12] and the references therein.
Let (a; b) with �1 � a < b � 1 be a �nite or in�nite interval of the real line

R and � a complex number with Re (�) > 0: Also let g be a strictly increasing
function on (a; b) ; having a continuous derivative g0 on (a; b) : Following [21, p.
100], we introduce the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a; b] by

(1.1) I�a+;gf(x) :=
1

� (�)

Z x

a

g0 (t) f (t) dt

[g (x)� g (t)]1��
; a < x � b

and

(1.2) I�b�;gf(x) :=
1

� (�)

Z b

x

g0 (t) f (t) dt

[g (t)� g (x)]1��
; a � x < b:

For g (t) = t we have the classical Riemann-Liouville fractional integrals

(1.3) J�a+f(x) :=
1

� (�)

Z x

a

f (t) dt

(x� t)1��
; a < x � b
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2 S. S. DRAGOMIR

and

(1.4) J�b�f(x) :=
1

� (�)

Z b

x

f (t) dt

(t� x)1��
; a � x < b;

while for the logarithmic function g (t) = ln t we have the Hadamard fractional
integrals [21, p. 111]

(1.5) H�
a+f(x) :=

1

� (�)

Z x

a

h
ln
�x
t

�i��1 f (t) dt
t

; 0 � a < x � b

and

(1.6) H�
b�f(x) :=

1

� (�)

Z b

x

�
ln

�
t

x

����1
f (t) dt

t
; 0 � a < x < b:

One can consider the function g (t) = �t�1 and de�ne the "Harmonic fractional
integrals" by

(1.7) R�a+f(x) :=
x1��

� (�)

Z x

a

f (t) dt

(x� t)1�� t�+1
; 0 � a < x � b

and

(1.8) R�b�f(x) :=
x1��

� (�)

Z b

x

f (t) dt

(t� x)1�� t�+1
; 0 � a < x < b:

Also, for g (t) = tp; p > 0; we have the p-Riemann-Liouville fractional integrals

(1.9) J�a+;pf(x) :=
p

� (�)

Z x

a

tp�1f (t) dt

(xp � tp)1��
; 0 � a < x � b

and

(1.10) J�b�;pf(x) :=
p

� (�)

Z b

x

tp�1f (t) dt

(tp � xp)1��
; 0 � a � x < b:

For some recent papers on Hermite-Hadamard inequalities for the Riemann-
Liouville fractional integrals see [1], [5], [6], [18]-[37] and the references therein.
If g is a function which maps an interval I of the real line to the real numbers,

and is both continuous and injective then we can de�ne the g-mean of two numbers
a; b 2 I as

Mg (a; b) := g
�1
�
g (a) + g (b)

2

�
:

If I = R and g (t) = t is the identity function, then Mg (a; b) = A (a; b) :=
a+b
2 ;

the arithmetic mean. If I = (0;1) and g (t) = ln t; thenMg (a; b) = G (a; b) :=
p
ab,

the geometric mean. If I = (0;1) and g (t) = 1
t ; then Mg (a; b) = H (a; b) :=

2ab
a+b ; the harmonic mean. If I = (0;1) and g (t) = tp; p 6= 0; then Mg (a; b) =

Mp (a; b) :=
�
ap+bp

2

�1=p
; the power mean with exponent p.

In the recent paper [13] we obtained the following result:

Theorem 1. Let f : [a; b]! R be a continuous function on [a; b] and g be a strictly
increasing function on (a; b) ; having a continuous derivative g0 on (a; b) : If f � g�1
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is convex on (g (a) ; g (b)) ; then for any x 2 (a; b) we have the inequalities

f � g�1
�

�

�+ 1

g (a) + g (b)

2
+

1

�+ 1
g (x)

�
(1.11)

� �
Z 1

0

s��1f � g�1
�
s
g (a) + g (b)

2
+ (1� s) g (x)

�
ds

� 1

2
� (�+ 1)

�
I�a+;gf(x)

(g (x)� g (a))� +
I�b�;gf(x)

(g (b)� g (x))�
�

� �

�+ 1

�
f (a) + f (b)

2
+
1

�
f (x)

�
:

In particular, we have the inequalities

f (Mg (a; b)) �
2��1� (�+ 1)

(g (b)� g (a))�
�
I�a+;gf(Mg (a; b)) + I

�
b�;gf(Mg (a; b))

�
(1.12)

� �

�+ 1

�
f (a) + f (b)

2
+
1

�
f (Mg (a; b))

�
� f (a) + f (b)

2
:

We also obtained the following complementary results [14]:

Theorem 2. With the assumption of Theorem 1, we have for any x 2 (a; b) that

f � g�1
�

1

�+ 1

g (a) + g (b)

2
+

�

�+ 1
g (x)

�
(1.13)

� �
Z 1

0

s��1f � g�1
�
(1� s) g (a) + g (b)

2
+ sg (x)

�
ds

� 1

2
� (�+ 1)

�
I�x+;gf(b)

(g (b)� g (x))� +
I�x�;gf(a)

(g (x)� g (a))�
�

� �

�+ 1

�
1

�

f (a) + f (b)

2
+ f (x)

�
:

In particular,

f (Mg (a; b)) �
2��1� (�+ 1)

(g (b)� g (a))�
h
I�Mg(a;b)+;g

f(b) + I�Mg(a;b)�;gf(a)
i

(1.14)

� �

�+ 1

�
1

�

f (a) + f (b)

2
+ f (Mg (a; b))

�
� f (a) + f (b)

2
:

Since f � g�1 is convex, then

f�g�1
�

�

�+ 1

g (a) + g (b)

2
+

1

�+ 1
g (x)

�
+f�g�1

�
1

�+ 1

g (a) + g (b)

2
+

�

�+ 1
g (x)

�
� 2f � g�1

�
1

2

�
g (a) + g (b)

2
+ g (x)

��
for any x 2 (a; b) :
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If we add the inequalities (1.11) and (1.13) and divide by 2 we get following more
symmetric results

f � g�1
�
1

2

�
g (a) + g (b)

2
+ g (x)

��
(1.15)

� 1

2

�
f � g�1

�
�

�+ 1

g (a) + g (b)

2
+

1

�+ 1
g (x)

�
+f � g�1

�
1

�+ 1

g (a) + g (b)

2
+

�

�+ 1
g (x)

��
� 1

2
�

�Z 1

0

s��1f � g�1
�
s
g (a) + g (b)

2
+ (1� s) g (x)

�
ds

+

Z 1

0

s��1f � g�1
�
(1� s) g (a) + g (b)

2
+ sg (x)

�
ds

�
� 1

4
� (�+ 1)

�
I�a+;gf(x)

(g (x)� g (a))� +
I�b�;gf(x)

(g (b)� g (x))�

+
I�x+;gf(b)

(g (b)� g (x))� +
I�x�;gf(a)

(g (x)� g (a))�
�

� 1

2

�
f (a) + f (b)

2
+ f (x)

�
for any x 2 (a; b) ; and

f (Mg (a; b)) �
2��2� (�+ 1)

(g (b)� g (a))�
�
I�a+;gf(Mg (a; b)) + I

�
b�;gf(Mg (a; b))(1.16)

+I�Mg(a;b)+;g
f(b) + I�Mg(a;b)�;gf(a)

i
� 1

2

�
f (a) + f (b)

2
+ f (Mg (a; b))

�
� f (a) + f (b)

2
:

In this paper we establish some Hermite-Hadamard type inequalities for the
Generalized Riemann-Liouville fractional integrals I�a+;gf and I

�
b�;gf , under the

assumption that the composite function f � g�1 is h-convex on (g (a) ; g (b)) : Some
applications for Hadamard fractional integrals and s-Godunova-Levin type convex
functions are also provided.

2. Some Identities

We have the following equalities of interest:

Theorem 3. Let f : [a; b]! C be an integrable function on [a; b] and g be a strictly
increasing function on (a; b) ; having a continuous derivative g0 on (a; b) : Then for
any x 2 (a; b) we have the equalities

(2.1)
1

2
� (�)

�
I�a+;gf(x)

(g (x)� g (a))� +
I�b�;gf(x)

(g (b)� g (x))�
�

=
1

2

Z 1

0

s��1
�
f � g�1 (sg (a) + (1� s) g (x)) + f � g�1 ((1� s) g (x) + sg (b))

�
ds
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and

(2.2)
1

2
� (�)

�
I�x+;gf(b)

(g (b)� g (x))� +
I�x�;gf(a)

(g (x)� g (a))�
�

=
1

2

Z 1

0

s��1
�
f � g�1 (sg (x) + (1� s) g (b)) + f � g�1 ((1� s) g (a) + sg (x))

�
ds:

We also have

(2.3)
� (�)

(g (b)� g (a))�
�
I�a+;gf (b) + I

�
b�;gf(a)

2

�
=
1

2

Z 1

0

s��1
�
f � g�1 (sg (a) + (1� s) g (b)) + f � g�1 ((1� s) g (a) + sg (b))

�
ds:

Proof. Using the change of variable u = g (t) ; then we have du = g0 (t) dt; t =
g�1 (u) and

I�a+;gf(x) =
1

� (�)

Z g(x)

g(a)

f � g�1 (u) du
[g (x)� u]1��

for a < x � b and

I�b�;gf(x) =
1

� (�)

Z g(b)

g(x)

f � g�1 (u) du
[u� g (x)]1��

for a � x < b:
Further, if we change the variable u = (1� s) g (a)+ sg (x) ; with s 2 [0; 1] ; then

for a < x � b we have

(2.4) I�a+;gf(x)

=
1

� (�)
(g (x)� g (a))�

Z 1

0

(1� s)��1 f � g�1 ((1� s) g (a) + sg (x)) ds

=
1

� (�)
(g (x)� g (a))�

Z 1

0

s��1f � g�1 (sg (a) + (1� s) g (x)) ds

where for the last equality we replaced s by 1� s:
If we change the variable u = (1� s) g (x) + sg (b) ; with s 2 [0; 1] ; then for

a � x < b we also have

(2.5) I�b�;gf(x) =
1

� (�)
(g (b)� g (x))�

Z 1

0

s��1f � g�1 ((1� s) g (x) + sg (b)) ds:

By using (2.4) and (2.5) we get (2.1).
Now, if we replace x with b in (2.4) and a with x; then we get

I�x+;gf(b) =
1

� (�)
(g (b)� g (x))�

Z 1

0

s��1f � g�1 (sg (x) + (1� s) g (b)) ds:

Also, if we replace x with a and b with x in (2.5), then we get

(2.6) I�x�;gf(a) =
1

� (�)
(g (x)� g (a))�

Z 1

0

s��1f � g�1 ((1� s) g (a) + sg (x)) ds:

By using these two equalities, we get (2.2).
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Now, if we take x = b in (2.4), then we have

I�a+;gf (b) =
1

� (�)
(g (b)� g (a))�

Z 1

0

s��1f � g�1 (sg (a) + (1� s) g (b)) ds

and if we take x = a in (2.5), then we also have

I�b�;gf(a) =
1

� (�)
(g (b)� g (a))�

Z 1

0

s��1f � g�1 ((1� s) g (a) + sg (b)) ds:

If we add these equalities, we then get (2.3). �

Corollary 1. With the assumptions of Theorem 3, we have

(2.7)
2��1� (�)

(g (b)� g (a))�
�
I�a+;gf(Mg (a; b)) + I

�
b�;gf(Mg (a; b))

�
=
1

2

Z 1

0

s��1
�
f � g�1 (sg (a) + (1� s) g (f(Mg (a; b)))

+f � g�1 ((1� s) g (f(Mg (a; b)) + sg (b))
�
ds

and

(2.8)
2��1� (�)

(g (b)� g (a))�
h
I�Mg(a;b)+;g

f(b) + I�Mg(a;b)�;gf(a)
i

=
1

2

Z 1

0

s��1
�
f � g�1 (sg (Mg (a; b)) + (1� s) g (b))

+f � g�1 ((1� s) g (a) + sg (Mg (a; b)))
�
ds:

We remark that, if we take into above equalities g (t) = t; then we get the
following results for the classical Riemann-Liouville fractional integrals J�a+ and
J�b�; see for instance [11]

1

2
� (�)

�
J�a+f(x)

(x� a)� +
J�b�f(x)

(b� x)�
�

(2.9)

=
1

2

Z 1

0

s��1 [f (sa+ (1� s)x) + f ((1� s)x+ sb)] ds

and

1

2
� (�)

�
Jx+f(b)

(b� x)� +
J�x�f(a)

(x� a)�
�

(2.10)

=
1

2

Z 1

0

s��1 [f (sx+ (1� s) b) + f ((1� s) a+ sx)] ds:

We also have

� (�)

(g (b)� g (a))�
�
J�a+f (b) + J

�
b�f(a)

2

�
(2.11)

=
1

2

Z 1

0

s��1 [f (sa+ (1� s) b) + f ((1� s) a+ sb)] ds:
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In particular, we have the mid-point equalities

2��1

(b� a)�� (�)
�
J�a+f(

a+ b

2
) + J�b�f(

a+ b

2
)

�
(2.12)

=
1

2

Z 1

0

s��1
�
f

�
sa+ (1� s) a+ b

2

�
+ f

�
(1� s) a+ b

2
+ sb

��
ds

and

2��1

(b� a)�� (�)
h
J a+b

2 +f(b) + J
�
a+b
2 �f(a)

i
(2.13)

=
1

2

Z 1

0

s��1
�
f

�
s
a+ b

2
+ (1� s) b

�
+ f

�
(1� s) a+ sa+ b

2

��
ds:

If we take f (t) = ln t; t 2 [a; b] � (0;1) into above general equalities, then we
get the following identities for the Hadamard fractional integrals

1

2
� (�)

"
H�
a+f(x)�
ln
�
x
a

��� + H�
b�f(x)�
ln
�
b
x

���
#

(2.14)

=
1

2

Z 1

0

s��1
�
f
�
asx1�s

�
+ f

�
x1�sbs

��
ds

and

1

2
� (�)

"
H�
x+f(b)�
ln
�
x
a

��� + H�
x�f(a)�
ln
�
b
x

���
#

(2.15)

=
1

2

Z 1

0

s��1
�
f
�
a1�sxs

�
+ f

�
xsb1�s

��
ds

for any x 2 (a; b) :
We also have

� (�)�
ln
�
b
a

��� �H�
a+f (b) +H

�
b�f(a)

2

�
(2.16)

=
1

2

Z 1

0

s��1
�
f
�
a1�sbs

�
+ f

�
asb1�s

��
ds:

In particular, we have

2��1� (�)�
ln
�
b
a

��� �H�
a+f(G (a; b)) +H

�
b�f(G (a; b))

�
(2.17)

=
1

2

Z 1

0

s��1
�
f
�
asG1�s (a; b)

�
+ f

�
G1�s (a; b) bs

��
ds

and

2��1� (�)�
ln
�
b
a

��� hH�
G(a;b)+f(b) +H

�
G(a;b)�f(a)

i
(2.18)

=
1

2

Z 1

0

s��1
�
f
�
a1�sGs (a; b)

�
+ f

�
Gs (a; b) b1�s

��
ds;

where G (a; b) :=
p
ab is the geometric mean of a; b > 0:
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If we take g (t) = �t�1; t 2 (a; b) � (0;1) ; then g�1 (t) = �t�1 and by the
above equalities we have for the Harmonic fractional integrals

1

2
� (�)

�
a�x�R�a+f(x)

(x� a)� +
x�b�R�b�f(x)

(b� x)�
�

(2.19)

=
1

2

Z 1

0

s��1
�
f

�
ax

(1� s) a+ sx

�
+ f

�
xb

(1� s) b+ sx

��
ds

and

1

2
� (�)

�
x�b�R�x+f(b)

(b� x)� +
a�x�R�x�f(a)

(x� a)�
�

(2.20)

=
1

2

Z 1

0

s��1
�
f

�
ax

(1� s)x+ sa

�
+ f

�
xb

(1� s)x+ sb

��
ds

for any x 2 (a; b) :
We also have

a�b�� (�)

(b� a)�
�
R�a+f (b) +R

�
b�f(a)

2

�
(2.21)

=
1

2

Z 1

0

s��1
�
f

�
ab

(1� s) b+ sa

�
+ f

�
ab

(1� s) a+ sb

��
ds:

In particular, we have

2��1a�b�� (�)

(b� a)�
�
R�a+f(H (a; b)) +R

�
b�f(H (a; b))

�
(2.22)

=
1

2

Z 1

0

s��1
�
f

�
H (a; b) b

(1� s) b+ sH (a; b)

�
+ f

�
aH (a; b)

(1� s) a+ sH (a; b)

��
ds

and

2��1a�b�� (�)

(b� a)�
h
R�H(a;b)+f(b) +R

�
H(a;b)�f(a)

i
(2.23)

=
1

2

Z 1

0

s��1
�
f

�
H (a; b) b

sb+ (1� s)H (a; b)

�
+ f

�
aH (a; b)

sa+ (1� s)H (a; b)

��
ds;

where H (a; b) := 2ab
a+b is the harmonic mean of a; b > 0:

Finally, if we take the power function g (t) = tp; t 2 (a; b) � (0;1) ; then by
Theorem 3 we have

1

2
� (�)

�
J�a+;pf(x)

(xp � ap)� +
J�b�;pf(x)

(bp � xp)�
�

(2.24)

=
1

2

Z 1

0

s��1
�
f
h
(sap + (1� s)xp)1=p

i
+ f

h
((1� s)xp + sbp)1=p

i�
ds

and

1

2
� (�)

�
J�x+;pf(b)

(bp � xp)� +
J�x�;pf(a)

(xp � ap)�
�

(2.25)

=
1

2

Z 1

0

s��1
�
f
h
(sxp + (1� s) bp)1=p

i
+ f

h
((1� s) ap + sxp)1=p

i�
ds

for any x 2 (a; b) :
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We also have

� (�)

(bp � ap)�
�
J�a+;pf (b) + J

�
b�;pf(a)

2

�
(2.26)

=
1

2

Z 1

0

s��1
h�
f
h
(sap + (1� s) bp)1=p

i
+ f

h
((1� s) ap + sbp)1=p

i�i
ds:

In particular, by replacing x with Mp (a; b) :=
�
ap+bp

2

�1=p
; the power mean with

exponent p; we have

(2.27)
2��1� (�)

(bp � ap)�
�
J�a+;pf(Mp (a; b)) + J

�
b�;pf(Mp (a; b))

�
=
1

2

Z 1

0

s��1

 
f

"�
sap + (1� s)

�
ap + bp

2

��1=p#

+f

"�
(1� s)

�
ap + bp

2

�
+ sbp

�1=p#!
ds

=
1

2

Z 1

0

s��1

 
f

"�
(1 + s) ap + (1� s) bp

2

�1=p#

+f

"�
(1� s) ap + (1 + s) bp

2

�1=p#!
ds

and

(2.28)
2��1� (�)

(bp � ap)�
h
J�Mp(a;b)+;p

f(b) + J�Mp(a;b)�;pf(a)
i

=
1

2

Z 1

0

s��1

 
f

"�
s

�
ap + bp

2

�
+ (1� s) bp

�1=p#

+f

"�
(1� s) ap + s

�
ap + bp

2

��1=p#!
ds

=
1

2

Z 1

0

s��1

 
f

"�
sap + (2� s) bp

2

�1=p#
+ f

"�
(2� s) ap + sbp

2

�1=p#!
ds:

3. Inequalities for h-Convexity

Assume that I and J are intervals in R; (0; 1) � J and functions h and f are real
non-negative functions de�ned in J and I; respectively.

De�nition 1 ([34]). Let h : J ! [0;1) with h not identical to 0. We say that
f : I ! [0;1) is an h-convex function if for all x; y 2 I we have

(3.1) f (tx+ (1� t) y) � h (t) f (x) + h (1� t) f (y)

for all t 2 (0; 1) :

For some results concerning this class of functions see [34], [3], [19], [28] and [33].
We can give the following examples of h-convex functions.
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De�nition 2 ([17]). We say that f : I ! R is a Godunova-Levin function or that
f belongs to the class Q (I) if f is non-negative and for all x; y 2 I and t 2 (0; 1)
we have

(3.2) f (tx+ (1� t) y) � 1

t
f (x) +

1

1� tf (y) :

De�nition 3 ([16]). We say that a function f : I ! R belongs to the class P (I)
if it is nonnegative and for all x; y 2 I and t 2 [0; 1] we have

(3.3) f (tx+ (1� t) y) � f (x) + f (y) :

Obviously Q (I) contains P (I) and for applications it is important to note that
also P (I) contain all nonnegative monotone, convex and quasi convex functions.
We have introduced the class of functions [10] that generalize both Godunova-

Levin type functions and P type functions.

De�nition 4. We say that the function f : I ! [0;1) is of s-Godunova-Levin
type, with s 2 [0; 1] ; if

(3.4) f (tx+ (1� t) y) � 1

ts
f (x) +

1

(1� t)s f (y) ;

for all t 2 (0; 1) and x; y 2 I:

We observe that for s = 0 we obtain the class of P -functions while for s = 1 we
obtain the class of Godunova-Levin. If we denote by Qs (I) the class of s-Godunova-
Levin functions de�ned on I, then we obviously have

P (I) = Q0 (I) � Qs1 (I) � Qs2 (I) � Q1 (I) = Q (I)

for 0 � s1 � s2 � 1:

De�nition 5 ([4]). Let s be a real number, s 2 (0; 1]: A function f : [0;1)! [0;1)
is said to be s-convex (in the second sense) or Breckner s-convex if

f (tx+ (1� t) y) � tsf (x) + (1� t)s f (y)

for all x; y 2 [0;1) and t 2 [0; 1] :

We have:

Theorem 4. Let f : [a; b]! R be a continuous function on [a; b] and g be a strictly
increasing function on (a; b) ; having a continuous derivative g0 on (a; b) : If f � g�1
is h-convex on (g (a) ; g (b)) ; then for any x 2 (a; b) we have the inequalities

1

h
�
1
2

� Z 1

0

s��1f � g�1
�
s
g (a) + g (b)

2
+ (1� s) g (x)

�
ds(3.5)

� 1

2
� (�)

�
I�a+;gf(x)

(g (x)� g (a))� +
I�b�;gf(x)

(g (b)� g (x))�
�

� f (a) + f (b)

2

Z 1

0

s��1h (s) ds+ f (x)

Z 1

0

s��1h (1� s) ds:
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In particular, we have the inequalities
1

h
�
1
2

�f (Mg (a; b))(3.6)

� 2��1� (�+ 1)

(g (b)� g (a))�
�
I�a+;gf(Mg (a; b)) + I

�
b�;gf(Mg (a; b))

�
� �

�
f (a) + f (b)

2

Z 1

0

s��1h (s) ds+ f (Mg (a; b))

Z 1

0

s��1h (1� s) ds
�
:

Proof. First of all, we observe that if a function F : (c; d) ! R is h-convex on the
interval (c; d) then for any u; v 2 (c; d) and s 2 (0; 1) we have

F ((1� s)u+ sv) � h (1� s)F (u) + h (s)F (v)
and

(3.7)
1

h
�
1
2

�F �u+ v
2

�
� F (u) + F (v) :

Since f � g�1 is h-convex on (g (a) ; g (b)) ; then we have
1

2

�
f � g�1 (sg (a) + (1� s) g (x)) + f � g�1 ((1� s) g (x) + sg (b))

�
� 1

2

�
h (s) f � g�1 (g (a)) + h (1� s) f � g�1 (g (x))

+h (1� s) f � g�1 (g (x)) + h (s) f � g�1 (g (b))
�

=
f (a) + f (b)

2
h (s) + h (1� s) f (x)

for any x 2 (a; b) and s 2 (0; 1) :
If we multiply this inequality by s��1 and integrate over s; then we get

1

2

Z 1

0

s��1
�
f � g�1 (sg (a) + (1� s) g (x)) + f � g�1 ((1� s) g (x) + sg (b))

�
ds

� f (a) + f (b)

2

Z 1

0

s��1h (s) ds+ f (x)

Z 1

0

s��1h (1� s) ds

for any x 2 (a; b) :
By using this inequality and the representation (2.1) we get the last part of (3.5).
We also have by (3.7) that

1

h
�
1
2

�f � g�1�sg (a) + (1� s) g (x) + (1� s) g (x) + sg (b)
2

�
� 1

2

�
f � g�1 (sg (a) + (1� s) g (x)) + f � g�1 ((1� s) g (x) + sg (b))

�
;

namely

1

h
�
1
2

�f � g�1�sg (a) + g (b)
2

+ (1� s) g (x)
�

� 1

2

�
f � g�1 (sg (a) + (1� s) g (x)) + f � g�1 ((1� s) g (x) + sg (b))

�
;

for any x 2 (a; b) :
If we multiply this inequality by s��1, integrate over s and use the representation

(2.1), then we get the �rst part of (3.5).
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Now, if we take

x =Mg (a; b) = g
�1
�
g (a) + g (b)

2

�
then we haveZ 1

0

s��1f � g�1
�
s
g (a) + g (b)

2
+ (1� s) g (x)

�
ds

=

Z 1

0

s��1f � g�1
�
s
g (a) + g (b)

2
+ (1� s) g (a) + g (b)

2

�
ds

= f � g�1
�
g (a) + g (b)

2

�Z 1

0

s��1ds =
1

�
f � g�1

�
g (a) + g (b)

2

�
=
1

�
f � g�1 (Mg (a; b)) :

Also

1

2
� (�)

�
I�a+;gf(Mg (a; b))

(g (Mg (a; b))� g (a))�
+

I�b�;gf(Mg (a; b))

(g (b)� g (Mg (a; b)))
�

�

=
1

2
� (�)

24 I�a+;gf(Mg (a; b))�
g(a)+g(b)

2 � g (a)
�� + I�b�;gf(Mg (a; b))�

g (b)� g(a)+g(b)
2

��
35

=
2��1

(g (b)� g (a))�� (�)
�
I�a+;gf(Mg (a; b)) + I

�
b�;gf(Mg (a; b))

�
:

By using (3.5) for x =Mg (a; b) we get the desired result (3.6). �

Remark 1. If we take the integral mean in (3.5), then we get

1

h
�
1
2

� 1

b� a

Z b

a

�Z 1

0

s��1f � g�1
�
s
g (a) + g (b)

2
+ (1� s) g (x)

�
ds

�
dx(3.8)

� 1

2
� (�)

1

b� a

Z b

a

�
I�a+;gf(x)

(g (x)� g (a))� +
I�b�;gf(x)

(g (b)� g (x))�
�
dx

� f (a) + f (b)

2

Z 1

0

s��1h (s) ds+
1

b� a

Z b

a

f (x) dx

Z 1

0

s��1h (1� s) ds:

Theorem 5. Assume that f and g are as in Theorem 4, then for any x 2 (a; b)
we have the inequalities

1

h
�
1
2

� Z 1

0

s��1f � g�1
�
(1� s) g (a) + g (b)

2
+ sg (x)

�
ds(3.9)

� 1

2
� (�)

�
I�x+;gf(b)

(g (b)� g (x))� +
I�x�;gf(a)

(g (x)� g (a))�
�

� f (a) + f (b)

2

Z 1

0

s��1h (1� s) ds+ f (x)
Z 1

0

s��1h (s) ds:
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In particular, we have the inequalities

1

h
�
1
2

�f (Mg (a; b))(3.10)

� 2��1� (�+ 1)

(g (b)� g (a))�
h
I�Mg(a;b)+;g

f(b) + I�Mg(a;b)�;gf(a)
i

� �
�
f (a) + f (b)

2

Z 1

0

s��1h (1� s) ds+ f (Mg (a; b))

Z 1

0

s��1h (s) ds

�
:

Proof. By the h-convexity of f � g�1 we have, as in the proof of Theorem 4, that

1

h
�
1
2

�f � g�1�(1� s) g (a) + g (b)
2

+ sg (x)

�
(3.11)

�
�
f � g�1 (sg (x) + (1� s) g (b)) + f � g�1 ((1� s) g (a) + sg (x))

�
� f (a) + f (b)

2
h (1� s) + h (s) f (x) ;

for any x 2 (a; b) and s 2 (0; 1) :
If we multiply by s��1, integrate over s and use the representation (2.2), then

we get the desired result (3.9). �

Remark 2. If we take the integral mean in (3.9), then we get

1

h
�
1
2

� 1

b� a

Z b

a

�Z 1

0

s��1f � g�1
�
(1� s) g (a) + g (b)

2
+ sg (x)

�
ds

�
dx(3.12)

� 1

2
� (�)

1

b� a

Z b

a

�
I�x+;gf(b)

(g (b)� g (x))� +
I�x�;gf(a)

(g (x)� g (a))�
�
dx

� f (a) + f (b)

2

Z 1

0

s��1h (1� s) ds+ 1

b� a

Z b

a

f (x) dx

Z 1

0

s��1h (s) ds:

The following trapezoid type inequalities also hold.

Theorem 6. With the assumptions of Theorem 4, we have

1

h
�
1
2

�f (Mg (a; b)) �
� (�+ 1)

(g (b)� g (a))�
�
I�a+;gf (b) + I

�
b�;gf(a)

2

�
(3.13)

� f (a) + f (b)

2
�

Z 1

0

s��1 [h (s) + h (1� s)] ds:

Proof. By the h-convexity of f � g�1 we have,
1

h
�
1
2

�f � g�1�g (a) + g (b)
2

�
� 1

2

�
f � g�1 (sg (a) + (1� s) g (b)) + f � g�1 ((1� s) g (a) + sg (b))

�
� f (a) + f (b)

2
[h (s) + h (1� s)]

for any s 2 (0; 1) :
If we multiply this inequality by s��1, integrate over s and use the identity (2.3)

we get the desired result (3.13). �
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The above results provide some interesting inequalities if one takes particular
examples for the function g that lead to various fractional integrals as exempli�ed
in the introduction.
If f is h-convex on (a; b), then from (3.6), (3.10) and (3.13) we get the following

inequalities for the classical Riemann-Liouville fractional integrals J�a+ and J
�
b+

1

h
�
1
2

�f �a+ b
2

�
(3.14)

� 2��1� (�+ 1)

(b� a)�
�
J�a+f(

a+ b

2
) + J�b�f(

a+ b

2
)

�
� �

�
f (a) + f (b)

2

Z 1

0

s��1h (s) ds+ f

�
a+ b

2

�Z 1

0

s��1h (1� s) ds
�
;

1

h
�
1
2

�f �a+ b
2

�
(3.15)

� 2��1� (�+ 1)

(b� a)�
h
J�a+b

2 +
f(b) + J�a+b

2 �f(a)
i

� �
�
f (a) + f (b)

2

Z 1

0

s��1h (1� s) ds+ f
�
a+ b

2

�Z 1

0

s��1h (s) ds

�
and

1

h
�
1
2

�f �a+ b
2

�
� � (�+ 1)

(b� a)�
�
J�a+f (b) + J

�
b�f(a)

2

�
(3.16)

� f (a) + f (b)

2
�

Z 1

0

s��1 [h (s) + h (1� s)] ds:

If f � exp is h-convex on (ln a; ln b) ; then from (3.6), (3.10) and (3.13) we get the
following inequalities for the classical Hadamard fractional integrals H�

a+ and H
�
b�

(3.17)
1

h
�
1
2

�f �pab� � 2��1� (�+ 1)�
ln
�
b
a

��� h
H�
a+f(

p
ab) +H�

b�f(
p
ab)
i

� �
�
f (a) + f (b)

2

Z 1

0

s��1h (s) ds+ f
�p
ab
�Z 1

0

s��1h (1� s) ds
�
;

(3.18)
1

h
�
1
2

�f �pab� � 2��1� (�+ 1)�
ln
�
b
a

��� h
H�p

ab+
f(b) +H�p

ab�f(a)
i

� �
�
f (a) + f (b)

2

Z 1

0

s��1h (1� s) ds+ f
�p
ab
�Z 1

0

s��1h (s) ds

�
and

1

h
�
1
2

�f �pab� � � (�+ 1)�
ln
�
b
a

��� �H�
a+f (b) + I

�
b�f(a)

2

�
(3.19)

� f (a) + f (b)

2
�

Z 1

0

s��1 [h (s) + h (1� s)] ds:

Similar results can be stated for Harmonic fractional integrals and p-Riemann-
Liouville fractional integrals as de�ned in the introduction. The details are not
presented here.
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4. Some Examples

The above results provide various inequalities when f � g�1 is h-convex on
(g (a) ; g (b)) and h is one the examples provided at the beginning of the above
paragraph.
If we assume that f � g�1 is of s-Godunova-Levin type, with s 2 [0; 1) on

(g (a) ; g (b)) ; namely h (t) = 1
ts ; then by (3.6) we have the following Hermite-

Hadamard type inequalities

2sf (Mg (a; b)) �
2��1� (�+ 1)

(g (b)� g (a))�
�
I�a+;gf(Mg (a; b)) + I

�
b�;gf(Mg (a; b))

�
(4.1)

� f (a) + f (b)

2

�

�� s + f (Mg (a; b))�B (�; 1� s)

provided � > s � 0 and s 2 [0; 1); where B (�; �) is Beta function, i.e.

B (�; �) :=

Z 1

0

t��1 (1� t)��1 dt; �; � > 0:

From (3.10) we get

2sf (Mg (a; b)) �
2��1� (�+ 1)

(g (b)� g (a))�
h
I�Mg(a;b)+;g

f(b) + I�Mg(a;b)�;gf(a)
i

(4.2)

� f (a) + f (b)

2
�B (�; 1� s) + f (Mg (a; b))

�

�� s
while from (3.13) we get

2sf (Mg (a; b)) �
� (�+ 1)

(g (b)� g (a))�
�
I�a+;gf (b) + I

�
b�;gf(a)

2

�
(4.3)

�
�
�B (�; 1� s) + �

�� s

�
f (a) + f (b)

2
:

If f � g�1 is of P -type, namely s = 0; then we have the simpler inequalities

f (Mg (a; b)) �
2��1� (�+ 1)

(g (b)� g (a))�
�
I�a+;gf(Mg (a; b)) + I

�
b�;gf(Mg (a; b))

�
(4.4)

� f (a) + f (b)

2
+ f (Mg (a; b))

f (Mg (a; b)) �
2��1� (�+ 1)

(g (b)� g (a))�
h
I�Mg(a;b)+;g

f(b) + I�Mg(a;b)�;gf(a)
i

(4.5)

� f (a) + f (b)

2
+ f (Mg (a; b))

and

(4.6) f (Mg (a; b)) �
� (�+ 1)

(g (b)� g (a))�
�
I�a+;gf (b) + I

�
b�;gf(a)

2

�
� f (a) + f (b) :

More particular, if we assume that f is of s-Godunova-Levin type, with s 2 [0; 1)
on (a; b) ; then from (4.1)-(4.3) we get the following inequalities for the classical
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Riemann-Liouville fractional integrals

2sf

�
a+ b

2

�
� 2��1� (�+ 1)

(b� a)�
�
J�a+;f(

a+ b

2
) + J�b�f(

a+ b

2
)

�
(4.7)

� f (a) + f (b)

2

�

�� s + f
�
a+ b

2

�
�B (�; 1� s)

2sf

�
a+ b

2

�
� 2��1� (�+ 1)

(b� a)�
h
J�a+b

2 +
f(b) + J�a+b

2 �f(a)
i

(4.8)

� f (a) + f (b)

2
�B (�; 1� s) + f

�
a+ b

2

�
�

�� s
and

2sf

�
a+ b

2

�
� � (�+ 1)

(b� a)�
�
J�a+f (b) + J

�
b�f(a)

2

�
(4.9)

�
�
�B (�; 1� s) + �

�� s

�
f (a) + f (b)

2
;

provided � > s � 0 and s 2 [0; 1):
Also, if f is of P -type, namely s = 0; then we have the simpler inequalities

f

�
a+ b

2

�
� 2��1� (�+ 1)

(b� a)�
�
J�a+;f(

a+ b

2
) + J�b�f(

a+ b

2
)

�
(4.10)

� f (a) + f (b)

2
+ f

�
a+ b

2

�
;

f

�
a+ b

2

�
� 2��1� (�+ 1)

(b� a)�
h
J�a+b

2 +
f(b) + J�a+b

2 �f(a)
i

(4.11)

� f (a) + f (b)

2
+ f

�
a+ b

2

�
and

(4.12) f

�
a+ b

2

�
� � (�+ 1)

(b� a)�
�
J�a+f (b) + J

�
b�f(a)

2

�
� f (a) + f (b) :

Moreover, if f � exp is of s-Godunova-Levin type, with s 2 [0; 1) on (ln a; ln b) ;
then from (4.1)-(4.3) we get the following inequalities for the classical Hadamard
fractional integrals

2sf
�p
ab
�
� 2��1� (�+ 1)�

ln
�
b
a

��� h
H�
a+f(

p
ab) +H�

b�f(
p
ab)
i

(4.13)

� f (a) + f (b)

2

�

�� s + f
�p
ab
�
�B (�; 1� s) ;

2sf
�p
ab
�
� 2��1� (�+ 1)�

ln
�
b
a

��� h
H�p

ab+
f(b) +H�p

ab�f(a)
i

(4.14)

� f (a) + f (b)

2
�B (�; 1� s) + f

�p
ab
� �

�� s
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and

2sf
�p
ab
�
� � (�+ 1)�

ln
�
b
a

��� �H�
a+f (b) +H

�
b�f(a)

2

�
(4.15)

�
�
�B (�; 1� s) + �

�� s

�
f (a) + f (b)

2
;

provided � > s � 0 and s 2 [0; 1):
Also, if f � exp is of P -type, namely s = 0; then we have the simpler inequalities

f
�p
ab
�
� 2��1� (�+ 1)�

ln
�
b
a

��� h
H�
a+f(

p
ab) +H�

b�f(
p
ab)
i

(4.16)

� f (a) + f (b)

2
+ f

�p
ab
�
;

f
�p
ab
�
� 2��1� (�+ 1)�

ln
�
b
a

��� h
H�p

ab+
f(b) +H�p

ab�f(a)
i

(4.17)

� f (a) + f (b)

2
+ f

�p
ab
�

and

(4.18) f
�p
ab
�
� � (�+ 1)�

ln
�
b
a

��� �H�
a+f (b) +H

�
b�f(a)

2

�
� f (a) + f (b) :

Similar results can be stated for Harmonic fractional integrals and p-Riemann-
Liouville fractional integrals as de�ned in the introduction. The details are not
presented here.
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